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Propagation of the electromagnetic ion-cyclotron wave in a 
fusion plasma 


CHANDU VENUGOPAL 


ato of Physics, University of Kerala, Kariyavattom, Trivandrum 695581, 
ndia 


MS received 27 July 1982; revised 11 May 1983 


Abstract. The propagation of the electromagnetic ion-cyclotron wave in a fusion 
plasma described by a loss-cone structure is discussed. The wavelength is assumed 
to be much larger than the ion Larmour radius and the ion plasma frequency > the 
ion-cyclotron frequency. The two modes that propagate in the plasma interact 
strongly and fuse together under certain conditions making the plasma unstable. 
The coalescence of the modes is found to decrease with an increase in electron tempe- 
rature. 


Keywords. Dispersion relation; ion-cyclotron wave; fusion plasma; loss-cone struc- 
ture. 


1. Introduction 


The instabilities produced by generalised loss-cone distributions play an important 
role in mirror-magnetic configurations. For example, the electrostatic ion-cyclotron 
instability causes anomalous end-losses in mirror-machines (Baldwin 1977). Several 
aspects of the instabilities which occur in loss-cone plasmas have already been con- 
sidered: the case of warm plasmas (Harris 1961; Dory et a/ 1965; Rosenbluth and 
Post 1965), the case of mixed warm-cold plasmas (Pearlstein et al 1966; Farr and 
Budwine 1968; Gomberoff and Cuperman 1976, 1981) and the correction due to 
electromagnetic effects (Callen and Guest 1971, 1973). The dispersion relations 
using loss-cone distributions are very complex and hence past analyses were essen- 
tially numerical (Himmell 1971; Cordey and Farr 1972). 

We have derived in a simple form the dispersion relation for the near perpendicular 
propagation of the electromagnetic ion-cyclotron wave for wavelengths larger than 
the ion-Larmour radius yy and large ion plasma frequencies (w+ > Q3). Our 
analysis shows that two modes can propagate in the plasma. These modes interact 
strongly fusing together in a number of cases and making the plasma unstable. This 
coalescence between the modes is found to decrease with an increase in electron 
temperature. 


2. Dielectric tensor 


Consider a plasma of uniform density N, in a uniform magnetic field B,., directed 
along the z-axis. The Vlasov equations can be solved and a dispersion equation 
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obtained if a Fourier-Laplace transform exists for the perturbed distribution function 
f, electric field E and magnetic field B (Montgomery and Tidman 1964). Setting 
k, = 0 (kx = ky; k; = kj), we get (Stix 1962) 


— n + Ku Ky nyn TK. 
Ky, = n RE un + Kyy Ky = 0. (1) 
ny ny + Key Ky xs n + Kz, 


In (1) my and n, are the refractive indices parallel and perpendicular to the magnetic 
field respectively and K;, (i, k = x, y, z) are the elements of the dielectric tensor. 

In this paper we assume that the equilibrium distribution function f} has a loss-cone 
structure given by 


1 * vn v. 
Cr | us] e) 


where W? — 2 Ty[m (j 4- 1), 
U? =2 Ti [m, 


jis the loss-cone index. A loss-cone structure is assumed for both electrons and ions 
to simplify the algebra. 

Substituting (2) into the elements of the dielectric tensor (Landau and Cuperman 
1971; hereinafter referred to as I), carrying out the dv, (Chandu Venugopal and 
Viswanathan 1982) and du, (Appendix A of I) integrations gives us the following 
expressions for K;,: 


A nela po (-1) 
K,—1 She [a 5 I; 


i : | JL XU | ead pad = 
p ocu rr ree 


n—z PA n—z Z 
0309 (E n--—o 


Kyy = il ; 1 07 Ofex 


à 
+o (j) (J-1) 
Ke > ž gigas 7 [rs Z toes = S eram 
Z 


Kay pas [je 0 n=—co i/@a I 4 I s 

X.-1- = > 1/6? a? fry Es | @—n)E-j Ee 2x jo 
‘474? goo 

ae ; SKa and Kn = — Kz. : : (3) 


í 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


F : Digitized by Arya Samaj Foundation Chennai and eGangotri 
Electromagnetic ion-cyclotron wave | 25 


In (3) ‘+’ refers to ions and is assumed on all quantities and, in general, should be 
understood, as added when not specifically stated and ‘—’ refers to electrons. 


Also 
Q = eB,/(mc), w = 4r Ne?[m, o = eo, 
z —o[Q, 08 = kk, a-—kjQ and A= Ur (4a) 
2 ts 
| C = 4 [j! W+] oz. (4b) 
—1y dit ye ane 
I ( uL i — he Les = (— 1)" dp (4c) 
—1y d [dy yy (— 17 d (diA1 
Io — (DE E 10-025 a a) 4d i 
SP 9W*-da NADIE 2  da\dpi4 be) 2 
wy (= IF 4 Q. 50 — d Q | 
Q; Wi dp ;Q,  —(D^ dpi : (4e) | 
where p = 1/W? and Q = a LCR) (4f) 
da dp 


aS 


I = I (a, B) arises from integrals of the type (Gradshteyn and Ryzhik 1965) 


oo 


J exp (= A? x) J, (a x) J, (B x) x dx = I (a, B) 
0 


ENSE UESC IO cam 
- exp| | I, (aB/2A?). 


In our case 1/A?=W?. In (4c) we have a=8 in I(a, B), in (4d) we differen 
I(a, a) with respect to a and in (4e) we differentiate J(a, B) with respct to a and £ 
finally set «—8. They are then differentiated j or (j — 1) times with Sie so p. 
arguments of the Bessel functions are J, = T1) v where 


, 


2H T, 2 


= 1~amG+) GD 


The E-function is defined as — 
ES) = — 22612), 


= = OVI ees 
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3. The approximation scheme 

We choose an ordering scheme (in terms of a small parameter e) that reduces the 
electron contribution to a minimum as we are interested only in the ion-cyclotron 


wave propagating with a small range of frequencies around its first harmonic. We 
thus choose 


y=l—2~e; hy ip 6and l/aj ~e, 
T,/T_ and W?[U? ~1 and m_|m, ~ e. (8) 


Since /, <1 we can use relations (4c) to (4e) combined with a series expansion of 
both terms in (5) to get expressions for 


Js 0-1) J, G—1) J, (J-1) 
P OD. qc and gh O-n. 


These are given in Appendix 1. 
From (8), s’>1 for all n. The asymptotic expansion of Z, in terms of the 
E-function, thus needed is given by (I) 


| 7 62 1 (821 : 
ES) =- —À. —32—1...42i(z— 
| (S) (EE (ES i(z — n)e, 
: where €, = ( = pe [— (z — n)?/267 1 (9) 
er = e—— xp Í zZ—t 3 
86? l 2 £ il 


e, for n = 0, 1 and 2 < 1 and hence will be neglected. 


| 4. Explicit evaluation of the tensor elements 


We calculate the dielectric tensor elements retaining terms of the order of 1/e, 1 and 
e. Only the n=0, 1, 2 ion terms and the n=0 electron terms contribute; all electron 
terms are written down in terms of the ion terms. 

We demonstrate the calculation of the element K,,. Expanding the first square 
bracket of (3) using (9) and summing over 7, we get 


oo 
1-E E -£- z (3r? + z?) 


n--—coo 


; z(5n* + ion? z + 2) 4 J n +z 
+e yy ORCI ED Ae epics (10) 


he other sum (labelled 10a), for the square bracket multiplying j in (3), can be got 
from (10) by putting A=1. The sums (10) and (10a) are then multiplied by the 
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appropriate expressions for J! and Z/-) for n=1 and 2 and then added. The 
resultant expression for K,,, can be further simplified by using (A3). We finally get 


ere Ce a 


= 144 E (24 — ) G-- 0 —jl 
wp y 
gp rcp. t G+2) a 
IPAE EE S CN i (11a) : 
tel y 16 y (41) D 2 : 
The other elements can be derived in a similar manner. The expressions are: 
2 l 3r 02 e 
K, 5 hp 1 4 A S 
wp y 
- i2 62 
44g eo ap eae YG+D 4 2 aces 
Me y «s y G+) S TN 
(11b) 
K, 1—2/ — 8H eil : 
e mL 4-14 4 4-3) D +A E 
l PE y yi 222 
04 [P 620, 0 15 fe 2 
4-48 leag ease e fn UR (119) 
y yi 16 y G+) 


81,0 0n el 
SIM b oui E [4 G - D —j] 
y y 


K.y Ze 81i RE eres RI 


and Kzz Gio») E (m,./m_). 


Only the 1/e? term has been retained for K,,. The next t 
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retain terms only ~ 1. Starting from the basic definition of n ii (=k 1 C/w) we can 


easily show that 


Dog 
rat —and n? = 0? n, 
l E | L 
Ti CA 


where B, -—4m NT, |Bo- 


(12) 


Assuming that, at most, (IB 1) ~ 1, we find from (12) that ur w) ~ €? and thus 


= +x — 
3 
o, o, o, 
9 

Ape ni e 
and Kyy = + = v] Ky, Sry 
3 
o, o, e, 


as the least significant terms retained in K,,/o> and (K,, Zi[w?) are c e. 


Expanding the determinant (1) in factors of the last column, dividing by (-nt K..) 


and multiplying by z2/w? we get 


nny + K,, Uf 
-+ ee pa Kt t zm) 
wp w tp w 


=n] + Kaz p 24 Py p 
L z? Ky, z Z 
Be E) os t ae 
F Pa] —mmcpK. a? "gi 


ae 
+ Ky t( 25e 


p z} Bi 2p 


(13) 


We shall now show that the curly-bracketed terms of (13) do not contribute to the 
dispersion relation. An examination of the tensor elements (11a) to (11f) reveals that 


Kyy = i Kyy = i KS 
and Ky. % — i Kyz, 
for the most significant term. Thus 
K,, Kyz — Kyy K,, = 0 
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n. n+ Ky 
Also i | * and — o ree 
— m + K., — m + Kz, 


Their product with the square-bracketed terms would be at most ~ e and since we 
retain only terms — 1 the curly-bracketed terms do not contribute to the dispersion: 
relation. Substituting from (11a) to (11c) for the tensor elements, simplifying and 
finally multiplying by — y? we get the dispersion relation as 


J^ ['? (7252) 9 il 
1 —ô iis —4—!/1—+/=0, 14 
PB, | 4 GU y | & 3 


#-=y|i- 


where s= r a 
2 Ty, B, 


If we let [1—(/1/B,)] be ~ 1 we get y=0 for the e order term and this is much greater 
than the other e terms. This result is inconsistent with our ordering as 0? cannot now 
be ~e. Thus to get a consistent ordering we need to set [1 — (//B,)] ~e. But the 
6° term is now of order ~ e? and thus does not contribute to the dispersion relation as 
the other terms are of the order e. Thus the dispersion relation reduces to the first 
three terms. 

Due to the tediousness of differentiating (5) previous numerical computations 
considered only low values of j. For example Cordey and Farr (1972) considered 
the ion cyclotron instability for j—0 and 1 while Himmell (1971) considered it for 
j=1to4. Incontrast our dispersion relation (14) is a very general one and j can take 
on any value upwards of zero. As a check on our result we note that for j—0 the 
dispersion relation (14) reduces to that in I which was derived using anisotropic 
Maxwellian distribution function (the loss-cone distribution function reduces to the 
anisotropic Maxwellian for j—0). 


6. Applications 
We now plot the dispersion relation (14) for typical fusion conditions (Cap 1976) 
N = 106 Cm, T, = 108 °K and B = 10*G. 


With these parameters B, = 0:17343. — Se 


The plot given in etre 1 is the dispersion relation for j=0 and 8 and shows that — 
two modes, one with a constant frequency and another with an increasing frequency, 
can propagate in the plasma. They interact strongly and mode conversion takes place 
at k WO +5, beyond this point the former mode increases in frequency while the i 
jatter mode exhibits a constant frequency. Such mode conversion mechanisms are 
of interest in fusion plasmas; one of the methods suggested for the electron. 
resonance heating of plasmas in tokomaks is by the mode conversion 3 th 
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Figure 1. Plot of the dispersion relation for B = 0:17343 and T, E]. T, now l. 


The dotted lines are for j = 8 and the solid lines for j = 0. 
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Figure 2. Plot of the dispersion relation for B, — 0:17343 and TEE / T, p~e 
The dotted lines for j = 7 and the solid lines forj = 0. 


wave into a cyclotron harmonic wave (Cairns and Lashmore-Davies 1982). 
For j > 8 the two modes coalesce at k ji yp =0:5 resulting in a pair of complex conju- 
gate roots for the dispersion relation. This indicates that the plasma is unstable 
(Cordey and Farr 1972); the values of the imaginary part of z+ are ~ 10-?. 
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Table 1. Propagation characteristics of the modes. 


B, TR Characteristics 
0-17343 2 Modes do not coalesce upto j = 10 
1 Modes coalesce for j > 8 at ky y, = 9:5 
Real z} = 0-974 
0-1 Modes coalesce for j > 3 at ky y, = 0:6 


Real z, — 0-985. 
~e Modes coalesce for j > 4 at ky y, = 0:6 
Realz, — 0:976. Forj » 7 they 
fuse from ky y, = 0:6 to 0-7. 
Real z} = 0-976 to 1:045 (figure 2). 


1:7343 2 Modes do not coalesce upto j = 10. 
1 Modes coalesce for j 2 5 at ky y, = 0*6. 
Real z, — 0-97. 


For j > 8 they fuse from ky y, = 0.6 to 0-7. 
Real z} = 0:97 to 1-048. 

0-1 Modes coalesce for j > 3 at ky y, = 08. 
Real z, = 0-996. 
For j > 4 they fuse from k y, = 0:8 to 0:9. 
Real z, = 0-996 to 1-056. 

~e Modes coalesce for j > 3 in the region 
k; y, = 0:8 to 0:9. 
Real z, = 0:979 to 1-037. 


` Table 1 depicts the characteristics of the roots of the dispersion relation when the 
parameters are altered. : 
The table shows that the two modes tend to coalesce over a larger frequency range | 
as the electron temperature tends to zero. Also the modes are unstable around. 
wx Q4 in agreement with the results of Cordey and Farr (1972). s 


7. Conclusion 4 


The dispersion relation for the near perpendicular propagation of the e 
ion cyclotron wave has been derived. Two modes, which inter. 
propagate in the plasma. These modes coalesce under certain con 
plasma unstable. A possible method of stabilisation is to incre 
temperature as the modes do not coalesce for electron to ion 
greater than 2. 
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(labelled A-2) can be derived from the above by dividing the quantities by W? and 
replacing the j-factors by g-factors, these being defined by 


£» — Gd »UuDt'o-- 09g y= 0,1,2, 
We also have the relations 

Ja — J £o = l, 

Ja —J 80 = (j + D. 
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Spin structure of nucleon 


R RAMACHANDRAN 
Department of Physics, Indian Institute of Technology, Kanpur 208 016, India 
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Abstract. The quark spin content of the nucleons is subjected to constraints implied 
by sum rules due to global approximate chiral symmetries and perturbative aco effects. 
The model, so obtained, has a large polarisation residing in the flavour singlet 
constituents of hadron. Predictions for the expected longitudinal and transverse 
spin asymmetries in deep inelastic lepton-nucleon scattering are made on the basis 
of the standard form of the electromagnetic and charged weak currents. 


Keywords. Perturbative QCD; spin structure; partons; sea and gluon polarisation; 
longitudinal and transverse spin asymmetries. 


1. Introduction 


The main experimental support for quantum chromodynamics comes from the study 
of nucleon structure function, revealed in deep inelastic lepton-nucleon scattering. 
(For a review see Buras 1980). The Q?-dependances of F;™ (x, Q?), F7 (x, Q?) and. 
F3 (x, Q?) have confirmed the leading order predictions. The next to leading order, 
however, depends on the details of the renormalisation prescription and for every 
process there is an optimum scheme for which the prediction is unique and agrees 
with the experimental values. This state of affairs encourages one to expect that the 
spin dependant structure functions of nucleon G; (x, O°) and G, (x, Q?), studied 
by observing the polarisation asymmetries, will satisfy the expected scaling pro- 
perties and appropriate scaling violations, further confirming QCD. 

The quark distribution and the internal spin structure of the nucleons are, per se, 
non-perturbative aspects of QCD and, as of now, there exists no procedure for calcu- 
lating them from first principles. Nevertheless, we should expect that they are 
governed by the constraints imposed by the flavour symmetries (such as isospin, su (3) 
etc., theorigins of which can be traced to the small symmetry breaking quark masses, 
compared to the intrinsic scale A of QCD), current algebra (such as Bjórken sum rule, 
which is a consequence of the approximate chiral symmetry (Björken 1970)) and such 
other dynamical restrictions as implied by general principles like Regge behaviour etc. 
In this paper, we use the various constraints and clues to arrive at the form of the spin 
structure of the nucleon and translate the same into expected asymmetries in the 
lepton-nucleon scattering. In particular we will emphasize the constraints implicit 
in the leading order (Q?) evolution of the structure functions (Bajpai and Rama- 
chandran 1980) and the experimental signals in which the effects may become 
observable. > 
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2. Basic model 


The spin-dependant part of the electroproduction (e + p -> e + X) may be expressed 
in terms of the antisymmetric tensor 


W Pinder) — (1/2 n) f dè Lexp (iq-0) <p, s |, (Os 4, Ol |p, s> 


i ee 


À 
= €, ame G, (x, Q9) + [1/(p-a)] s" (p-9) 


— (q.s) p] Ga (x, Q?)j (1) 


where x is the scaling variable Q?/2 (q. p) and Q? = —4?. Since in longitudinally 
polarised spin-dependent experiments s is parallel to p, G,(x, Q?) does not 
contribute. Thus G, (x, Q?) will arise only in the transverse polarisation measure- 
ments. In quark-parton model, we expect scaling and the scaled function 
(M2 v G, (x, Q?) DE g, (x)) measures the spin structure of the quarks that 


à make up the hadron. It is possible to identify g,(x) with spin structure through 


28, 0)—» d (^a Ad) Q) 


1 
where the subscript refers to the various flavours of quarks and Aq, =q} (—q7), gi (x) 


^ is the probability of finding a quark with flavour i of + helicity in the positive helicity 
hadron (here proton) carrying a longitudinal momentum fraction x of the hadron, 
when measured in an infinite momentum frame. The Q? -dependance of g,(x, Q?) 
(and hence that of A q, (x, Q?)) is determined by the use of an operator product expan- 
sion and the renormalisation of the relevant operators introduces appropriate 
In Q?/Q2 dependance determined by the anomalous dimensions of the operators thereof 
(Politzer 1974). More intuitively Altarelli-Parisi equations (Altarelli and Parisi 
1977) can be set up to give a set of coupled integro-differential equations. The 
role of anomalous dimensions is played here by the convolution of the probability 
p(z) of finding a parton (quark or gluon) within another carrying a definite 
momentum fraction (z) of the former per unit interval of t (= In Q? /Q?). These 
coefficients can be read off from the basic vertices of QCD in the leading order and in 
principle to any order. 
It is convenient to split A q, (x, Q?) into a valence part and a sea part and work 
with the moments, defined through 


1 
Age m f dxs [Aq (x, Q?) — AG (x, O), (3) 
0 ^ 


Aq, — Ag! + A dig (4) 
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The moments of the valence part satisfies a first order equation in 1: 


cA gis" = (a,(t)/2n) Az, A q”; a,(t) = a,(0)/(1+b a0) 2) (5) 


which can be solved to give 


A qi" (1) = A q>”) [a,(0)/a,(t)] 49/27 (6) 


The n = 1 moment, which measures the net difference in the number of quarks with 


and — helicities in a positive eget hadron, is t- independent, since AL, =0 
in the leading order. In proton, Agr” and A qt?! will be some fixed number. To 
determine this value, we appeal to various aspects of flavour symmetry. If the pro- 
ton is described by an su(6) wave function for its constituent valence quarks (Kuti 
and Weisskopf 1971) then we will have 


Aq,'!—4[3, Aq?! = — 1/3. ~ (7) 


together with the unwanted consequence of (G 4/G y), ,, = 5/3 Sehgal (1974) uses, 
instead, Bjórken sum rule for G Al G y: 


| 
Aq, —Aqg!—(G4Gy) se —— (8) | 


and the experimental value for G4/Gy (= 1:25), together with a similar relation for 
(&- > &°) B decay transition connected by the flavour su(3) symmetry to give 


Aq! = 0:97, Aq?! = — 028. (9 . 
In contrast, Carlitz and Kaur (1977) propose that the valence quark spin is governed 


by Feynman's leading quark hypothesis and most of the momentum and helicity is 
carried by the ‘leading quark’ in the hadron (Kaur 1977). Accordingly 


g(x) = cos 2 @(x) [gX(x) — 2/3 g. (10) 
A g(x) = — (1/3) cos 2 @(x) gi), (11) 
with cos 2 @(x) = [1 + 0:052 (1—33)/ Vx] eme d (12) 


This parametrisation implies, since cos 2 @(x) rapidly approaches unity (as x— 1) 
and q'(x) dominates over q(x) at large x, that the valence u-quarks i in this region 
of x, have their spins aligned almost fullylalong the proton spin. The first moment— 
the net number of valence spin—is, however, not very different from the values in 
(7) or O Typically they are A g?! = 1-01 and A? 1! = — 025. Since this mode 
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appears to be in general agreement with the phenomenology at large x, we will hence- 
forth treat the valence spin to be given by (10)-(12) in our analysis. 


: s c 2f 

We now turn to the analysis of the flavour singlet parts, which includes X Aq,, the 
i=1 

combination that sums over the valence and the sea quarks of all flavours and 


A G = G+ (x, Q?) — G (x, Q?) where G+ (x, Q?) denote the gluon distribution in the 
proton. The QCD evolution equations for them are given by: 


2, A q? — G(OD2) | A 2 Ag+ 2A AG(| a3 


Ža G" (t) = (a, (t)/27) ED Aq”? (t) + N AG" ©] (14) 


i 


Since the anomalous dimensions (A"/27b) are known constants in QCD to any desired 
order, the above equations are solved easily to give the Q? dependance of the moments 
and hence that of the structure functions. For n = 1, since At, = 0 and A75 — 0 


in the leading order, this suggests Ag} for each i is constant independent of Q?. 
This then means that the net difference of quarks with either helicity for each flavour 
is constant. When this equation is taken together with the conservation of angular 
momentum (i.e. the proton spin 3 is made up of the quark and gluon spin, together 
with the negligible orbital angular momentum), we are led to the equation (Bajpai 
and Ramachandran 1980) 


> Adi + AG! = 3, : (15) 
i 


the Q* independence of which leads to, using (14) 


Ais, > Adi + Ab; AG! = 0. (16) 
1 


Solving these equations, we obtain (with Ab, = 2 and Abc = (33 — 2f)/6 where 
f is the number of flavours) 


E Aq} = (33 — 2f)/(9 — 2f) and AG! = —12/(9 —2f) (17) 


“We notice two features of these equations: (i) They are rather large (f= 3, 4 or 5 
for example) compared to the yalence spin, obtained in the various models (ii) As 
one crosses the. flavour thresholds, there i is an accompanying large jump in the value 
of net quark spin (which resides mostly among the sea quarks) and gluon spin. These 
conclusions : arenarie: even if 'we consider s some EE contributions of orbital 
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angular momentum*. We should expect, therefore, observable experimental signals, 
related to these effects. 


3. Longitudinal asymmetries 
The longitudinal asymmetries in e p scattering (the arrow on top of e and p imply 
S polarisation of the same), measuring 


_ do (t4) — do (44) 
do (t4) + de (4) 


is related to the function g, (x, Q?) through 


rratses-it 50 


NMETICPD 
A (x, Q?) TF a o (18) 


where Aeg is some known kinematical factor. A (x, Q?)/A,, is referred to as the 
longitudinal asymmetry function, Azz (x, Q?) in the literature. Thus, explicitly 


ET WE NCA QUAE RONEN S SE RL 


Ari O) = X & An +a [ > FG +a O) 


L 


‘ For e p longitudinal asymmetry 
i 
d Ad ES saat > d A Qin | 
MS eee S po 
Sd 5%: => er dio Uu. ee 
'The parametrisations used to obtain the plot for A^, given in figure 1 are si 
marised in table 1. We use the cpHs analysis of the unpolarised deep ine. 
muon scattering data (de Groot et a] 1979; Falciano 1981). For the spin s 
the valence spin is given by Carlitz-Kaur model (equations do to (12)) 
*If the orbital angular momentum is considered, the essential conclusions. 
tion persists with a modulating factor 
24m 
7 [1-2 42 + aay do] 
ms for 2 Aq and a factor SS 


[1—2 (£2). + (n/a) [ ud 
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Figure 1. Longitudinal asymmetry A LL (e +P > e+ X) vs x(— Q*/2My) the scaling 
variable. Theoretical predictions give the curve marked a when sea polarisation is 
negligible, and the curves b d when 3, 4 and 5 flavours are excitedrespectively. 
Parametrisation used are as given in table 1 for the unpolarised structure functions and 
as in equations (10), (11) and (22) with « chosen as 0:05 in all computations. Data 
refer to the only available results from sLAc-Yale experiments (Alguard et al 1976, 
1978 (E-80) and Baum et al 1982 (E-130). 


Table 1. cpHs parametrisation of unpolarised structure functions. 


Structure functions CDHS parametrisation 
qu (x, Q3) 2:313 (1 — x)?-8/x1/2 
qy (x, QU 1:21 (1 — x)?-8/x1/ 
E do, (x, Qi) 0:27 (1 — x)*/x 


flavour singlet sea quarks must satisfy constraints implied by (17). If the sea 
polarisation derives equal contribution from v, d and s flavours, then we have 


Ag, = [803 —2/)/ (9 — 2f — 076] / 6. Q1) 
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For the x-dependance, while the sea quarks distribution qọ (x) has the form (1—x)8/x 
indicating the presence of wee partons (peaking for small x), we may expect the spin 
structure to be given by 


A Go (x, QO?) = cx go (x); e > 0, (22) 


where for a given e, c is obtained by the constraint (21). Further, since for all values 
of x, | Ago (x) | /qo CX) < 1 and hence all moments satisfy | A qg |/qg <1 we find that 
e < (0:14, 0:07 and 0:07) for 3, 4 and 5 flavours respectively for the parameters 
employed*. 

Shown in figure 1 are the predicted curves for longitudinal asymmetry 4r r, 
demonstrating the effect of sea polarisation at small x region, when 3, 4 or 5 flavours 
are excited. The magnitude and the sign of the deviation from the ‘no sea’ para- 
metrisation may be observed as also the comparison with results from E80 and E130 


Yale-sLAC polarised e p scattering experiments (Alguard et al 1976, 1978; Baum 
et al 1980; Oppenheim 1982). Our predictions may also be compared with those of 
other existing model (not shown in the figure), such as (i) su(6) prediction (Kuti and 
Weisskopf 1971) (ii) various different parametrisation of valence quark spin structure 
(Close 1974; Look and Fishbach 1977; Sehgal 1974; Carlitz and Kaur 1977; Jaffe 
1975) and (iii) other unorthodox models like source theory (Schwinger 1977) and 
Fire strings (Preparata 1981). For a recent summary see Bjorken 1982. 


— — 


3.1 A longitudinal asymmetry in e N > eX 


There are, as of now, no measurements of asymmetry for scattering off neutron. 
However, such information is needed in order to verify Bjórken sum rule, which has 
been an ingredient in our parametrisation. To determine the neutron spin structure, 
it will be appropriate to measure the asymmetry parameters off an isoscalar target. 
There is currently a proposal (E = 138, sLAC) which aims to achieve this. The asym- 
metry, expected is 


(5/18) (A gu +A qa) +F €i ^ du. (24) 
(5/18) (qu + 42) + Z ei go: 


Figure 2 gives the plot for AN (x), using the same set of parameters, as employed to 
predict A? z, From this it is straightforward to extract the structure functions g?(x) 


AN, (x; Q) = 


ea en ee dE 


*Alternatively the spin structure may behave similar to the valence quark structure | 
near x = 0 as dictated by the usual Regge behaviour of the spin flip amplitudes. | 
(Recall as x — 0, v— co implies finite Q? Regge kinematical region; 1/Vx form ` i 
is related to v*, with Regge intercept a(0) = $. We then, may make an ansatz 
Aq, ec (1 — x)? | Vx (23) 
In order that (21) is satisfied and at the same time | A që |/që < 1 is maintained, we 
find p > 66 for f— 4. This implies a sharply falling function for Ag, and because 
of the kinematical zero present in the asymmetry function at x — 0, experimentally 
E parametrisation is indistinguishable from Ag, = 0. (i.e. no polarisation in the - 
sea). p 
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Figure 2. Aj, (e + N — e-- X) vsx. a-d. refer to the same set of parameters asin 
figure 1. 


and gi(x) and verify the Björken sum rule, which is a consequence of chiral sym- 
metry, implicit in QCD, to the extent we may ignore quark masses: 
1 


J te — ee = 20 a — ^ d = 5 (646y,,.. , Q5) 
0 


Carlitz-Kaur parametrisation for the valence spin structure ensures that the sum 
rule is satisfied and thus any deviation of the experimental evaluation of the sum rule 
isattributable to the QCD non-leading correction, for which there is now an estimate. 
It is, m more significant to test the sum rule of g?(x) and gi(x) separately. 


a g(x) dx = d pir 1/9 A qp + Z e? ^ qho] 


126 3 Meus : | (26) 


Cii 2 =0-21+ ia :36 4 flavours 
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1 
and f gi(x) dx = $ [4/9 A qi»* + 1/9 A ght + Ze? ^ ql] 
0 
1:26 3 flavours 
EU p 4 nr 27) 
Meo The terms in the curly brackets arise from the large sea polarisation, coming mostly 


from the experimentally insensitive small x-region. While a direct experimental 
confirmation of the presence of large values of the integrals should be the main evid- 
ence for large sea polarisation effects, it should be recognized that this is concentrated 
in a kinematical region, hard to reach and the structure function extracted is expected 
to have large uncertainties in this region. 


4. Transverse spin in nuclcon 

Transverse polarisation of the electron and proton in ep — e-+ X measures in 

addition to g,(x) the function g(x) (= Lt M»? G, (x, Q?)). In parton model the 
Q?—>c 


combination g,(x) + g(x) is equal to K, (x) — k- (x), where k, (x) is the probabi- 
lity (weighted by the (charge)? of the quark) of finding a quark of spin up (down), 
with a momentum function x in the infinite momentum frame in a proton or neutron 
s spinning up (perpendicular to the infinite momentum). When the quark is moving 
rapidly (x » 0), then we expect it to be spinning along the direction of momentum, 
which implies that k+ (x) = k- (x): Thus - 


£69 + g(x) = 0, x> 0. (28) 


The longitudinal asymmetry, we have already seen, is governed by the function g,(x) 
and its magnitude and the In Q? dependance are governed by the relevant twist-2 - 


operator of the symmetry type (bilinear in quark) O^» "» H: #n-1 (traceless sym- 
metric in all indices). It can be shown that the operator of the symmetry type z 


QU» 9l, Ho Has o> Bni (symmetric in ws and antisymmetric in A and c) Carus tl 
dynamics - of the moments: 


À | f dx = 


In contrast to the similar moments of g,(x, Q?) which were discus 
cal magnitudes of hes moments in (29) have been sd to | 


"6G no B= MeO) 
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solves (29) and thus in terms of the quarks spin distributions 


1 


T: 2 dx’ L 2 
Ag? (s, Q9) = | 7 ^at 62 (09. G1) 
aC x 
"The transverse asymmetries are thus given by 2 


1 
f dx’/x’ De? Aq} (x) 
Asp) === (32) 
f 2 & qi (x) 


It may be observed that A NN (x)>0 as x1, consistent with the expectation that the 
transverse polarisation of the hard quarks inside a nucleon should be vanishing. The 
transverse asymmetries are much smaller than the longitudinal asymmetries and 
should show sizable enhancements due to large sea polarisation effects at small values 


=> estis 


of x. Figures 3 and 4 indicate the expected values for e p eX and e N>eX 
respectively. (For earlier analysis see Hidaka et al 1979). These measurements are 
expected to be made in (E-138) sLac experiment during 1983. 
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Figure 3. Transverse asymmetry in proton Ayy (e + p >e + X) vs x. © 
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Figure 4. Ay, (e+ N>e+ X)vs x. 


l 5. Neutrino induced asymmetries 


In the charged current v(v) N interactions, the unpolarised inelastic scattering is given — — 
by the functions F,(x, Q?) and F;(x, Q?). The longitudinal spin asymmetry (with — - 
target nucleon spin aligned parallel or antiparallel to the v(v) spin) is once again 
given proportional to g; (x, Q?). It is easily observed that the asymmetries 4j; are — — 
given by (with y = (E' — E)/E, where Eand E' are the energies of v(v) XM 

lepton respectively): 


— Aq, cos? 0 — Aq, sin? 6 + (1 — y Ag, — 


Ae 5 yy es c aa Oa s A GSI EY MTM 
LLY) qa cos? 0 + qs sin? 6 + (1 — y? Gu = 
A and AP n (x, y) > 


qu (| — Y)? + Ga cos? 0 F f 


where cos is the Cabibbo angle. »(?) acts as” 
qu g and u ee and d) content of the 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


22 R Ramachandran 
Trees ^ 
2N — — M6 (Aq? + Aq) + 2/5 Ay e > 


1/6 (q? + q?) + 4/3 qo 


We have assumed here that the sea distribution is su(3) flavour-independant and 
contains no charm or heavy flavours. (4 .=Gou=oa=Goa=%0s = 40s): The asym- 
metries are mostly dominated by the valence quark spin structures and are as shown 
in figures 5 to 8. The effect of the spin structure in the sea is confined to a small x | 
region and depends on the number of flavours excited. Also shown in the diagram 
are the curves that correspond to the absence of any polarization structure in the sea. 

We may observe that charm production occurs through the Cabibbo favoured 
processes v + sp- + c and v + $ — pt c. Since (s, s) strange quarks are part of 
the flavour singlet sea, neutrino induced charm production and the longitudinal asym- 
metry therein could serve to measure the sea content and the polarisation thereof. 
They will have flat y distributions (because there is no admixture of vq or vq 


E LL I ü— — y 


poy x) 


Au Gp 


| 


Figure 5. v-induced longitudinal asymmetry. Azz (v e pw + X)vsx. a-d. 
refer to the same parametrisation as in figure 1. e. «e 5 is the prediction when charmed 


particle is produced in the final state (Arr (v + P >p + G+ X) vs x where C is 
any charmed hadron. : 
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Figure 8. Arr G& TON — ut + X) vs x together with the curve for related charm 
production. 


interactions, when we have a charmed quark as a final state) and the predicted 
asymmetries are: 


>u — Aq? sin? 0 — ^ 20 
A Xe da = F608 (37) 
q? sin? 0 + qo cos? 0 
= ^X UN uwcX ^ 
HUC Arye = — (38) 
0 
= Ex v BA 2 
Anu oxen 1/2(A q3 + Aq?) sin? 0 — A q cos? 0 (39) 


1/2(q1 + q1) sin? 0 + qo cos? 8 


These imply larger asymmetries, characteristic of large sea polarisations and could 
provide a clean test for the structures. For easy comparison, they are plotted in the 
same graphs that show the asymmetries of non-charm inclusive vp and vN charged 


current processes. 


5.1 y distributions of asymmetry 


We may make a more definitive prediction for the asymmetries by integrating over the 
x variable and plotting the various asymmetries as a function of the y-variable. In 
view of the fact that the first moment of the spin structures are given by the constraints 
on the flavour singlet piece and further are more or less model-independent for the 
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valence spin, our predictions for y-distributions (which involve the second moments 
only) should be free from any serious model-dependent ambiguity. We find 


—Aqr?cos?0--Aqi[—1-4 (1 — yy] 
AvP = d 0 
LL O) — goso d-Xü-y»] (40) 
k 4b y= = Agit + Ag = d 


(1 — yh of +a DIOSA] 


Similar expressions for AT and AUN can be written by substituting for A g? ?, A q? ?; 
q}? and qi,” the average values 1/2(A q? ? + A qt *) and 1/2(g? ? + q2 ?) respectively. 
For the parametrisation we have presented, the various second moments are as 
follows: q} ? = 0-233, q% ? = 0:095, q? = 0-03, A q}? = 0:158, A qg? = — 0:029 and 
A qi = 0:007 (3 flavours), 0-020 (4 flavours) and — 0-019 (5 flavours). The graphs 
showing the y-dependances of A,, form figures 9 and 10. 

For the corresponding charmed particle production by v and v beam, there will be 
flat y-distribution with a value ¥ 0-67 (being F A q3/q¢) if we may ignore the small 
Cabibbo suppressed contributions. 

The neutrino asymmetries, requiring polarised targets are not easily determined 
with the presently available experimental facilities. 
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Figure 10. The y distributions for v-asymmetries. Ar; (v + p — wt + X) is given 
— 
by solid line and 4,, (v + N — pt + X) by dashed lines. 


6. Conclusions 


We have compiled the predictions for the polarisation asymmetries in deep inelastic 
lepton-nucleon scattering. The asymmetries measure the proton and neutron spin 
structures. While, it is customary to regard that most of the spin resides in the valence 
quark, the possibility that the sea or the flavour singlet quarks may have a substantial 
non-trivial- spin structure, as suggested by the leading order acp effects is also 
considered. However, when these spin ingredients are translated into consequent 
experimentally measurable asymmetries, it is discovered that they are not easy to 
confirm, in view of the small momentum carried by the sea quarks. Their effects are 
often masked by the valence quark induced asymmetries. We have considered in 
detail the v and v induced asymmetries, since in vN interaction, it is possible to 
separate the contribution due to vq and vq interaction by looking at the y- 
distribution. Again the effects are confined to low x-region and kinematic 
suppression is difficult to avoid except in the v-induced charmed particle production. 

Alternate methods for probing sea polarisations have been given elsewhere. Asym- 
metry in massive lepton pair production (Drell-Yan processes) in pp collision probes 
directly the product of the valence quark and the sea quark structure. * (Baldrachchini 


*The longitudinal asymmetry for large angle w+ p- pair with x, = py sand T = Mpp | Vs 
(where P| is the longitudinal momentum of z+ p~ pair and my, is the invariant mass of pt p- pair) 


is given by 
$e AV (xa, Q3) Ao (Xp, Q) + (xa «-— Xp) 
Arr (Xp) = yx, Qa Co, OF) F Ga xe) 


gue V (xq, Q9) = 4/9 gf + 1/9 q3, 7? = Xa Xy and Xp = Xa — Xy 
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et al 1980). At large momentum transfers, the asymmetries in similar process 
measure, in addition, gluon spin structure (Bajpai et al 1981) and they appear 
to be quite sensitive to the large polarisation structures in the flavour singlet 
sector of the nucleon. It is also possible to study the initial state spin structure 
by looking for the transmitted asymmetries in processes such as p + p>A + X. 
However, since the relevant hard processes involve u and d quarks (in addition to the 
s-quarks) and further since their fragmentation into A, is not very much less when - 
compared with the fragmentation of s-quark (Ramachandran and Bajpai 1982) the © 
resultant asymmetries are found dominated by the valence spin structure and no reli- 

able information regarding flavour singlet spin structure emerges. 
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Successive approximation to determine rotational temperature 
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Abstract. A method using successive approximation is developed for determining 
the rotational temperatures, when the rotational lines are overlapped. The method 
is applied to CH (B? 3}-—X? JI) band as a test. 
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Keywords. Line intensity; Maxwell-Boltzmann distribution; successive approxima- 
tion; rotational temperature; rotational lines. 


1. Introduction 


A standard method to determine rotational temperatures from the spectrum of a 
diatomic molecule is to plot the logarithm of the intensity (7) of rotational lines 
against E}, the energy values of the upper state (line intensity graph method) and if the 


graph is a straight line, the slope yields rotational temperature (Herzberg 1950). 

Sometimes the method leads to a nonstraight line graph indicating the possi- 
bility of the existence of a non-Maxwellian distribution (Kini and Savadatti 
1977; Brennen and Currington 1967; Suzuki and Kuchitsu 1977; Mohl mann 
et al 1976; Oldenberg 1934; Edels 1950; Gorbal and Savadatti 1980; Math 1980) 
and hence is useful in understanding the mechanisms operating under the pre- 
vailing experimental conditions. However, in many experiments involving weak 
sources it is not feasible to use high resolution to separate all the lines and still have 
adequate intensity to employ the method in a straightforward way. Quite often one 
has to deal with experimental situations where a number of lines are overlapped. 
In such cases the measurements do not normally lead to reliable determination of 
rotational temperatures. In order to overcome this difficulty a method using succes- 
sive approximation is developed. This method along with its application to the 
determination of rotational temperature of CH(B?2- — X? J[) band is described 
in the following sections. 8 s 


2. Successive approximation theory 

The intensity of a rotational line is represented by (Herzberg 1950) 
Lgs = CQ) ^ Sge No exp (— Ege]kT), ee 

or log Zyxel Seg ^ = const — 0:6247 x Ex,|T, | 
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where C(v) is the instrument constant, v is the frequency of the transition, Sy, ORC 
the line strength, No is the population in K’ = 0, Ex, is the rotational energy of level 
K', k is the Boltzmann constant, 7' is the rotational temperature and 0-6247 is the 


numerical value of (/ic[k) logis e. 
If two lines (p and q) overlap and appear as an unresolved or a poorly-resolved 


line, then the resultant intensity /,;, can be represented as follows: 
Ij, — Ij + h 


= C S? vå exp (— EP,KT) + C S° v4 exp (— Et-|kT), (3) 


C = c (v) Np, S? and S? are intensity factors for p and gq lines. Since v, = v, (= v), 
expression (3) can be rewritten as 


I4, = C9 exp (— Ej[kT) {S° + S? exp (Eg, — ER)]kTYy (4) 
= C» X exp (— Ef. |kT), (5) 
where X = S* + S" exp (Ej, — Ek-)IKT. (6) 


The intensities of unoverlapped lines are initially used and an approximate value 
of rotational temperature (7,) is determined using the line intensity graph method 
(equation (2). This value of Tọ as well as the relevant values of S", S4 (calculated 
by the formula of Mulliken 1927) and Ez, Ez, (approximated as Ej,— B,, K' (K'-- 1) 
where B, is the rotational constant) are substituted in (6) to obtain X for the observed 
lines. Using the experimentally measured /,,, and also the J values of unoverlapped 
lines log 7/ X 4 is plotted against Eg.. These points are fitted to a straight line (equa- 
tion (5)) and from its slope the rotational temperature T, is determined. The value 
of T, is substituted back in (6) and the X values are redetermined (say X;) which are 
used in (5) to determine the rotational temperature again. If this temperature is 75, 
then T, is used to determine X, using (6) from which T} is determined by (5). 
This procedure is continued till the temperature so determined is not different from 
the preceding one. The resulting temperature is taken as the true temperature. 
The method can be extended if more than two lines overlap. 


3. Determination of rotational temperature of CH (B? X- — X? TI) band 


3.1 Experimental 


A ~ type discharge tube with fused tungsten electrodes and the associated vacuum 
system with provision for metering of gases were fabricated in pyrex glass. CH 
bands were excited in a condensed discharge through flowing C,H, and C,H, A 
15 kV transformer was used to charge 0-005 pF capacitor which discharged via a 
spark gap through the gases in the discharge tube. 

The bands were photographed on a Hilger Littrow Quartz Spectrograph using 
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Ilford R-40 plates and the integrated intensities of the lines were measured using 
microphotometric technique. A typical microphotometer record of the (0-0) band of 
CH is shown in figure 1. 


3.2 Results and determination of rotational temperatures 


Figure 1 shows that all the rotational lines are notresolved, and someare overlapped. 
Therefore, the system has been chosen to apply the procedure as outlined above. 

For the (0,0) band the wavelength spread is about 50 A at 3900 A; the change in v! 
is not appreciable and hence is treated as a constant. Table 1 gives the lines used 
for intensity measurement along with other molecular parameters. The measured 
intensities of the seven unoverlapped lines were plotted against Eg., on a semi- 
logarithmic plot and 7, was determined (equation (1)) (see figure 2a).Using 7, and 
the calculated S? and S4 values, X values were determined (equation(6)) which werethen 
used along with measured intensity values for all the lines to determined 71 (equation 
(5)) (see figure 2b). Now T, was used to redetermine X, (say X,). This X, was used 
in (5) to determine 75 which was in turn used to determine X,. X, in turn yielded 
T; which was identical with T, in all cases examined and hence no further approxima- 
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Figure 1. A typical microphotometer record of the 0-0 band of CH qu Z- — X? ID). 
*unoverlapped lines. 
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Figure2. Rotational temperature determination of the 0-Oband of CH (B 
_ obtained from discharge through C,H, (5:0 torr). 
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tions were necessary. A similar procedure was used for the CH rotational lines 
excited under different experimental conditions. In each of these cases there was 
no need to determine beyond T}. The different rotational temperature under diffe- 
rent experimental conditions reflect the changed experimental conditions and will be 
analysed in another paper. All these results are collected in table 2. 

In order to check the reliability of the method the intensities of these lines are 
calculated using the determined rotational temperature and the intensity values are 
reproduced within experimental errors. A typical result of the calculation is gvien in 


Table 1. Rotational lines used for measurements and their energy and line strength 
values. 


‘Line strengths 


Rotational lines Ex, eee 
le Q 
Q(5) 30 = 10-8091 
Q(6) 42 = 12-8431 
Q(7) + P(3) 56 7-9590 14-8633 
Q(8) 72 — 16:8812 
QQ) 90 — 18:8944 
Q(10) 110 zt 20:9044 
Q(11) + P(6) 132 6:9510 22-9130 
Q(12) + P(7) 156 7-9590 24:9200 
Q(13) + P(8) 182 8:9647 26-9260 
Q(14) + PQ) 210 9-9690 28-9310 
Q(15) + P(10) 240 10:9724 30-9355 
P(11) 110 11:9752 — 
P(12) 132 12:9774 — 


Table 2. Measured rotational temperatures of CH (B? X- — X? J[) 0-0 band. 


Bm Temperature (°K) 


(torr) T, T, T, T, 


Source: Discharge through C.H, 


0:4 1800 1750 1700 1700 

1:6 1900 1850 1750 1750 
; 5:0 2200 2100 1950 1950 
Source: Discharge through C,H, 


0:38 2200 2000 1900 1900 
1:50 2300 2100 2000 2000 
2:30 2300 2150 2100 2100 
5:00 2400 2300 2240 2240 
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Table 3. Comparison of the measured intensities with calculated ones for the 0-0 
band of the B? X- — X? JJ system of CH. 


Intensities 


Rotational lines culemiated 


measured (at T = 2240°K) 


A Q(5) 16-98 17-77 
Q(6) 19-25 18-93 
Q(7) + P(3) 26-30 27:74 
Q(8) 19-50 20-00 
Q(9) 20-89 19:40 
Q(10) 19-25 18:18 
Q(11) 4- P(6) 25-12 28-05 
Q(12) 4- P(7) 26-30 26-75 d 
Q(13) + P(8) 23-44 24-37 i 
Q(14) + P(9) 22-90 21:85 =| 
Q(15) + P(10) 20-40 20-40 | 
P(11) 10-00 9-49 4 
P(12) 9-12 8-70 i 


Condition: CH, discharge at 5 torr 


table 3. Successive approximation method has also been applied to this data using 
least squares technique, in place of the graphical methods, and this leads to same final 
temperatures. Hence the method can be used with confidence wherever lines over- - 
lap. 
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Abstract. The theoretical calculation of line widths and line shifts for CO;-Ar system 
is computed by the Mehrotra-Boggs theory. It is shown for this system that the 
phase shift effect is very important at large values of | m | where m is the value of rota- 
tional quantum number J in the lower vibrationalstate. Itisalso pointed out that the 
Salesky-Korff theory is the same as the Mehrotra-Boggs theory. 


Keywords. Collision-induced line shape; phase shift effect; CO.-Ar system; Mehrotra- 
Boggs theory. 


1. Introduction 


The spectral line width and shift parameters of a microwave transition from initial 
state n to final state m are related to the real and imaginary parts of interruption 
function S given by 

S= 1 = Fa Tin () 
where T' is the time development operator which is governed by the time-dependent 
interaction due to collision between two molecules. The time-development operator 
T must be solved to get information about the line shape. Since it is not easy to 
solve the time-dependent Schrödinger equation for two colliding molecules, many 
approximations have been used. The simplest and the most popular technique for 
the solution of T is to expand it as 


gp qp oap do qp AE eS. (2) 


where To, T, Ty, ... are Oth, Ist, 2nd, .... order terms. It is practical to terminate 
the series at second order as was done by Anderson (1949). The third order term was 


also evaluated by Rabitz and Gordon (1970). The main disadvantages of this series 


are that it is not unitary and it is expected to be accurate only for small intervals 
of time and for those cases in which the perturbation V(¢) is much smaller than the 
unperturbed Hamiltonian Hy of the system. So, for the treatment of intermediate 
interaction where the calculated transition probability is greater than one, the meth: 
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is not accurate. For the treatment of strong collisions, the value of the transition 
probability diverges. Anderson (1949) suggested three approximations for the strong 
collisions (Tsao and Curnutte 1962). 

Another method of expanding the time development operator is in the form 
(Pechukas and Light 1967) 


T(t) = exp [4, + 4, + 4g + ....] (3) 


where Ap, A;, Az ... are operators. The expansion is known as the Magnus method. 
The method has not become popular because it is difficult to evaluate numerically 
an exponential of the operator. 

Murphy and Boggs (1967) have expanded the diagonal element of the time develop- 
ment operator T' in exponential form neglecting some terms in the series. This for- 
mulation was suitable only for microwave spectral line broadening. Cattani (1972) 
has formulated a modified Murphy-Boggs theory by combining the treatments of 
Murphy and Boggs (1967) and Anderson (1949). 

Mehrotra and Boggs (1976) treated the expansion of the time development operator 
in a more general way. They have shown that the Nth term of the time-dependent 
perturbation theory is 


t 
To (f) = T) (— oo) exp| f dt, go? «] 


—oo0 
t 1 N 
+ f dr, exp[— f ar G^? (,)] pP (4). (4) 
—o t 
The functions GÙ? and F(V can be obtained by the following recurrence formulae 


t 
GM = > G, (f, tg) exp = f dt, GM (3) (5) 
B t, 


t 
pot» (t) = F(t) — D G, (t, t) J dt, po) (4) X 
B t, 


tı 
exp [- f dt, GY? (3) (6) 
fs 


with  G2(t) = Y Gp (t, tg) - Land F(t) = F(t) (1 — 82. 
B 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


~> 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Line widths and shifts of CO -Ar system m7] 


The function F(t) is given as 


F()-— > ht .-. x exp ome 
a=0 


my, m, = 
t fa-i 3 
x f dt, exp (i wm, ma t1) Van eee f dt, É 
E 
X exp (i Wing m ta) Vma m(t) ; (7) 


and Gp (t, tg) is an integral operator which is defined as 
Gp (t, tg) f (tg) = ENP 2 E 2 exp (i am, 0) Von (t) 
nm, mg £3 


t th 


x Í dt, exp (i Om ma ty) Vins "X Í dt, 


— oo — oo 


X exp (i wma ma 12) Vina ms (f) - -- f ee 3 


x exp (i On gm tg) V. ngm (tg) f (tg) 
where f (tg) is some function of time tg: 


The first order of the theory and neglecting the isotropic part of the potential give 
the same expression as obtained by Murphy and Boggs (1967). The first 
treatment has been applied to the collision induced line shape (Mehrotra and Boggs 
1977) which turns out to be the same as that formulated by Cattani ORs i 
isotropic term in the potential is neglected. 


2. Comparison with the Salesky-Korff theory. 


lopment operator in the exponential form. The fon 
1980) seems to be exactly the same as done by: 2 
the first approximation (N = js in (9). o 
tion S © as — 
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The line width parameter Av for the transition n — m can be written as 


Av = ND p, | db f dvofQ) [1 — exp (- T, — $ 72] 
y 0 
l 
X cos (s Í (Van aoe Vm) dt KI dn Ta 2 (9) 


and the line shift parameter A », is given by 


[v9] co 
rao P, J db J dv v f (v) [exp (— $ T, — $ Tm) 
2 


x in (LJ om Ie cores $n) (10) 


The same expressions for the line width and line shift have been obtained by 
Salesky and Korff (1980). 


3. Discussion of results for CO,-Ar system 


The theory of Mehrotra and Boggs (1977) is applied to CO,-Ar system. The poten- 
tial is taken as (Boulet et al 1974) 


V — Vy, + 4 € (o/R)® a, pa (cos 0) — 4 e (a/R)® bz pa (cos 0) 


where V,, is the Lennard-Jones potential. The coefficient of p, (cos 0) for the 
system will not be important because the center of mass of the molecule coincides 
with its center of charge. 

` The calculated results are shown in figure | along with the experimental results of 
Boulet ef al (1974). As pointed out by Boulet et al (1974) that a short range aniso- 
tropic potential must be introduced in the calculation of the interruption function, 
the same conclusion is also obtained here. The significant aspect of the results is that 
the effect of collision induced phase shift (i.e. cosine term in (9)) is also very important 
to explain | m | dependence. Curve (b) of figure 1 is obtained when the cosine term 
in (19) of Mehrotra and Boggs (1977) is approximated to one as done in the Murphy- 
Boggs theory. It can also be seen from the curve that the effect of the cosine term 
is more important for large values of [m | for vibrational-rotational spectral lines. 
The collision induced line shift is also computed and shown in figure 1 (curve c). The 
experimental data for shift is not known, but it can be seen that shifts are not negli- 
gible and can be measured by the present experimental techniques. 
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Figure 1. Collision induced line width and line shift in cm-!/Atm for 001—(10°0, 
02°0) of CO,-Ar system vys | »t |. Experimental results (Boulet et al 1974); a. theoreti- 
cal results with phase shift; b. theoretical results without phase shift; c. the calculated 
values of collision induced line shift. The parameters chosen are e — 150-00 °K, 
o = 3:95 A, a, = b, = 0:27, By = 11-6139 GHz, and B, = 11-7060 GHz. By is the 
rotational constant in the lower vibrational state and B, is that in the upper vibrational 
state. 


4. Conclusions 


The conclusions of the paper are as follows: 


(i) The theoretical formulation of Salesky and Korff (1979, 1980) is not new as claimed 
by Salesky and Korff (1979) but is the same as obtained earlier by Mehrotra and 
Boggs (1977). (ii) The Mehrotra and Boggs theory (1977) as the Anderson theory 
(Boulet et al 1974) predicts that the microwave-infrared spectral line shapes are 
sensitive to the short range interaction. Unlike for microwave spectral lines, one 
must take the short range interaction to explain |m| dependence. (iii) It is shown here 
foi the first time that the | m| dependence of the microwaye-infrared spectral line — 
shapes is also dependent on the phase shifts which appear as cosine term in the 
Mehrotra and Boggs theory (1977). In the previous calculations (Boulet et al 1974), = 
the | m | dependence was explained only by taking the repulsive part of the isotropic 
potential but one must consider the phase shift effect as well as the repulsive par 
the potential to explain the | m| dependence of microwave-infrared spectr: 
shape. This i is not so in the case of microwave spectral line shape. ve The 
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Abstract. The Raman spectra of mixed crystals of [(((NH4); X Kx]. SO, in the region 
50-3400 cm~! at 293 K and below 223 K have been reported. At room temperature | 
293 K, as the concentration of K* ion increases in the crystal up to 5075, the frequen- 

cies of the totally symmetric vibrations of SO{- and NH} ions increase and there- 

after the frequency of SOi- vibration decreases and attains “the value in K;SO,. . This 

change in frequency up to 50% of potassium concentration is due to the breaking of 

hydrogen bonds of the type N-H...O. The behaviour of Raman intensities of Ag (v1) 

mode of SO$- for various concentrations (x = 0, 0:03, 0:11, 0-5, 0:85) suggest that the 

phase transition changes from first order type to one of second order. The phase 

transition in mixed crystals of [(NH;);_x Kx]: SO; can be a cooperative phenomenon 

arising from a coupling between (INH4)* ions through hydrogen bonds with the dis- 

torted SO} ions in the low temperature phase. 


Keywords. Laser Raman spectra; mixed crystals; hydrogen bond; infrared spectra ; 
order-disorder. 


1. Introduction 


Ammonium sulphate undergoes a first-order ferroelectric phase transition at T, 
223 K (Matthias and Remeika 1956; Hoshino et al 1958). The heat of transition 
and the change in entropy are Q — 0:93 kcal/mole, S — = 4:2 calfmol uen Tegi 


value of Curie-Weiss constant (~ 15 K) (Unruh 1970) and a large spo 
strain (Aniskatov and Martinov 1970). 
Neutron diffraction, ESR, infrared (Jain et al 1973), NMR, Ramen 
and dielectric methods have been applied to study the phase transiti n ini 
sulphate. Based on the type of experimental technique used and th d 
an order-disorder model (O'Reilly and Tsang 1967), an improper ferr: 
(Ikeda et al 1973), a couple oscillator model Se, et al 973) 


in this crystal. However, a fully causes pt 


pubs order-disorder. mode 
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nism. Sawada et al (1973) have proposed a phenomenological soft mode theory to 
explain the small Curie constant and other thermodynamical quantities of (NH,),SO,. 
The theory is based on the assumption that the phase transition is associated with two 
normal coordinates which are given by the superposition of a polar-translational 
symmetry coordinate and a nonpolar vibrational one. The softening of the normal 
mode with a large component of the vibrational mode induces the phase transition. 
However no such soft mode has been found as yet in the infrared absorption measure- 
ments (Torrie et al 1972). Sawada et al (1975), have studied the role of NH; ions 
by measuring the spontaneous polarization and the dielectric constant in 
[((NH,),-.K,],SO, for various values of x and proposed a two non-equivalent 
sublattice model to explain the phenomena. Neutron scattering measurements 
of mixed crystals of ammonium sulphate and potassium sulphate have been 
carried out (Goyal and Dasannacharya 1978). Spin lattice relaxation time of 
proton measurements have been carried out in (NH,),SO,-K,SO, mixed crystals 
(Masaru Kasahara et al 1975). It has been found that potassium ions prefer 


to occupy the (NH)! sites rather than (NH), sites and only one type of NH; ions, 
namely (NH remains at higher concentrations of K,SO,. X-ray crystal studies 
of the mixed system of (NH,),SO,-K.SO, have been done (Yochi Shiozaki et al 1977). 
Abe et al (1978) have studied the ESR of pure and mixed crystals of ammonium and 


potassium sulphate. Substitution of NHD by potassium lowers the value of P, and 


deuteration does not alter significantly the T,. A recent ESR study of radiation 
damaged (NH,),SO, crystal doped with CrO, in our laboratory suggests that a 
distortion of the (SO,) groups in the low temperature phase could also be a transition 
parameter (Misra 1982). 

As the laser Raman spectra of the [(NH,), , K,]SO, can throw light on the 
extent of deformation of the SO} and NH; groups in different phases and the con- 
sequent changes in the N-H ... O bond strengths, the present study was made. 


2. Experimental 


(NH,),SO, forms a continuous series of mixed crystals [(NH,),-.K,]2SO, with K,SO,. 
Single crystals of various concentrations of K (x = 0-03, 0-06, 0-11, 0-28, 0-5, 0:6 
and 0-85) were grown by a slow evaporation of an aqueous solution at room tempera- 
ture. The values of x in the crystals were determined by using the data of Bovalini 
and Fabris (Seidel 1965). Infrared spectra and powder x-ray diffraction pictures 
were used to identify the crystals. 

Raman spectra were recorded with a Spex-Ramalog-6 spectrometer. The spectral 
slitwidth was set to 1—2 cm band pass. Detection was by a photon-counting system 
using a RCA (C31034) photomultiplier with Ga-As photocathode and with thermo- 
electric cooling. The iR absorption spectra of the crystal were recorded using a 
Perkin Elmer 580 IR spectrophotometer and KBr pellet method. 

The sample was illuminated with 4880 À radiation of Ar* ion laser with power 
output in the range 100-200 mW. The temperature of the sample was varied using 
a simple continuous flow cryostat and the temperature stability was + IK. 

The x-ray (Ogg and Hopwood 1916; Ogg 1928, 1930; Tutton 1930; Taylor and 
Boyer 1928), electron diffraction (Dalova and Pinsker 1964) and neutron diffraction 
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studies (Schlemper and Hamilton 1966) show that the structure has the space group 
D3$5 in the paraelectric phase and C3, in the ferroelectric phase and there are four mole- 
cules per unit cell. The sulphur atoms, two oxygen atoms, the nitrogen atoms and 
four hydrogen atoms lie in the mirror plane (001). Hence NH; and SO? ions occupy 
sites of symmetry C, in the high temperature phase and C, symmetry in the low 
temperature phase. 

The polarizability tensor components associated with the Raman active modes are 
axx, &,, and a.z for Ag, axy for Big, €x: for B, and a,, for B,,. Raman spectra of 
mixed crystals of ammonium sulphate and potassium sulphate were taken for six 
orientations at room temperature 293 K. 


3. Results and discussion 


Raman spectra of [(NH,), . K,], SO, were taken at room temperature 293 K for con- 
centrations, x — 0, 0-03, 0-06, 0-11, 0-28, 0-5 and 0:6 for six orientations. The fre- 
quencies and the assignments of the various bands are given for [(NH4)po.97 Ko.93]25O4 
in table 1 and the correlation diagram for this crystal in the para and ferroelectric 
phases are given in tables 2 and 3 respectively. In the paraelectric phase, all the 
gerade components are Raman active and the ungerade components excepting 4, 


Table 1. Frequencies and assignment of single crystal Raman spectra of paraelectric 
[QNHa)o.o; K»o.o3]2 SOx. 


ene Symmetry Assignment EU Symmetry Assignment 

41 Ag 624 Ag 
60 Big SO;i- translation 637 Big : 
68 Bag 976 Ag SOf v, vibration 
71 Bag 976 Big 
76 Ag SO libration 1065 Ag 
82 Big 1074 Big 
90 Bog 1087 Bag 

152 Bog 1090 Bog 

184 Ag NH} translation 1102 Ag 

193 1120 Big 

358 Bag: NH} libration 1413 Ag 

375 Ag 1419 

451 Ag 1424. 

451 — Big SOi- v, vibration 1660 


SO} va vibration 3 


l 
| 
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Table 2. Symmetry correlation for paraelectric (NH4),SO, in the room temperature 
293 K. 


Free Ion Site Crystal Activity 
Tg Cs Dn 


Sy Raman 
B Raman 


Ay : 
1g 

E 29 Raman 
Fi AE B39 Raman 
E âu Inactive 

Biu LR. 

Boy IR. 

B I.R. 


3u 


Table 3. Correlation diagram for (NH,)SO, in the ferroelectric phase (below 
T, = 223° K). 


Free lon Site Crystal Activity 
Ta € 


Cry 
Ay Ay Raman and IR 
E A2 Raman 
Fy By Raman and IR 
L2 85 Raman ond [R 


are active in IR. In the ferroelectric phase the atoms occupy only general positions. 
As the concentration x of K+ ions increases in the mixed crystal up to 50%, the fre- 
quencies of totally symmetric vibration (v,) of SO}- and NH} increase, while that of 
antisymmetric vibrations of NH} decrease which is shown in figure 1 (a, b). The 
infrared spectra of mixed crystals at different concentrations of K+ ions are shown in 
figure 2. The crystal structure of ammonium sulphate at 293 K is shown in figure 3. 
The ammonium sulphate structure consists of one type of SO2- group and two types of 
NHj groups, namely NH) and NH): One hydrogen from each type of ammo- 
nium is coupled to the sulphate group through the oxygens O(1) and O(2) which lie 
in the ab mirror plane. From NMR results, it is seen that the potassium prefers to 
occupy only NE) site. Therefore, if a K+ ion replaces one of the NEH) ion, 
the charge distribution of SO} ion is modified because of the disappearance of the 
hydrogen bond. The change in the charge distribution of SO?- ion affects the state of 
the remaining hydrogen bonds. Therefore the strength of S-O bond increases and 
hence the frequency of the totally symmetric SO?- vibrations increases. This con- 
tinues until all the (NH,)} ions are replaced by K+. From figure 4, it can be seen that 
up to a concentration of 5097 of potassium the frequency increases and thereafter it 
decreases up to 6097. Then the frequency increases and attains the value of 983 cm~? 
which is that of K,SO,. The increase in (v;) frequency of SO?- vibrations up to 50% 
of potassium is due to the disappearance of more and more hydrogen bonds. Once 
the concentration of K+ ions is greater than 50%, all the hydrogen bonds are broken 
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ee — ——— 
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Raman shift in cm! 


Figure la. Raman spectra of totally symmetric frequency (v) of (SO4)*- vibrations. 


[em jn 
aibb 


Intensity (arbitrary) 


Raman shift in eni! 


Figure lb. The NHZ Stretch: frequency with ‘the different - 
potassium in (NH,),SO-K,S0. mixed crystals. ri 
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Figure 3. Sketch of structure of ammonium sulphate in the room temperature. 


(a) Projections on the plane y = } of atoms which lie between the planes y = 0 and 
y=}; (b) Projection on the plane y = } of atoms which lie between the planes 
y=tandy =]. 


Raman shift in cm’ 
S-O band distance in A 


0 20 40 60 80 100 


Concentration of K% 


Figure 4. Variation of totally symmetric frequency v, of (SO4)?- vibration as a func- 
tion of concentration of potassium in the mixed crystal. 


a(bb)c 
(ese Koil Sx 


Intensity (arbitrary) 


6 
150 170 190 210 230 280 270 290 310 
Temperature K 


Figure 5. Intensity variation of totally symmetric frequency vi of (SO4)*- vibration 
as a function of temperature in [(NH4)o-57 K».o5] sS O4- 


and the vibrations of the SO% groups are similar to that in K,SO, The frequency 
of the totally symmetric vibration falls down up to 60% of Kt and thereafter it in- 
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creases gradually and reaches 983 cm~ which is the frequency of the totally sym- 
metrical frequency (v,) of SOZ- vibration in K,SO,. X-ray studies on the mixed 
crystals of (NH4)KSO, also show this behaviour where S-O distance decreases first 
up to 30% and from 70% of K+ concentration, it increases. The region between 30% 
and 60% of K+ concentration may be the critical region in which the hydrogen bond 
effect and ionic radii consideration compete with each other. 

When the crystal containing 3 % of K+ is cooled to the ferroelectric phase, the inten- 
sity of totally symmetric vibration (v,) of SO?- increases gradually and near the phase 
transition temperature 223 K, there is a steep increase in intensity and the slope of the 
line changes rather abruptly. As the concentration of K+ is increased to 11% and 
50%, there is a gradual increase in intensity of this vibration and the change of slope 
with temperature becomes smooth (figures 5, 6 and 7). The transition temperature 
is found to shift from 221 K for [(NH4)o.97 Ko.o3]2 SO, crystal to 216 K and 165 K 
for crystals containing 11% and 50% of potassium sulphate. When the concentration 


a(bb)c 
17 LOntades K],5o% 


Intensity(arbitrary) 
` 


5 
150 190 230 250 270 0290 310 


Temperature K 


Figure 6. Same as figure 5 in [(INH4)o.so Ko.31]: SO. 


a(bb)c 
[eno Ke] Sox 
x 


Intensity (arbitrary) 
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Temperature K 


Same as figure 5 in [(NH4)o-5 Ko-s]2SOu. 
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of K* ions increases, in the mixed crystal, the transition is found to change from a 
first order type to one of second order, as is seen from the variation of the slope of 
the intensity of v, line of SO:- vibrations with temperature. For the crystal contain- 
ing 85% of potassium, there is no phase transition, as the intensity almost linearly 
increases with temperature (figure 7a). This result is in conformity with the dielectric 
studies of mixed crystals (Sawada 1975). : 
In the lattice region of the spectra of (NH,),SO, and other mixed crystals, the lines 
become sharp at low temperature but no sudden changes either in intensity or fre- ÀN 
quencies are observed. Typical Raman spectra of (NH,),SO, at 293 K and low tempe- oar 
ratures are shown in figure 8 (a, b). However, the v, mode of sulphate at 614 cm-! 
in (NH,)2SO, gives rise to 612, 618, 627 and 637 cm respectively in the ferroelectric 
phase (figure 9). This result is similar to the one observed for v, line of (SO,)?- where 


Intensity (arbitrary) 


Raman shift in cm! 


8a. 


Intensity (arbitrary) 


8b. 


Figure 8a. Typical Raman spectra of pure (NH,),SO, at 293 and 180 K in the 
E> spectral region 50-400 cm. b, in the spectral region 400-1100 cm-! at 293 K. 
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Figure 9. Variation of v, mode of (SO,)?- as a function of temperature. 
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_ the SO2- ion is said to be distorted in the ferroelectri cph (ioa 
No Budden change in intensity or width or frequency is observ 
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_ due to hydrogen bonding alone but due to the cooperative phenomena of the coupling 
between (NH,)* ions through hydrogen bonds with the distorted SO?- ions in the 
low temperature phase. 
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Abstract. A formalism to connect first-order Raman intensities of MgF, and its 
photoelastic constants is developed by developing a method of writing internal co- 
ordinates in térms of displacement gradients u;; which are not symmetric. It is found 
that for crystals containing only one line in A, species, the ratios P,3/P33 and (P; +P3.)/ 
P3; can be directly evaluated from the intensities, without having to derive the inten- 
sity formulae; while (P;, + Pi.) / P1; is independent of the intensities as well as the 
refractive index of the crystal. It is a function of only the dimensional parameters. 
In this crystal, since the species B,, and Bag also contain only one line each, the ratio 
(Pi: — P4:)/Ps, can also be directly obtained from the intensities. 


ie BARR ROT Se 
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Keywords. Photo-elastic constants; Raman intensities; displacement gradients 


& 1. Introduction 


When a crystal is stressed, the strains produced resolve themselves into phonons. 
Suitable groupings of Raman phonons manifest themselves as photoelastic constants. 
according to their symmetry. This natural connection between Raman intensity an 
photoelasticity was recognised by Maradudin and Burstein (1967) who derived a 
expression for photo-elastic anisotropy (P5; — Pae — Peg) of diamond in terms of the 
intensity of its Raman line: 2 a 


involving a product of force constant and length. Pi 
anisotropy (Pj, — Pia) — Pg. But this formalism do 
followed up later. UL E ur. 

. Nelson and his colleagues (Nelson and I 
connected intensities of Brillouin components 


They have pointed out that, in place of str 


a METER 
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tensor is of order 9X9 instead of 6X6. It will be 9x9 if the polarizability tensor is 
taken to be unsymmetrical as in resonance or near resonance Raman spectra. For 
Raman spectra far from resonance the matrix is of the order 6x9. It is also pointed 
out that the photoelastic constant tensor does not follow the symmetry of the crystal 
for piezoelectric-type crystals, as the Raman phonons which are also infrared active 
create electric fields that produce additional polarizability changes. 

Meera et al (1978) applied stress on a crystal of silicon and connected the changed 
intensities of Raman spectra to photoelastic constants. Briggs and Ramdas (1976) 
again studied the Raman spectra of CdS under properly stressed conditions and 
related the altered frequency changes to deformation potentials. 

In this paper we try to relate the Raman intensities of a crystal (under unstrained 
conditions) and photoelastic constants. For this purpose, the bond polarizability 
theory of Raman intensities (Eliashevich and Wolkenstein 1945; Long 1953) has been 
applied to the crystals. A serious problem in this field is the sign ambiguity of the 
polarizability change @a;,/0Q,. In papers published earlier (Kumar ef al 1974; 
Buddha and Rajeswara Rao 1976, 1977; Pratibha et a/ 1979; Swarna Kumari 
and Rajeswara Rao 1981), it has been shown as to how this problem can 
be avoided. Maradudin and Burstein (1967) also pointed out the difficulty in obtain- 
ing photoelastic constants from Raman intensities. 

A parallel theory of Raman intensities was earlier developed by Loudon (1963). 
But as pointed by Maradudin and Burstein (1967), ‘the model of electric polarizability 
we choose, must contain as many parameters as there are pieces of experimental 
information, no more, no less’. Tubino and Piseri (1975) have justified this theory for 
crystals. Thus the bond polarizability theory has come to stay. It has also 
the advantage of understanding the properties of the crystal from molecules and may 
pave the way to relate photoelastic constants of different crystals having the same or 
similar molecules. 


2. Sign ambiguity in intensity analysis 


The sign ambiguity problem connecting Raman intensities and electro-optical 
constants has earlier been solved for both molecules and crystals. The intensity 
formulae are of the type 


I=Ľ 4, (3) 
where J = @P,/0Q, or 02,;/0Q, for IR or Raman intensities. 7 should not be con- 
fused with intensity which is proportional to J? and will be referred to later. L’ is 
transpose of L matrix and A contains the electrooptical constants. I’ can be plus or 


minus depending on the nature of the oscillation. It has been suggested that (3) 
may be written as 


T' I= A'LLI/ A = A' GA. (4) 


We have one equation of this type for each species. If the parameters in A are 


larger in number than the equations, one may obtain the data from isotopic mole- - 
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cules. A elements have thus been determined by us earlier in a number of molecules 
and crystals and these elements can be used to evaluate the photoelastic constants. 


3. Internal co-ordinates and strains 


~ 
- 
z 
z 
a 
E 


For any crystal, polarizability change 


Adr = 0H ðQ as ERT (5) 


= — , — re — 6 


S and R are symmetry and internal coordinates respectively. We seek to connect 
Aa;; to photoelastic constants by deriving a relationship between AR and the strain 
parameters. For this purpose we start with 


uk = uy rs (6) 


as explained by Born and Huang (1954). Repetition of the index j indicates summa- 
tion. Here i and j stand for x, y, z, u% is displacement of the Ath atom in the ith direc- 
tion. r* is its position vector and u,; = Qu,/Or; are related to strain parameters. 
In general w,; # uj, However, 


Uii = Crp, (7a) 


and ui; + [LIT] = ijs E (7b) 
where e,; are the strain parameters. The internal oscillations in a molecule (or crys- _ 
tal) are generated by displacements of atoms according to a system given by ; 


AR = > uk sf, 
k belts Ec 


u* is the displacement and s* is the unit vector along the displacement. 
(1955) s vectors and (8) is explained in detail in books on molecul 
an example, if AR is stretching between two atoms 1 and 2 of a bond, c 
and u? should be along the bond in opposite directions mr í 
(figure 1). In this case, s! = — s?. 

Taking 0, midway between 1 and 2 as origin, 
or is equali to ri lj j, lj diee the directi 


<= 
p 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


54 G Swarna Kumari, N Satyavathi and N Rajeswara Rao 
Writing similar equations for u}, u? and u? , we have 
AR = (ut 1x + ul ly + u} Iz) + (uy 2x + u? 2y + u? 2z) 


= R (eyx 1X? + eyy Ly? F e; 12? + eyy Ix ly + eyz ly 1z + e; 1z 1x): 
(10) 


Here we have introduced a simplification rt = r? taking the origin at the centre 
of the bond. Also, since r* and r? are along the same line, but in opposite 
directions, ij = — 2j. We have also put R = 2r. 

Equation (10) is derived in standard books on elasticity (for example by Love 1952) 
though in a different manner. We may point out at this stage that this formula is 
derived for two points in a continuous medium but is applied for a bond between two 
atoms. We follow this approximation in all these calculations (as Dayal” 1950, 
Saxena 1944 and others have done). We have considered this format as it can be 
adopted to any internal coordinate, bending, out-of-plane oscillation, rotation, etc. 
We shall demonstrate this for rotation. 

Taking a simple linear molecule MgF, (figure 2) with Mg at the centre, we shall 
derive an expression for rotation about y-axis which takes place by F, and F, moving 
along z in the opposite directions. According to (8), 


Ry = u! sh + u? + s? = ul (— eR) + i? (e| R). (11) 


Figure 1. Symmetric stretching of atoms 
1 and 2. 4! and uw? are displacements, s' 
and s? are unit vectors in tbose directions. 


Figure 2. Rotation about Y-axis 


Figure 3. Unit cell of MgFs. The light 
shaded atoms are in the plane of the paper. 
The dark ones are above or below the plane 
of the paper. at a distance c/2. Those in 
circles are above the plane of paper. The 
superscripts represent the cell numbers. 
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Here, we have used st = — e,/R (e, is the unit vector along z ERU as it 
indicates bending of the bond MF,. Since u, = u, = 0 


vore ét ia 


Ee uc uu lxRX, (122) z 
R R E 
and, 3 U U ARX X (12b) : 
R í R ) : 
Therefore Ry = 2t, = Uzy + uy, + ug — uy; = Ezy E Wys (13) 


in the notation used by Love (1952). Thus AR in (5) can be replaced by the appro- 
priate expressions involving strains. Equation (10) can be written in the form Rle. 
R is a diagonal matrix of bonds, / row matrix of products of direction cosines taken 
two at a time (writing /, m, n for 1x, ly, 1z) and e column matrix of strains. Substi- 
tuting in (5) 


Au = L D URIe; (14) 


I’ is row matrix of 9a,,/9Q. We have put S = LQ and S = UR. Now, photoelastic 
constants are defined by (Born and Huang 1954) 


A (€), = Pia ert (15) 
From, cic — [Ae — — €g ^ e €o 2 a6 : 


Here we have written e, for eas an approximation. e, is the dielectric constant of s 
the unstrained crystal and e is that of the strained crystal. Substituting in (16) — 


Ae = (e) Pii (e9)o; €i = Pi ijkl €kt- 


EUIS per unit vise: b is related to crystal structure 


Ae = 4rbNAa, 


and Aa; in (14) can be replaced by Aeg. As we proj 
photoelastic constants in units of  polarizability d ivative 
In order to compare with experimental photoela 
them with. «, elements according to the sche 
plication simple, we take the coordinates alo: 
make € a aoe tensor hoving 
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P435, Ps; etc have the usual meaning (Born and Huang 1954) with respect to the co- 
ordinate axes x, y, Z. Then, we have from (14) 


P' = I'L URIe. (20) 


4. Raman intensity analysis of MgF, 


As we propose to get 2a,,/0Q from Raman intensities, we shall first derive formulae 
connecting intensities and bond polarizabilities of this crystal as was done earlier 
for other cyrstals (Kumar et al 1974). 

MgF, is a rutile-type crystal of symmetry Dj, with two molecules in the unit cell. 
The molecules are oriented perpendicular to each other and their levels separated by 
c/2. But the a, and a, axes of the cell are oriented at 45? to the orientations of the 
molecules (figure 3). We shall refer to molecule 213 as 1 and 546 as 2. As it be- 
comes necessary to take into account distances of the atoms in the neighbouring unit 
cells also, to construct symmetry coordinates, the central cell is marked 0, and the 
other cells with different numbers. The bonds like 12, 13, 45 and 46 are mostly of 
covalent nature while bonds like 42 or 51 are ionic but bave also some covalent 
nature and oscillations are possible between them. 

The dimensions of the crystal and of the bonds (Wyckoff 1962) are calculated to 
be a = a = 4:623Å, c = 3:052Å, r2 = ris Tag = ras = 2 026A, ri = 1:967 À: 
The angle 42 makes with XY plane is 0 which is equal to 50°51’. 

Since there are 6 atoms in the unit cell, there are 15 optical modes and they are 
distributed among the species as 14,,, 1B,,, 1Ba,, lE, l4», 24», 2Byu, 4E, 
Among them, 145,, and LE, are translations. In addition to the ungerade modes, 
Ag, is inactive. Raman modes are of frequencies 410, 515, 92 and 295 cm^ 410 
being observed in axx, a,, and a,, spectra, 92 in a,, and a,,, 515 in ay, and 295 
in a,, and a,,. These spectra are taken by Porto (1967). 


5. Intensity formulae 


To derive intensity formulae, it is necessary to determine the symmetry coordinates 
in the way explained in our earlier papers. They are 


sf” = "O + 1232) + (4950 + 4960) } 
2 
= cs (4929 + 4922) + (493! + 4938) + (5015 + 5017) 
2 


+ (6°14 + &9)]. ; (21a) 
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SPs — = |a [2)( (495° + 4060) — (1920 + 1131} 


a TET (4029 + 4022) + (4031 + 4039) — (5015 + 5017) 


— (6014 + 619} | ^ ; (21b) 
SPw ier E [R4 Fe Rao] = Ri (21c) 
v2 
1 
SE = — [Ry + Ry] = Ry (21d) 
TERES [Ry ] 
Sa Re Ree (21e) 
V2 


x' and y' are directions along molecules 2 and 1. The first coordinate shows that 


both the molecules stretch in and out while in the second, one stretches, and the 
other contracts. The other coordinates describe R,, R, and A, rotations of these 
coordinates about the axes. 


The intensities are functions of the bond polarizabilities and their decus = 


The derivation is described in our papers. The intensities are 


Tfu — Ift = (14- 19) K= | v2 a; ais T 5 ec a ve Ln = A 


[40 = (?)) = [V2 a; de 2a Yael Lyi = = Aj Lg; | 
[Pu = 3.521) K = (s = ra) E " ig 


1E = IB = (1017) K = [V2 y — b ya 


Be = Tee = (2) = [yie — € vad) La 


table je 


Kev aia Ea Tyre Eis 


4 
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em 4 cos J : sin? 0 — 0-5667, 
74» [(1/4/2) + cos 6] 


= (2 V2 rs cos 0)[rj, = 1:8386, 
c = (2 42 cos 0 - cos 2 0)/r,, = — 0-2640. 


L elements are the square roots of the G elements which are calculated in the usual 
way and are given below: 


Gu = Gs, = [(1/4/2) + cos 6]? wp = (0:0568) x 104, 
Gss = G4, = (2/r32) pg = (0:0154) x 104 


y13 is the difference between the polarizability along the bond 12 and perpendicular 
toit. yy is its derivative. o T is polarizability derivative perpendicular to the bond. 
yis is taken to be negligible as it is mostly electrovalent. 

The areas A under the lines 515, 410 and 92 cm~ are taken and 7?, the intensity, 
is defined by the formula 


K? A v, [1 — exp (— Ac »,/kT)] n? 


Co — »)4 


P= (23) 


K is a constant of proportionality, v, the frequency of the line, v) the frequency of 
the exciting line. Exp (hcv,/kT) is the usual Boltzmann factor. These values are 
also shown in the intensity formulae (22). 

K, which is a function of the experimental conditions, has the same value for these 
three lines, as they are recorded in the same spectrum. It is not possible to say if the 
experimental conditions for zz and xz spectra are the same as for those lines. Hence, 
we cannot use these intensities and are shown as (?) in (22). Equations (22) contain 
five parameters to be determined, yy, y42, Y 12 aT and K while we have only three 
equations (22a, c and d). 


6. Photoelastic constants 


As explained earlier, formulae (22) are like 7 = L'A, where J is a column vector. 
Transposing and substituting in (20) 


P' = A'URIe. (24) 


We thus get rid of a very inconvenient factor L. Though, in the case of MgF,, 
the species contain only one line each and calculation of L~ elements is not difficult, 
in other crystals each species may contain more than one line and calculation of L 
elements requires correct evaluation of force constants which is generally not possible, 
particularly for crystals, In simple molecules, the secular determinant is supple- 
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mented by data on Coriolis interaction constants and the force constants can be 
evaluated to some degree of reliability. For crystals, this facility is not always 
available. 

Formulation of (24) avoids another important hurdle, that is, the sign ambiguity of 
I. The sign ambiguity arises because, the polarizability can increase or decrease 
during an oscillation, depending on the A elements and their interaction with L ele- 
ments. But, we have the same set of A elements for all the lines of a species. Hence, 
this ambiguity is avoided. Elements of A can be determined in the manner explained 
in our previous papers. 


7. Determination of URle 


There are only two types of coordinates, AR and rotation which are connected to 
strains by (10) and (13). While (10) is a general equation suitable for any coordinate 
system, (13) is derived for X axis along molecule 2, (figure 3). As the axes of the 
crystal are inclined to it by 45°, the equation can be modified as 


Ry = — V2 (uzy — Uz), for molecule 1, 

Ry = V2 (us + ug) for molecule 2, 

Ry = Ry + Ry = 2V2 wy = V2 (ey, + Wy). (25a) 
Similarly, 

Ry = V2 (es, + We) 
and ke 9 (6a $2) 


It is seen that w, and w, occur in these equations but n9 Wee This i is due to th 
crystal having symmetry about z axis. : 3 


URle can be computed and writing A and this matrix se j 
in EMG 1 


Table 1. A’ and URle matrices. 
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P’ is obtained by multiplying these two matrices as in eq. (24). 
Here 


B (za- ra COS? a) = (0-6491), 
và 


Q = 2 sin? 0 : r, = (2:367). 


In the 9 x 9 photoelastic constant matrix, in place of P4,, Ps and Pes, Grimsditch 
and Ramdas (1980) have given 


P yz yz P yz zy 
etc. 
Pry yz Pry zy 
Since the Raman spectra used here are of non-resonance type, we have ay, = ayy. 
Also, in our formalism, R, is a function of only u.. Therefore, there is only one 
term P,, zy or Pay zy- Therefore, one should write P,, = 2A, uz, or A, ey, assuming 
Ww, =0. Since the experimental value available is for P4, we have put w, = 0 
and used the equation P4, = A, eyz. 


8. Calculation of photoelastic constants 


Expressions for A elements are taken from (22) and we obtain the equations for the 
photoelastic constants in terms of the electro-optical constants and strains. 

As already stated, there are 5 parameters while only 3 intensity equations are 
available. Weare, therefore, adding to them equations for P,, and P,,. Afanas’ ev 
et al (1975) published the photoelastic data for this crystal (tables 2 and 3). Values of 
the 5 parameters are obtained by solving the following equations: 


K = 0:0174x 10"; yi = 0:2536 
yag = 0:1175; epa = 0-5516 and 
Jia = 0:4605. 


Table 2. Photoelastic constants. 


P for 
MgF, à A 
P P INEO S rutile (Grims- 
(s al 1975) SEQ) Ramdas 

P1; —Ps 0:8754 0:2345 0-017 
Pi;—Pa 0:4720 0:1264 0-143 
Pis = Pas —2:456 —0.6581 — 0:139 
P341 — Ps2 0:5942 0:1648 — 0:080 
Pas —2:167 —0:6010 —0:057 
Pia = Pss 0-2847 0:0776 0:0776 — 0:009 
Pes 0:1674 0-0448 0:04485 —0:060 


ee 
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Hae eens a 2 dl 


Table 3. Combinations of photoelastic constants. 


Experimental values 


Calculated 
Afanas’ev 
values MgF, et al (1975) Rutile | 
MBF, | 
Py — Pi 0-1080 0:0892 — 0-126 
Py — Py 0-0696 0:0695 0:097 
IP D 0:0571 0-1128 0-082 


For this purpose, we assume that all the 7 values are positive. Since there is only 
one line in each species, it is not necessary to use (4) to avoid the sign of 7. Using 
these parameters, the other P’ values are calculated and given in table 2. Afanas'ev 
et al (1975), however, have given only the combinations P,, — P5, Py, —P 3, and 
P33 — Pı,- To compare with these values we have prepared similar combinations 
and given in table 3. The agreement seems to be satisfactory. 

There are some interesting relations among these photoelastic constants. 


Pı — Pia 24; (1-414). 20-414) IB” ee 


E E A ES E N E ey Qo T) (26a) 
Pes A, (0:6491) (0:6491) IBw L 33 
Py Ai lein (26b) 
Pes Ad T4 “Nz 
Pigs iP iy = OA et OL. (26c) 
31 Ai I£ Ns 


Equations (26a, b, c) show that the photoelastic constant ratios can be determined 
using the intensities directly and without having to derive the intensity formulae (22). 
For (26a) the experimental value 1:99 is very near the ratio calculated by the above 
method 2:41. Unfortunately, the intensities IBw and IB are very low and their 
experimental determination is uncertain. Hence, the nearness of these values can be 
taken to be satisfactory. The ratio of the ratios given by (26a) and (26b) is really 
equal to 2. Equation (26d) indicates that this ratio is independent of even intensities 
or refractive index of the crystal. Itisa function only of the dimensional parameters. 

Equations (22) show that the photoelastic constants can be obtained from only 4 
electro-optical constants. This does not violate the group theoretical result that there 
are 7 independent constants. Group theory simply says that any one of them cannot 
be transformed into the other or a combination of them by symmetry operation. It 
does not preclude a relation among them through some independent parameters 
smaller or larger in number. As an example, for calcite, n, and n, are two inde- 
pendent quantities in the second-order tensor. But they are calculated in terms of a 
single parameter (Bhagavantam 1940) polarizability of the oxygen atom. EE 
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9. Comparison with rutile 


The photoelastic constants of rutile taken from the data given by Grimsditch and 
Ramdas (1980) are also given in table 2, for comparison, as this is of the same 
structure. It is interesting to note that: 

(a) P,, and P,, are so different for MgF, and TiO, But P,, + Pig which is a 
function of the intensity of A,, line, is comparable and assumes similar importance 
in the two cases. 

(b) Equation (26b) shows, that P,, being proportional to A, is larger than P4. 
A, and A’, are proportional to the intensities of 410 in xx and zz spectra. Generally, 
the intensity in zz, being proportional to the polarizability of the bond perpendicular 
to it, is smaller. Therefore, P}; is generally larger than P344. But experiment shows 
that Pas — P, is positive and small. This is possible only if both P5; and P4 are 
negative. This shows that the negative value of P}; is correct. 


10. Discussion 


This crystal is particularly suitable to determine photoelastic constants from Raman 
intensities as each species consists of only oneline. Equations (26a, b, c, d) are 
possible only if the 4, type oscillation consists of one line, for example, for calcite- 
like crystals also. 

Table 2 shows that the photoelastic constants of rutile are much smaller than that 
of MgF,. Partly it may be due to its large refractive index (n—2-584) compared to 
1:39 of MgF,. The P' values are divided by n4, to get P. n1—44-58 for rutile and 
3773 for MgF,. Hence, smaller values for rutile are understandable. P’ will be 
comparable and hence they stand a better chance to be called the photoelastic 
constants, similar to g’s defined by Gavini and Cardona (1969) by 


A €, = diit ki 
It is obvious that with a similar procedure one can evaluate piezo-electric constants 
from infrared intensities. 
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Abstract. Using crystal field approach a theoretical estimate of the ground-state 
wavefunctions of vanadyl ion doped in various crystals have been made using ESR 
data and is found to be dx, in our coordinate system with slight admixture of the 
excited states d,» y», dy, and dyz. The hyperfine interaction parameter P and Fermi 
contact coupling parameter K have also been estimatéd for these vanadyl-doped 
crystals. Results agree with similar studies made earlier. 


Keywords. Hyperfine interaction parameters; ground-state wavefunctions; vanadyl 
ion; crystal field approack; electron spin resonance. 


T I. Introduction 


Electron spin resonance (ESR) is useful to study the properties of various materials 
containing paramagnetic impurities such as transition metal ions. The spin Hamil- 
tonian parameters give information about the internal structure of its environment. 
One of these is the vanadyl ion VO?*. Since tetravalent vanadium exists as a stable 
vanadyl a number of workers (Rao et a/1968; Manoharan and Rogers 1968; Flowers 
et al 1973; Jain and Srinivasan 1977; Jain 1979) have studied these ion-doped lattices. 
The chemistry of this ion has been reviewed by Selbin (1965, 1966). This ion is 
formulated as having V** ion with electronic structure [Ar]? 3d* and a closed shell 
oxide, O?-, ion and VO** contains a single unpaired 'd electron attached to the V*+ 
ion. Its configuration would be similar to the d! configuration Ti?* or the conjugate 
configuration ions, such as Cu?*. 

The knowledge of ground-state wavefunction of such a paramagnetic ion doped in 

r crystal is useful to study the Esk parameters g and A and to evaluate the dipolar 
hyperfine coupling constant P and the Fermi contact parameter K. K is related to 
the unpaired electron density at the vanadium nucleus and describes the isotropic 
hyperfine interaction. K is very sensitive to small deformations of the electron orbitals 
of the vanadium ion resulting in changes in spin polarization of inner s-shells caused 
by the unpaired electron. 

It was, therefore, considered worthwhile to study the ground-state wavefunction of 
VO*?* and calculate the P and K values using crystal field approach. The K values 
obtained agree with the corresponding calculated values using molecular orbital | 
theory. Further, the optical absorption spectra of these complexes BEDRONS our. 
calculations for the ground state of vanadyl-doped crystal. - 
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2. Theory and calculations 


In vanadyl ion (Kohin 1979) the V-O bond has considerable covalent character and a 
better description involves a (V = O)?** closed shell molecular core having a 
substantial covalent triple bond character. To this is added the single unpaired 
d electron. This d orbital (one of the orbitally degenerate Y$? or d,,, d, ,» orbitals) 
is centred on the vanadium ion and lies in the plane perpendicular to the V-O 
bond. With this picture of the molecular structure for the axially symmetric ion, 
three of the five atomic d orbitals participate in the formation of the triple bond. 
The lowest energy d; orbital when suitably hybridized by inclusion of 4s orbital 
forms of o-bond with the oxygen p, orbital, while the doubly degenerate dy, and 
d,, orbitals form m bonds with the p, and p, oxygen orbitals. In general one very 
short V-O bond preserves the identity of the VO?* ion. The bonding to the 
oxygen atom along the z-axis affects (McGarvey 1966) only the value of 8, £l 
being affected only by bonding with ligands in the xy plane with x and y-axes 
coinciding with V-ligand bonds. Further, the spin-orbit interaction on the ligand 
atoms in the xy plane can affect the spin-Hamiltonian but not any interaction on 
the oxygen atom. 

When the VO?* ion is embedded in a crystal lattice, it is subjected to the crystalline 
field due to surrounding ligands. In such vanadyl-doped crystals the crystal field is of 
octahedral symmetry with tetragonal distortion and a small perturbation lowering 
the symmetry. In the present calculations we have neglected small perturbation. 
Thus the crystalline field is assumed to be basically of octahedral symmetry with 
tetragonal distortion, where the tetragonal crystal field is assumed to be larger than 


-the magnitude of the Zeeman splitting. 


In a octahedral field with a tetragonal distortion, the equivalent Hamiltonian 
operator is (Abragam and Bleaney 1970) 


Hop = B, (02 + 504) + B? O? + B? O}. (1) 


where the B, is magnitude of the octahedral field and the last two terms represent the 
tetragonal distortion of second and fourth degree in the potential, respectively. For 
d* configuration in octahedral symmetry B, is a positive (Abragam and Bleaney 
1970) quantity, and B9 and B? are negative (Wertz and Bolton 1972; Poole and 
Farach 1972) for a compression along the z axis which is applicable in the present 
case. The splitting of the five levels due to these fields for the D state electron is 
shown in figure 1. 

The lowest state d,, mixes with d,:_,2, d,, and dy, states due to spin-orbit 
coupling. The spin-orbit coupling matrix (Poole and Farach 1972) is of the form 


(9, | à L. S. | vj». 


Applying the first order perturbation theory it is found that the ground state is of 


the following form: 
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Figure 1. Schematic representation of energy levels of the configuration d* as split 
by octahedral field and by tetragonal distortion. j 


where the coefficients C}, C, and C, give information about the admixture of these 
states. It is appropriate to relate C}, C, and C, with the g tacion This is done by 


m 


hs assuming the identity (Poole and Barack 1972) 


r 


BH. (L-2S-—8H£ S, 


where S is the effective spin and S is the actual spin. This is equivalent to - 


i (L.4-25,) +j Ly+2S,) + k (4-28) = E (Si+ Sj Dis e Sek @ = 
The matrices of the left and right side components are sompa 
quantities A and 8j: The effective spin ground state : eigenfun 


(2) are Sed: and we obtain 


ae 


ene were VMTTCTNAE s 


a= 2ac; — C2 — 203}, .— 
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Using these wavefunctions the hyperfine structure constants can be obtained 
(McGarvey 1966; Abragam and Bleaney 1970), as 


Ay = Pig, — (K + 15/7) (1 — 2C3) — (3/7) (1 + 46,03], (8) 
and A, = P((11/14)g, — 2C,C,(K + 9/7). (9) 


Substituting computed values for the coefficients and experimental values of £p £5 Ay 
and A, as given in table 1 we can solve (8) and (9) for P and K. These values are 
given in table 2. In evaluating the values for P and K we have taken A iA tO be 
positive with both Ai and A to be negative (Kasi Viswanath 1977). Values 
obtained for P and K by taking AA, < 0 do not agree with those obtained by the 
molecular orbital theory, and therefore these values are not given for A) /A, < 0. 


Appreciable values for P and K account for the partial unpairing or polarization 
of the inner s electrons as a result of an interaction with the unpaired d electrons. 


3. Discussion 


In the crystals discussed here vanadium ion has generally been located at the centre 
of an octahedron of ligands which hold the vanadyl in a fixed direction. Therefore, 
the crystal field considered here is octahedral with small tetragonal distortion. The 
ground-state wavefunctions calculated are given in table 2. In our coordinate system 
(Selbin eż al 1967) these wavefunctions are of the d,, type with a slight admixture of the 
excited states dyz, dyz and d,*_,2. Since unpaired s-electron contributes considerably to 
the hyperfine structure splitting by virtue of core polarization parameter, K, a small 
amount of admixture may be necessary to explain the splitting. The contribution of 
the unpaired s-electron is taken phenomenologically as PK S-I. For transition ions 
Kis positive. Palso varies from crystal to crystal. Van Wieringen (1955) had shown 
that there is a regular variation of P with covalency. The more ionic the crystal, the 
larger will be the splitting and hence larger P. 


Table 1. Experimental values of g and A for vanadyl-doped crystals. 


g value A value in units of 10-* cm-* 
Crystal lattice E€—————— Reference 
£y E =ke ta) A, A ESI + A) 

Cs,Zn(SO,)2.6H,O 1:936 1-984 181 70:8 Jain and 
Srinivasan 

: (1977) 

NH,AI(SO,),.12H;,0 1:940 1:978 176 67:0 Saas 
(NH4),Se0, 1:920 1:987 188 75:48 Jain (1979) 

(NH,).SbCI, 1:948 1:979 168-8 : 62:8 Flowers 
et al (1973) 
‘NH,)3AlF, 1:937 1:977 178 64:0 Manoharan 
ae He and Rogers 

1968 


———————————————————— 
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Table 2. Ground-state wavefunctions and the calculated values of P and K for 
vanadyl-doped crystals. 


P 
Crystal lattice Ground-state wave function | in! K 
10-* cm 

Cs,Zn (SO,)s.6H,O E 3 4+2,44)—-|4244)) 120-54 0-86 

F 0:0056 ([£2, E35 E | E2, E 4D) f$ 

+ 0:0054 | F 1, c 4) 2 

fi 

NH,AI (SO,)2.12H:0 + 2 (|JE2; 433 —][5 2,5 3) 119-84 0-83 É 

F 0:0052 (| 22, E $ 5 +IF2, +4)) 

+ 0:0076 |F 1, = 4) 
(NH,),SeO, + Za se 2st) =|) 120-60 0:90 

F 0:0070 (1+2, 44)+/F2,+4)) 

+ 0:0043 |F 1, Fi) 
(NH,),SbCl, e za E2 E RA £4)) 117-49 0-80 

F 0:0045 (| £2, E 8) -- | E 2, E 4») 

+ 00071 | E 1, #4) 
(NH,),AIF, tet 244)—| F249) | 12494 0-78 

F 0:0054 (| £2, 449+|F2,+4)) 

+ 0:0079 | = 1, = 4) 

Table 3. Optical data for vanadyl-doped crystals. 
Wave numbers Wave numbers LEE - 
Host lattice for transitions for transitions using mole- Reference 
deyrdxz and — dxy»dY y! cular orbital 
dy; in cm in cm7 theory Em. 
Cs,Zn(SO,)2.6H,O 13-365 . 16:390 0:88 Lakshman Rao and — 
Purandar(1980) — 

NH,AI(SO,)2.12H,O 13-000 15-700 = Rao et al (1968) 
(NH,)SeO, 13-333 16-129 — 0:90 - Jain (1979) — 


(NH,).SbCl; 11-750 13-500 - 
(NH4)sAIF, 14-100 18-200 0:85 
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Electrical resistance and dielectric constant anomaly in the 
critical liquid mixture methanol + cyclohexane 
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Abstract. The electrical resistance R and the dielectric constant e of the critical 
binary liquid mixture methanol plus cyclohexane has been measured near the 
critical point at five different spot frequencies from 10—100 kHz. The data are 
analysed using a nonlinear least squares routine. The fit is equally good for an 
a (= 0-1) divergence or a 1—v (= 0:35) divergence of d. R/dT and de/dT. Additional 
reasons are advanced to indicate that the a divergence is a better description. 


Keywords. Electrical resistance; dielectric constant; critical phenomena. z 


1. Introduction 


Many thermodynamic quantities exhibit anomalous behaviour near their second- 
order phase transition point. The universality and other features of the critical point 
phenomena are well known (Stanley 1971; Ma 1976; Kumar et al 1982). The tem- 
perature derivatives of the resistance R and the dielectric constant e are expected to 
show singular behaviour near the critical point 


(R — R)/R, = A (1) t + A (2) t? + A (3) £644 + 
and (e — €)/ec = B" (1) t + BY Q) t? + B" (3) 104 + ..., a) 


where t = (T — T,)/T., T is the temperature, T, is the critical temperature, R, is the <3 
resistance at T = T,, e, is the dielectric constant at t= 0, 0 is an exponent, whose E Cac. 
value lies betwen 0 and 1, and A = 0:5 is the first Wegner correction exponent (Wegner 
1972). When T>T,, dR/dt and de/dt both diverge to infinity with the leading 
singular term being 174-0. 

The theoretical and the experimental situation regarding the exponent (1 — @) is 
inconclusive. As regards the resistance divergence, the theoretical calculations aso EXC 
well as the experimental observations yield both values of the exponent (1 — 0) as 
1 — 28 or 1 — v = 0:35 and as (1 — 0) = a = 0-1 (Jasnow et al 1974; Shaw and 
Goldburg 1976; Ramakrishnan: et al 1919), In the dielectric anomaly the theori 


situation is not clear. betae the chioigs of 0-1 or 0-35 (Thoen et al i m $- 
Balakrishnan et al 1982; Gunasekaran and Gopal 1982) for the e: onents. On 
very general theoretical considerations, one should get the | 
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dR/dt and de/dt divergences (Kumar and Jayannavar 1981). Thus the situation 
warrants further investigation. 

So far no studies have been undertaken to investigate the resistivity and dielectric 
constant on the same samples, in spite of the interrelation between the two. The 
present work seems to be the first such investigation. A preliminary account of this 
has been briefly reported earlier (Shetty et al 1981; 1982). 


2. Experimental measurements 


A novel double ratio transformer bridge has been developed to measure the dielectric 
constant of partially conducting liquids (Gunasekaran ef al 1981). This method 
uses two ratio transformers for balancing the resistive and capacitive components of 
an a.c. bridge. Independent estimates of R and C with 10-100 ppm resolutions are 
possible without interference from ground capacitances and leakage inductances. A 
fixed standard resistance and capacitance are needed. The error signal from the 
bridge is detected for its in-phase and quadrature components using a vector lock-in- 
amplifier built here. The ratio-transformers, wound on supermumetal toroidal cores 
become ineffective at high frquencies and thus the absolute errors in the R and C 
values approach 1% at 100 kHz. The low frequency limit of 10 Hz is set again by the 
large magnetizing currents of the transformer. At frequencies of 1 kHz the absolute 
accuracies are in the region of 0-1 to 0-03 %. 

The experiment is carried out in a paraffin oil bath of 35 litres capacity, whose 
temperature is controlled to +1 mK using a PID controller. Initially the bath tem- 
perature is raised to 5 or 6 ° above the critical temperature and all measurements are 
made while cooling the bath temperature in steps of a few mK. The experiment is 
conducted with the liquids filled in a glass cell of height 1 cm into which a pair of 
platinum electrodes, Imm apart, are dipped. The liquids used are of Analar grade 
and are used without further purification. The critical concentration of this liquid 
mixture is Y,—0-2903 mass fraction of methanol with a critical temperature T,= 
319-026 K (Huang and Webb 1969). Since the dielectric constant and the resistivity 
depend upon a fixed cell constant, measured resistance and capacitance are analysed 
to preserve the high resolution of the data. 


3. Analysis 


The data consist of resistance R and capacitance C readings as a function of tempe- 
rature at different frequencies 10 and 100Hz, 1, 10 and 100 kHz for the resistance, 
and 5, 10, 50 and 100 kHz for the capacitance. The electrode polarization problem 
makes the capacitance measurements at lower frequencies difficult. 
The data are analysed by fitting them to the equations of the form (1) using a non- 
linear least squares procedure like the CUREIT program (Bevington 1969). This type 
of analysis proves to be indecisive. The estimation of R, and C, proves to be uncertain 
and different choices lead to different values of the other parameters. The exponent 
(1 — 0) has values ranging from 0-05 to 0-5. Also because of the large number of 
parameters to be estimated, correlations among their values are set up yielding x? 
which cannot be separated out, for instance the residuals become less than the 
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errors in the measurements for a range of the parameter values. The possibility of 
leaving AR, or C, as a free parameter, to be obtained from the least square analysis 
itself, adds one more parameter to be estimated and makes the correlations even . 
worse. 

As a result, a better procedure of data analysis seems to work with the differentiated 
forms of (1) eliminating the need to know R, and C,. The increase of scatter in data 
during the numerical differentiation is countered by other criteria of judging the good- 
ness of fit, instead of using y? as a test. For instance one has 


dR[dt = L + Mt-Q-0 + Nt-ü-0*A), 
dC/dt = L + Mt-à-0 +. Nt-0-6+4), (2) 


The M or M term is the asymptotic singularity and the N or N term with A taken as 
0-5 is the first Wegner correction to scaling. One may use the criterion that the 
correction to scaling must be smaller than the main singularity in order to choose the 
preferred values of the parameters. 

Consider the resistance data first. To analyse the d R/dT data, the (1 — 0) value 
was fixed at 0-1 and 0-35, the theoretically predicted exponents. The best fitted data 
are reproduced in figures 1 and 2. Table 1 gives the values of the best fit parameters. 


e Experimental values 
Computer fit 
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From the parameters one can discuss whether the magnitude of the Wegner correction 
term is smaller than the main singular term in the critical region. 


* Experimental values 
o Computer fit 


———— à 7 


| -0:10 
| » 
-0-20 
5 
2 -030 
a 
"3 
- 040 
-0:50 ; 
O 20 40 * 
(035 
Figure2. dR/dT vs t-9:?5 data for 1 KHz. 
Table 1. Best fit parameters for d R/dT data. 
ii Frequency 19-1 fit 1-9:35 fit 
| 10 Hz L=0:341 L=— 0:373 
M=— 0:253 M= — 0:004 
N-—0:191 N=0:743 
100 Hz L=0:672 L=— 0:189 
M= — 0:389 M=—0:009 
N=—0:641 IN —0:402 
1 kHz L—0-669 L--—0:250 s 
M=—0:392 M — —0:008 1 
N=— 0:562 N= — 0:535 
10 kHz L=1:22 L=0:075 
M=— 0-62 M= — 0:018 
N=— 1:74 N=— 0:618 
100 kHz L=1-05 L=— 0:058 
M=— 0:549 M= — 0:013 
N=— 1:39 N=0:776 


Note: The coefficients L, M and N are in general functions of w and 9 where w is the 
frequency and 0 is the exponent (0-1 or 0:35). The values of the coefficients are given 


to three significant figures. > 
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Table2. Coefficients and ratios of singular and correction terms for d.R/dT data. 


0-1 fit 0:35 fit 
Frequency 
Mt-9:1 Nt 40.4 X Mt-9-35 Nrt*9:15 Y B 
id 
Datum point closest to T, F 
10 Hz — 0:683 0:003 22:7 — 0:136 0-163 0-834 
100 Hz —1-05 — 0-012 87-5 — 0:306 0-088 3:47 
1 kHz — 1:05 — 0-010 105-0 — 0:272 0-117 2:32 
10 kHz — 1:68 — 0:032 52-5 — 0:612 — 0:136 4:50 
100 kHz — 1:48 — 0:026 56:9 — 0:442 0:170 2-60 
Datum point farthest from Ds 
10 Hz — 0-404 0-029 13-9 — 0-020 0-372 0:053 
100 Hz — 0:622 — 0:097 6:41 — 0:045 0-201 0-223 
1 kHz — 0:627 — 0-085 7:37 — 0-040 0:268 0-149 
10 kHz — 1:00 — 0:265 3°77 — 0-090 — 0:309 0:291 
100 kHz — 0-878 —0:211 4-16 — 0:065 0:389 0-167 


X represents | M (0-1, w)t-°-5/N (0:1, w) | and Y represents | M (0:35, w)t~°-5/N (0:35, œ) | 


Consider the fit of 1 KHz d R/dT data. In the £-9- plot, the singular term M 1-9 is fe 
nearly 100 times larger than the correction to the singular term when Tœ T, and nearly 
7:34 times larger when T is farthest away from T,. In the 1-935 fitting the singular term l 
Mt~-% is nearly 2:31 times the correction to singular term closest to T, and only 0-149 
times the correction to singular term farthest away from T,. The contributions from 
the singular and correction terms and their ratios are tabulated for all the different 
frequencies in table 2. To test the suitability of parameters one can use the X? or similar 
numerical criteria. But, this method has the difficulties of correlations among the 
parameters and of having to decide among residuals which are allless or comparable 
to the experimental uncertainties. If one uses a criterion that the contribution from 
correction-to-singular term should be smaller than the contribution from the singular 
term, when the 1-9 fit is found to be more acceptable. The correction term becomes 
important when one is going away from T,. At the data points farthest away from 
T, the correction term is smaller than the main singular term for the 0-1 fit at all. 
frequencies. For the 0:35 fit the correction term becomes larger than the main term. 

To analyse the dC/dT data, the (1 — 0) value is once again fixed at 0-1 and 0-35. 
Figures 3 and 4 show the fits obtained and table 3 gives the values of the test fit 
parameters for all the different frequencies. 

Consider the fit for 50 kHz data. One notices that the fit obtained with one Wegner 
correction to scaling term for (1 — Oy 0-1 gives a maximum at small values of dC/dT. — 2 
Since the estimation of L, M and N with the exponent fixed amounts to a linear least - 
square estimation, this implies an inadequacy of the functional form. Therefore, 
a fit was tried with the next order Wegner term 


L + Mto +4. N(1)r-a-9*9 4 N(Q)t- 0-842 4), . 
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Figure 3. dC/dT vs t-°-1 data for 50 kHz. 
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Figure 4. dC/dT vs dt: data for 50 kHz. 
if the criterion regarding the relative magnitudes of the singular and correction terms 
is used, the t-?1 fit would be preferred. At the datum point farthest away from Te 
where the correction term begins to be important, the main singularity is still larger 
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for the 0-1 fit, while it becomes 1/4 to 1/5 of the correction contribution in the 0:35 fit. 
Therefore this criterion indicates an «(—0-1) singularity for dC/dT. However two 
correction terms are needed for the alpha exponent fitting, while the (1 — v)=0-35 
exponent fitting gives a reasonable shape of the curve with one correction term as in 
figure 4. This point makes it difficult to prefer the exponent categorically. Clearly 
this question needs to be investigated further. 


> Table 3. Best fit parameters for dC/dT data. 
Frequency Feat ESS To [E25 fis 
5 kHz L = 68-68 L = 23-22 
M =—27-45 M =—0-6940 
N(1) ——27L-5 N(1) =— 49:88 
NQ) = 1192 NQ) = 105-7 
10 kHz IE = 6977 L = 22-70 
M =—27-93 — —0-6970 
N(1) ——2744 N(1) =— 48:20 
NQ) = 1198 NQ) = 9774 
50 kHz L = 5677 L = 1478 x 
M =—23-11 M =—0-5490 ; 
N(1) =—212-2 N(1) ——28-81 
- N) = 8884 NQ) = 43-78 
= 100 kHz L= 47-04 m cadum 
n M =—19-15 M =—0-4640 
NG) ——17T:6 N(1) ——26:68 
NO) = 17572 NQ) = 4918. 


Note. The coefficient L, M, N(1) and NO) are in zeneral functions of œ and 8 C s 


0-1 fit 
Frequency 


Mt-9:1 N(Dr***  N(2)r*»9 X 
Datum point closest to T, : 


ue SkHz —79-60 —3-801 0075 
Sey 10kHz —80-99  —3:841 0:0718 — 2148 
RU SOkHz —6701  —2:970 0.0533 2297 


100 kHz —S55-53 


—2:486 


Datum. poian farthest Lom Ta 
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Finally we note that the standard deviations* obtained for L, M and N of dR/dT 
data at 1 kHz are 0:0030, 0-0064 and 0-27 for the 0-1 fit and 0-47 10-4, 0-0130 and 


0-11 for 0°35 fit. For dC/d7 data at 50 KHz the standard deviations of L, M, N(1) and 
N(2) are as follows: 0:0044, 0:019, 3-1 and 78 for the 0°1 fit and 0-75 x 10-4, 0:0190, 
0:140 and 5:1 for the 0:35 fit. 

In conclusion, we may say that when the d R/dT and dC/dT data are analysed for 
their critical divergence, both 0:1 and 0:35 exponents give good fit. As mentioned in 
$1, the mere experimental data is probably unable to resolve this ambiguity. The 
0:1 exponent seems to be preferred if we expect the contribution from the singular 
term to be the leading contribution in the critical region. 
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* ists a logical complication in the cuRrIT program published in Bevington's book, which 
CE SES ont to a by Dr Scott of the University of California (Scott 1982). The parameter 
FLAMDA becomes very large if the iterations are allowed to continue after the conyergence and affects 
the standard deviation values. The program is to be changed slightly. The onmo dined ARRAY 
matrix must be stored as ARSAY and finally the ARSAV matrix is inverted to get the standard deviations | 
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Abstract. The two-photon excitation spectrum of benzonitrile in the gas phase at 
about 1 torr has been recorded and analysed in the total energy region of 36300 to 
40500 cm~? using both linearly and circularly polarised light from a Nd-YAG pumped 
dye laser. The two-photon spectrum consists of strong Franck Condon an transi- 
tions bearing a good resemblance to the one-photon spectrum and also vibronic coupl- 
ing (vc) transitions essentially arising out of the analogue of the benzene v,,. By a 
comparative study of the TP spectra of various other monosubstituted benzenes, it has 
been inferred that the strong Tp spectrum of benzonitrile should be ascribed to a con- 
siderable 7 charge delocalization over the phenyl and nitrile groups. 


Keywords. Two-photon spectroscopy; benzonitrile. 


- 1. Introduction 


The last decade has seen the emergence of two-photon spectroscopy as a powerful 
spectroscopic tool for investigating the excited electronic states of molecules, which 
are not possible by conventional one-photon excitation (Wunsch et al 1977, Mikami 
and Ito 1975; Robey and Schlag 1978; Vasudev and Brand 1979a, b; Goodman and 
Rava 1981; Chia and Goodman 1982; Rava and Goodman 1982). The two-photon 
excitation spectrum is generally obtained by monitoring the fluorescence intensity E 
from the sample excited by the simultaneous absorption of two photons from a 
tunable dye laser beam focussed on to the sample cell. The two-photon absorption 
process is feasible with either two identical photons from a single laser beam or two 
distinguishable photons from two different laser beams. The advantages of.two- 
photon (TP) spectroscopy are: (i) the selection rules for the two-photon absorption 
are complementary to those of one-photon (oP) absorption. Forbidden transitions 
in OP spectroscopy may be permitted in TP spectroscopy and vice versa. (ii) the sym- | 
metry assignments of excited states can be made on the basis of the absorption inten- 
sity for linearly and circularly polarized light even in randomly-oriented samples. 
According to the predictions of simple molecular orbital theory, benzene has four - 
low-lying zz* singlet states. They are, generally labelled as 18,,, *B,,, Eru and 1E A 
BL, 1L, Ba and Cas i in Platts notation] having energies of nearly 4.9, 6, 6.5 and. 


lr 


of the electron to the highest unoccupied m-electron molecular orb iul a 


EET 
x: 1 
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sition of benzene occurring at 260 nm derives its intensity in both OP and TP spectra 
-through vibronic interactions. While the op spectrum is built on the vibronic origin 
from the v (e2) vibration (Sklar 1937), the TP spectrum is mainly induced by the 
vj4 (bzu) vibration and to a lesser extent by 14, (ezu) and vig (e) vibrations (Wunsch 
et al 1977; Lombardi et al 1976). Monosubstitution lowers the molecular symmetry 
from Den to Coy symmetry. The lowest-lying 7* <7 transition in monosubstituted 
benzene derivatives generally falls in the range of 260-320 nm and are essentially 
derived from the 260 nm band in benzene. The orbitals involved in forming the 
lowest excited benzene configuration (ezg, e5,) now in Cs, give rise to four states, 
two of symmetry A, and two of symmetry By. In spite of the fact that transitions 
to these states are group theoretically permitted, the lowest one is often weak due to 
the fact that the transition moment is small (Hartford and Lombardi 1971). 

There are two ways in which a substituent may affect the electronic structure of 
benzene: (i) inductive effect, in which a substituent may change the potential acting 
on the 7 electrons. It has been shown (Murrell 1963) that because of the inductive 
effect, the intensity of the 1L, OP spectrum gets enhanced; (ii) mesomeric effect, j 
which the electrons are transferred between a substituent and the benzene ring result- 
ing in an interaction between the states arising from such a transfer [often referred 
to as charge transfer (CT) or electron transfer states] and the locally excited states. 
The energy of a charge-transfer state, in which there is no overlap of donor and accep- 
tor orbitals is given by (J-A-C) where J is the ionization potential of the donating 
group, A is the electron affinity of the acceptor group and C is the Coulombic inter- 
action between the donated electron and the positive hole left behind by it. The 
amount of charge transfer contamination in the locally excited states depends linearly 
on the perturbation matrix element (given by the resonance integral £) and inversely 
on the energy separation between the cT state and locally excited state. Based on the 
energies of charge transfer configurations, which have a strong influence on the 
nature of the absorption spectra of the monosubstituted benzenes, the substituents 
are classified as weak or strong. It has been shown (Goodman and Rava 1981) 
that the inductive substituents cause a mixing of 1B, state with 1L, state and contri- 
butes to an enhancement of the intensity of the 1B, < 14, op spectrum, whereas 
mesomeric substituents, by imparting charge transfer character to the locally-excited 
states, contribute to the intensity of the 1B, < 14, two-photon spectrum. 

In this communication, we report the two-photon spectrum of benzonitrile, the 
first aromatic molecule with a moderately strong v electron acceptor substituent. 
From an extensive microwave work on a number of isotopic species of benzonitrile 
(Bak et al 1962), it has been inferred that in the electronic ground state the contri- 
bution of ionic structures is not significant to account for the geometrical modifi- 
cations in the ring.due the nitrile group. This is in good agreement with the 
small mesomeric dipole moment of 0:2 debye (Bak et al 1962). The 33 normal 
vibrations of benzonitrile — (12a, + 1155) in-plane and (3a, + 7b,) out-of-plane 
have been characterised by infrared studies (Green and Harrison 1976). The near 
ultraviolet spectrum of benzonitrile (Hirt and Howe 1948) has confirmed that 
benzonitrile has a very strong O§ band at 36516 cm (compared with 36512 cm- 

recorded by Brand and Knight 1970) and most of the spectral intensity arises from 
the excitation of totally symmetric vibrations. From a rotational analysis of the 
O? band of the *B,<-*4, transition, it has been found (Brand and Knight 1970) that 
the increase in the long axis moment of inertia is greater than the increase about 
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the short axis. These results have been rationalized by assuming the B, state to have 
a charge transfer character together with local excitation character and it has been 


concluded that the phenyl group acts as an electron donor in the charge transfer 
process. 


2. Theory 


In the ground state, benzonitrile has been shown by microwave studies to be a planar 
molecule having Cs, symmetry (Bak et al 1962). If the molecule is chosen to be in 
the yz plane with the z axis along the C — C = N axis and x axis perpendicular to 
the molecular plane, then the one-photon transition moment to the B, state is given by 


M, = (4 | Hy | B3». 


The simultaneous absorption of two photons causing an excitation of a molecule 
from the ground state g to an excited state f through an intermediate state i can be 
described by a tensor Ss (McClain and Harris 1977). For the absorption of two 
identical photons, as it happens in a single laser beam experiment, the tensor becomes 
symmetric and can be written as 


s" SE , Ke le, 1@> <i] ms lS> + <el eo ld lH, AL 


where the intermediate states i are other eigenstates. AE; is the energy difference - 
between the ground and intermediate states, Aw is the laser photon energy, Hp and pg — 
are the appropriate electric dipole component, and p, o are any two axes of the 
molecule-fixed set, x, y, z. For a molecule of Cz, symmetry such as benzonitrile, Ss E 
mostly involves only the in-plane S,. component for a transition to the Zo state - 
having B, symmetry. 


E 
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where F, G and H are functions of the incident beam polarizations e; and ey. If 
common proportionality constants are ignored 


= 2 Sop Soo 9G = D Spo Spor Dg = > Spo Sop 
po po po 


For a measurement using single laser beam Spo = S; p SO that ôç = ôy and hence 
only two unique absorptivities ôp and 9g can be determined. Since 5, is a measure 
of the diagonal elements, it obviously indicates totally symmetric transitions. ôp = 0 
when transition is to a non-totally symmetric state. 8g being a measure of the sum 
of the squares of all elements in the transition tensor, can be considered to represent 
the overall strength of the transition. In a single laser experiment, the independent 


polarizations are linear and circular and the corresponding absorptivities can be 
written 


Qj = 2 (8p + 285), 
and Qa = opt 3 ôg). 


The value of (67/8g) can never exceed 3. The polarization ratio is essentially 
defined as 


Q = 6-/0j GNE e 
CL in 285 F 8, 


The range of value for Q is 0 < Q < 3/2. 

A spectrum is usually recorded for both kinds of polarisation and the excited state 
symmetry is assigned by comparing the ratio with Q predicted by tensors of different 
possible excited state symmetries (McClain and Harris 1977). 

The band system representing the 1B,< 14, electronic transition of monosubsti- 
tuted benzenes can be classified into two parts: one part, often referred to as 
electronically allowed system and other an electronically forbidden but vibrationally 
induced part. The allowed system exhibits a B, tensor pattern, while the forbidden 
system exhibits an A, tensor pattern and the inducing vibrations are of b, species. 
*Forbidden' transitions can be identified by near vanishing intensities under circular 
polarisation of the laser beam. 


3. Experimental 


The experimental set up for the study of two-photon excitation spectrum of benzoni- 
trile is shown in figure 1. A sample of benzonitrile (E. Merck) was repeatedly chilled 
and thawed to expel any dissolved air before being filled into a cylindrical quartz 
cell (18 cm x 2 cm). The third harmonic 355 nm laser pulse from a Molectron 
Nd-YAG (MY 35) laser was used to pump a Molectron (DL 18) dye laser. The 
pulsed (10 sec-*), linearly polarised dye laser beam was focussed in to the quartz 
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Figure 1. Experimental set-up for recording the two-photon fluorescence excitation 
DL: dye laser. 2/4: quarter wave plate. F,: filter. j 
D: beam dump. C: quartz cell. F: corning filter CS 7-54. " 
BC: box car averager. SR: strip chart recorder. OC: 


spectrum. PL: Nd-YAG laser. 
L: achromatic lens. 
PM: photomultiplier tube. 
oscilloscope. OF: optical fiber MC: monochromator. 


Table 1. Prominent bands in the two-photon excitation spectrum of benzonitrile. a 


A v 

(A) (cm-3) 

5476-8 36517 

5421-6 36889 

5416-0 36927 

5373.3 37221 

ot. 5340-1 37452 
5336-7 37476 


5304-9 37701 
5283-6 37853 


5252-0 38081 
5241-3 38158 
5238-0 38183 
5210.4 38385 
5208-2 38400 


5206-0 38417 
5203:0 38439 
5198-0 38476 
5181:2 38601 
5177-2 38631 
5175-6 38643 
5163:3 38735 


5158-3 38772 


M toro 5145-5 - 38869 
ae : 5126:9 39011 


(e 5151-6 38823 — 


39035 


v 
(cm-*) 


0 
372 
410 
704 
935 
959 

1184 
1336 
1564 
1641 
1666 
1868 
1884 
1901 
1922 
1959 
2084 
2114 
2126 
2218 
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absorption cell by an achromatic quartz lens (F. L. — 50 mm). Dyes couma- 
rin 7 (in DMF) and coumarin 500 (in methanol) were used to scan the range 4900- 
5500 À. The dye laser was operated in the fifth order and the wavelength was 
scanned at 3 A/min. The range of the energy per pulse for recording the spectrum 
was 100-600 uj and was periodically monitored by a Scientech 362 energy meter. 
Two-photon fluorescence intensity was monitored by an IP 28 photomultiplier with 
6 mm thick Corning filter CS 7-54 to cut out the scattered laser light. The signal 
was averaged by a box car averager (PAR 162/164) and recorded on a strip chart 
recorder. The calibration of the laser wavelength was effected with a Carl-Zeiss 
0-5 metre monochromator by using mercury and sodium lines. The calibration was 
cross-checked by recording the two-photon excitation spectrum of benzene for 
which measurements are available to an accuracy better than + 2 cm~ (Wunsch 
et al 1977). Circular polarization of the laser beam was achieved by using a A/4 
plate. The frequencies of benzonitrile quoted in table 1 correspond to the peak of 
the absorption lines and is believed to be accurate tc + 4 cm~ in OP energy. 

The one-photon absorption spectrum of benzonitrile (~ 1 torr) was recorded 
(using Cary 17 D spectrophotometer) with a cylindrical quartz cell of 12 cm path 
length. 


4, Results 


The one-photon absorption spectrum of benzonitrile is shown in the upper part of 
figure 2. It may be seen that the origin band around 2740 A is the strongest. In the 
two-photon spectrum shown in the lower part of the same figure, it may be seen that 
the most intense band 09 occurring at 2 v (36518 cm-?) is nearly identical to the value 
of the origin band reported for oP spectrum and hence it is obvious that it is the two- 
photon spectrum of benzonitrile. 

The fundamentals observed in the two-photon spectrum which belong to symmetric 
a, modes are 6a; (+ 410 cm), 124 (+710 cm-?), 13 (+935 cm), 18a} (+ 958 cm~) 
and 7a} (+ 1184 cm-?). All these fundamentals also appear in combinations. The 
indexing of the normal modes follows Wilson's convention (Wilson ef al 1955). 
Excepting the rc mode 6a}, all the a, modes can be correlated with the oP spectrum. 
Sequence bands contribute a significant fraction of total intensity of many bands and 
are stacked towards the red side as in other benzenoid systems. For the 0$ band 
(figure 3), the sequence bands were measured at — 1 x 10, — 1 x 23, — 2 x 23, 
— 1x77, — 1 x 110, —1 x 127, — 1 x 158 cm-, etc, a few of which should 
be expected to correspond to — 1 x 40, — 2 x 40, — 3 x 40 cm-! observed in 
OP spectrum (Hirt and Howe 1948). In table 1 are shown some of the important 
bands observed in the two-photon spectrum along with their behaviour under 
polarization. : 

The only active intense VC mode in the TP spectrum of benzonitrile is the analogue 
of benzene v,,, occurring at 5252 A (figure 4). It shows a polarization behaviour 
suitable for b, vibration—namely a sharp reduction in intensity under circular 
polarization. Further it occurs at about 1565 cm above the band origin, similar 
io that found in other mono-substituted benzenes. Hence the assignment of 14$ 
to this band seems to be correct. This band system is also heavily studded vins 
sequences, prominent among which occur at —1 x 40,—2 X 40 and — 3 x 40 cm- 
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ABSORBANCE 


2600 


FLUORESCENCE INTENSITY 


AAW A Tie 
ONE AND TWO -PHOTON SPECTRA QF oa 
BENZONITRILE VAPOUR 


Figure 2. One- and two-photon spectra of benzonitrile vapour (~ 1 torr). The TP 
spectral bands were recorded at a constant energy of 100 yj. : 
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144 SUBSYSTEM 


$2385 52505 5262.5 5274-5 52865 


WAVELENGTH (A) 


Figure 4. The two-photon spectrum of the analogue of benzene 143 subsystem using 
linearly (upper) and circularly polarized laser beam. The Strong sequence structures 
at multiples of —40 cm~! are also included. 


and can be reasonably ascribed (Hirt and Howe 1948) to the out-of-plane bending 
(170 cm™) of the nitrile tail. The a, fundamentals discussed above also appear in 
combination with 14% and exhibit a similar polarization behaviour appropriate of a b, 
vibration. No other vibronically-induced subsystem could be observed in the TP 
spectrum of benzonitrile. 

The intensity ordering of the vibronic fundamentals in the TP spectrum of benzoni- 
trile is 05 > 14 (18 at) > 145 > 7a} > 6a} > 123 and has a strong similarity to the 
TP spectrum of its isoelectronic analogue phenyl acetylene (Chia and Goodman 1982). 

A band around O}+ 370 cm has been observed in the OP spectra of some 
monosubstituted benzenes (Hirt and Howe 1948) including benzonitrile. A clear 
transition was observed at 370 cm— in the TP spectrum of benzonitrile, which shows 
a polarization behaviour expected of a B, tensor pattern (figure 5). It is not 
the — 40 cm sequence of the 6a} transition (410 cm) as there are no accom- 
panying structures at — 2 x 40 etc. 

Table 2 indicates the relative intensities of the various a, modes observed in the 
one- and two-photon spectra. It may be noted that the intensities of 7a} and 12] 
are reversed in the two cases. Further the 6a} mode is missing in the OP spectrum. 


5. Discussion 


In recent years, the two-photon spectra of a number of mono-substituted benzenes 
have been reported (Vasudev and Brand 1979a, b; Goodman and Rava 1981; Chia 
and Goodman 1982; Rava and Goodman 1982). The substituents so far studied 
are halogens, CH;, OH, CCH and NH,, and they all have been known to bez electron 
donors (Pross and Radom 1981). The donors have occupied orbitals of 7 Symmetry 
with relatively high energy, and donor strength decreases as their ionization potential 
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$4081 5443 54205 54267 
WAVELENGTH (A) 


i Figure 5. Two-photon spectrum of the 6a} and an unassigned O$370 cm~} band using 
i linear and circular polarization of laser beam. 


Table 2. The a, modes: relative intensity of 1—0 transitions. 


One-photon Two-photon 


0—0 0-0 143 
Org 100 100 100 
6a (410) NO 16 10 
12 (704) 30 10 25 
1 (935) 30 
18a m) W iY 20 
Ta(1184 -13 20 10 


NO: not observed 


ji” increases (Murrell 1963). For example, fluorine (I. P: 15:8 eV) is the 
among the halogens since the ionization potential varies as F > Cl > 
the two-photon spectrum of flurobenzene is very much similar to be: 
FC modes and a strong vc mode. Since the 141 band in vario 
benzenes is believed to be of approximately equal intensity 
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nitrile group is a strong acceptor (Pross and Radom 1981). Benzonitrile has a strong 
one-photon and two-photon spectra and in both cases the intensities of origin and the 
ring breathing v, band are stronger than the vc modes. Its isoelectronic analogue 
phenyl acetylene, on the other hand, has a weak op spectrum (meaning the FC 
modes are weaker than the vc mode) (King and So 1971) and a strong TP spectrum 
(meaning that the FC modes are stronger than the vc mode 141) (Chia and Goodman 
1982). The TP spectrum of phenyl acetylene (Chia and Goodman 1982) is very 
similar to that of benzonitrile. The intensity of the TP spectrum of phenyl acetylene 
has been ascribed to the importance of charge transfer states resulting from the 
acetylene-ring* promotion and it has been concluded that the z electrons are strongly 
delocalised over the ring and acetylene portions. In benzonitrile, the results of the OP 
spctrum indicate that the charge transfer states result from ring-nitrile* promotion. 
Since the rc part is almost similar in the OP and TP spectra of benzonitrile, we conclude 
that the electrons are delocalised over the benzene ring and nitrile moiety. In other 
words CN is a strong mesomeric substituent and the strong coupling treatment is likely 
to be applicable for this molecule. 
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Abstract. A new approach to charge-particle scattering in the presence of laser plus S 4 
coulomb-field by using Fourier analysis technique is described. Explicit expressions 4 
for positive energy states and their asymptotic limits for the zero, one and two photon 3 
processes are evaluated exactly. : a 


Keywords. Scattering; laser; Coulomb field; Fourier analysis; photon 


1 
1. Introduction : 203 Arie ^ ; 


Recently extensive studies have been carried out in the field of atomic and molecular 
collision processes in the presence of EM field (Levine and Bernstein 1974; Walther 
1976; Hertal et al 1980; Mohan and Chand 1979; Mohan 1981) due to its importance 
in laser-induced chemistry, working of different type of lasers, laser-induced gas- 
breakdown, plasma-heating by laser etc. The understanding of the laser-plasma — 
interaction related to the laser-fusion reactions requires a knowledge of the collision — 2 
process in the presence of EM field occurring under various conditions zamonga i 
atoms, molecules, neutrals and charged particles. - S 


Coulomb field which are very important in thè study of various physical proc 
like OG ) free- free transition process in laser v strong Coulomb field px and 


Kolker (1963), Dalgarno (1966) and others for treating the tim 
We have tried to explain the salient features involved in the. 
processes. In $$ 2 and 3, the theory from the first-pr. 
one-photon process discussed. In § 4 we deal wit 
corresponding positive energy state with the asymptc 
the elastic scattering in the presence of EM fi plus 
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tron) moving in the presence of an EM field plus a Coulomb field (e.g. a proton) can 
be written as 


in 969. (HO + v6 0) ye 9 Ds 


where H(r) = H,(r) + u(r); He(r) is the free electron Hamiltonian and »(r) is the 
Coulomb potential, u(r, t) = — e E-r cos wt is the interaction Hamiltonian repre- 
senting the interaction between the electron and EM field (E) with frequency o. 

From (1) the time dependent solution of the (time dependent) unperturbed 
Schrödinger equation (where »(r, t) is the perturbation) i.e. 


ih peen = H(r) % (r, t), = 


can be written as: 
Yr (r, t) = Xy (r, 0) [exp (— iE, t)]/h (3) 
where X (r, 0) represents the first term for the zero photon process, which will be 


clear in the next sections. 
Expanding the solution of (1) i.e. V, (r, t) as (Mohan 1981) 


wAGO=REN+ > Yd, (4) 


s=1 


and putting in (1) we obtain 


(#- ih 2 y? (r, t) = 0, (5) 
(7-02) nen + «0460-9 © 
(u-n?) ke o ORO) =0, D 
(s = 2) Jt Gr 1) + or, D) ipt 0) = 0. (8) 


For finding the solutions of (5) to (8) the time-dependent equations are made into 
time-independent ones by using the Fourier analysis technique (Mohan 1981). — 

As the perturbation in (1) is harmonic i.e. o(r, t) = — e E:r coswt, solution 
to (6) is written as 


Vi (r, 1) =X} (r, w) exp [i @—a) t] + X; (r, —) exp [- i (oe) 4) 
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where the first term represents one photon emission and the second term represents 
one photon absorption process. 
The second term of (6) can be written by using (3) as 


E 


or, t) Ye (r, t) = — x {exp [+ i (o — o») 1] 


+ exp [— i (o + ox) 1] Xe (0) (10) 


Here w, = E,/h and w is the frequency of the radiation. 
Substituting (3) into (5), (9) and (10) into (6) and equating the coefficients of 
exp [— i (w—w,) t] andexp [— i (w+«,) t] the following set of equations is obtained. 


(H — Ej) x, (1,0) =0 (11) 
(H — E, — ho) x; (t, — w) = (e, E - r/2) x, f, 0) (12) 
(H — E, + ħ w) xx (r, w) = (e E 4/2) x; (, 0) (13) 


Clearly x9 (r, 0), x1 (r, —«), x} (r, + œw) represents zero photon, one photon absorp- 
tion and one photon emission processes respectively. 
Similar to (9) the second order solution can be written as 


xk (T, t) = xx Ç, 2) exp [iQ 0—«9)] t + xk © 0) 


exp (— iw, t) + x; (r, — 29) exp [- /Q w + eg] t (14) 


Substituting (14) and (9) into (7) and equating the coefficients of exp [i (2e —eX) t]. = - 
exp (— iw, t) and exp [— i (2w + w,)] t the following set of equations is obtained, - 


(H — E, + 2h w) xi (t, + 20) = (e E-1/2) xi @ + 9) 
XQ —E)x;(0 = (eE r) E, o) Fx; —9) — — 
(H — E, — 2h o) x2 (r, — 20) = (e E -1/2) x} (r, — o) 
The solutions of equations (15) to (17), (i.e. xi (r, — 2o), xi (r, 0 0 
represent two-photon absorption, zero photon and two photons emi iio: P 
respectively. PR em 


Similarly, the time-independent equations corresponding toh 
can ube obtained. 


Pe Tea ee Se 
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Substituting (18) into (12) we obtain 
(H — E, — h o) xy (r, — o) = (47/3) e| E| ry$ (06,9) xr, e) (19) 
Expanding xt (r, w) and x? (r, w) in terms of radial and angular part we have 


co +1 
¥@-%Y= » D 4o» 06,9 
1=0 m—-—l 
and 
' 00 +1 
xe90- Y Y 669» (0.9 Q0) 


7=0 m--—li 


Substituting (20) and (21) in (19) and using the property of spherical harmonics 


nean C$) =| ET Xx CLE ya 09 


(i+ m) (— m)? y 
EE oan 1) QI— moa ya G, | eD 


we obtain 
(H — E, — hw) $}, , Œ; — w) y” (0, 4) = (4n[3)? e | E | r 49, , (r, 0) 


x Ems Es 


os 
QUE Q3) | Yra (O, 9) 


(ae (| — m) 


1/2 0 
Geen} meo) c (22) 


‘Multiplying (23) by »7' ($, 0) and integrating over dQ the following radial 
equation is obtained 


GO- E, — ho) dl, o E — o) = 4n/3)" e [El 


csc» 


1/2 
GED Manes) Mee) 


+m) (.— m)", 
J- Te = 9, ;l-1 $5 Li (r, o] | 23) 


where A(r) is the radial part of H and is given by 


LOI. 2) 7 EED +a s | ae 


2mN? a@r\ er 
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Using the property of Kronecker 9, (24) reduces to (changing the notation /' to l 
later on) 


- (h(r) — E, — ho) d, (r, — w) = A, (k, r) (25) 


where A, (k, r) = (47/3)? e| E| r x | PE s Gr y 9 ca (r, 0) 


(-+m+1) —m-4 19? 4 
im tay 1) (aye | bin f, o| 


The above equation is an inhomogeneous second order differential equation and the 
à solution of this can be found out by finding the solution of the homogeneous part i.e. 


(A(r) — E, — ho) p}, (r, — e) = 0 (26) 


where E,=h*k?/2m is the energy of the free particle which is defined after one photon 
absorption as 


E, = h?k}|2m = E, + ho = he [2m + ho (27) 
4 Equation (26) i is a second order radial equation with Coulomb potential v(r) and z 
iy can be solved easily (Mott and Massey 1965; Bethe and Salpeter 1957). It has two ; : 


solutions one regular and another irregular defined by L(kr) and K,(kr) respectively. — 

The functional form and their behaviours near the origin and in the asymptotic limit - 
e. is given in the appendix A. The solution of the inhomogeneous equation (Mott and = — 

Massey 1965) can thus be written as ce 


[ro] 


di. — o) = — L (kyr) f Ki (knr) A (6 n) r^ ae’ 
r 


r Ta 
= Ki (kor) f L: Qr) Ai kor) r’ ar 
0 


From (28) the corresponding asymptotic solution is iim wo iet 
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the amplitude for one photon absorption is obtained as f; (kı, r) y" (0, $) where 


fi Gas) =~ (=) rel El 


lS l — 1/2 p: 
lap aan] fer 5€ 0*0 
0 


(+m +1) (—m- 1e 3 
+ CEDE CEES) | f» r Ty (f, r) Bin OD (30) 


Taking the regular solution (Bethe and Salpeter 1957) for 49. ,4, (r), substituting 
(A1) into (30) and performing the integral (Landau and Lifshitz 1959) we obtain 


ZJ^ El exp [—m/2(a-a)] |PU+1+ia,)| GR 


Jf (ki r, —w)=— E TO 
(l+ m) (l — m) |2 ^a = 
X ferm eren] |T (I+ 1 + ia) | (2k) 7? (B, B) 


Q+m+ DU- mHE ico ya pi 
Pore aaa] Chay ean} GD 


where v = (2l + 2), B=ia, + 1+ 1, B,=ia + 21+ 1 and B,=ia + I. 


The term J7?? occurring in the above equation can be determined through the re- 
currence relation 


—1 
CC) 2ik,) 


where = Js*^? (8, B’) = 1/(k? — k?) x {[(k — kı) + 2i(k, B — kB’ + ks)] JB, P^) 


Jy? (B, P) = x {J2?> (B, B’) — JP > 8—, B)} (32) 


+s(v—1+ s — 28^) Js-^.? (B, B^) + 28's Js» ? (B, B' + DY (33) 


Jo (B, B) = QI + 2) FI + 2) (k + KP" 


x (k — ky? (ky — Ky ^ F (B B, v, — Akla — ki}? (34) 
and I% (B, By) = QI + 22 TQ + 2) (k + k) P 
x (k — ky)? (k, — Kk) ® FB, By v, — 4kki|(k — Ki) (35) 
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Similarly the amplitude for one photon emission can be obtained from (31) by 
replacing k, by kj where k; is determined as 


k; = (k? — 2mwo/h)? (36) 


where m; is the electron mass. 

Further replacement of k, by ki in (28) gives the first order solution for one photon 
emission. Thus substitution of X; (r, w) and X, (r, — œw) as described in the above 
paragraph in (9), gives the first-order term occurring in (4) which describes the one 
photon absorption and emission processes. In § 4 the second order term and 
emission processes are discussed. 


4. Second-order processes 
Proceeding as in $2 and substituting (18) in (17) we get 


(H—E,—2ho) X? (r, 2) = (47[3)? e| E |r y9 (6, 9) x1 (r,—o) (37) 


for the plane-polarized light with polarization along the polar axis. 
Expanding x? (r, 2w) in terms of radial and angular part we have 


co +] 
X —29) — >) > £i — 20) yr (0.6) (38) 
l=0 m= -1 


Substituting (38) and (20) into (37), using (A1), and providing as in §3 the following 
radial equation for the two photon absorption process is obtained 


(h(r) — E, — 2 ho) $k ı Œ, — 20) = C, (f, r) (39) 


(+m) (=m) p^ 
Q=) FD 


where C, (ky, 1) = (42/3)? e | E| r ‘| $i (t, — o) 


(+ m4 1) (— m4 1)p2 = 
4 MA eura] aa T (892) 


The above equation is again a second-order inhomogeneous differential equation and 
the solution is given by 


oo 
$8.1 (Œ, — 29) = —L, (ka r) | Ki (Kay r’) C (kn r’) r^ dr 


r 


r 


— K, (ks r) f Li (s r’) C 5, r) r^ dr 
0 
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where L, (ks, r), K, (ks, r’) are the regular and irregular solutions defined in (A1), 
(A3) respectively with k, replaced by k, defined by 


ka = (k? + 4 m, o[h)* 


Clearly from (40) the asymptotic solution can be easily evaluated and is given by 


[v9] 


Eie — 2w) & Ks rc) f L (kar) Ci (kpr) rdr 40) 
r>@ 0 


Putting (39a) for C, (k,, r), (A1) for L, (ks, r) in the above equation, and performing 
the resulting integral as in § 2, the amplitude f, (k2, r, 2) for two photon absorption 
isobtained by taking the coefficient of the term exp [i (kr — a ln 2 kr)]/r in theexpan- 
sion of K, (ky, r> oo). 

Also we can obtain ¢?,; (r> oo, 2w) and corresponding amplitude for two photon 
emission from (41) by replacing k, by k, where k; is defined as 


k, = (k? — 4 m, o/h)? 


Similarly the second order term for zero-photon process can be obtained i.e. 
pk (r, 0). The corresponding asymptotic solution i.e. 42, (r— oo, 0) obtained is 
given by 


oo 


$21 (r> 0,0) — — Kf, rc) f L,Q5r)BiGsr)r^ar — (4) 
0 


where Bilk, r) (42/3)? e|E]r m eus] Gra ote e 


d+m+1)@—m+2)} Mes c. 
+Í (21+ 1) ml (1, mi © 9) + Oh i C, )} 


Substituting 9L. 4, (r, w) from (28); L, (k, r^), K, (k, r > œ) from Appendix A, and 
performing the integral in (42) as in § 2, we can easily obtain the second order 
elastic scattering amplitude. 

Also substitution of the solutions thus obtained, i.e. 92. , (r, + 2%) and 4$, 
(r, 0) second order term y? (r, t) can be obtained from (14). 

In the next § the elastic scattering in the presence of laser plus coulomb field is 
discussed. 


5. Elastic scattering 


The wave-function (time independent) of elastic scattering can now be easily written 


from (4) by collecting the terms representing zero photon processes (e.g. xk (r, 0) : 
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where n = 0, 1, 2, ...ctc.) from it. Expanding these terms in terms of radial and 
angular parts as in (21), the elastic scattering wavefunction is finally obtained as 


" Br, elastic (r) i P? m (r) Pi, (cos 8) (43) 
: [0 ; 


3 where ép, ı (r) = (47/21 + 15 x (4$, , (7,0) + 43,1, (r, 0) + 95 (7, 0) + ..) for 

E. m= 0 (or ¢-independent). Also as the radial parts etc. are solutions of the second- 
order differential equation these can be written as the sum of the regular L, (k, r) 
and irregular solution K, (k, r), i.e. 


S 40. , (r, 0) = A, L, (k, r) + B, K, (k, r) (44) 
e $?,ı (r, 0) = A5 L, (k, r) + B, K, (kr) (45) 
and soon. Substituting (44) and (45), etc. in (43) we obtain 1 
co 
Yr, elastic (0) = >. Gi (kr) P, (cos 0) (46) 
t 1=0 
where G, (k, r) = (47/21 + 18? x {(4; + Ao + ...) L, (kr) A: 
d + (B; + Ba +...) Ki (K r)) (463) —— 
| In the asymptotic limit G, (kr) from (46a) caa be written as 
M G, (kr) = C, sin (kr — In[2 — a log 2kr + m + ej) 
where c; is the partial wave-phase shift due to EM interaction and is given by 3 
tan o, = (B, + Ba + .. D(A A b s) A 
while normalization constant C, must be chosen so that we still have iie 
modified incoming plane wave plus an outgoing spherical wave namely 
i | 5 G, (kr) P, (cos 0) ~ exp [— ikz + ia log Ce a: * 
dit ea ae ET 
pc oo EE QUE 


.. where f, is the Coulomb scattering amplitud 
. . Using the asymptotic relation for Couk 


red "o 5 
-— Rees = 
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Also the amplitude due to non-Coulomb potential for interaction potential can be 
expanded as 


fn (8) = Y. a P, (cos 8) (50) 
l 


Substituting (47) and (50) on the left and right sides respectively of (49), we obtain 
C, sin (kr — lr|2 — (a log 2kr + 1, + 0) 
= (21 + 1) i! exp (in,) sin (kr — lr|2 — a log 2kr + 7,) 
+ ka, expi (kr — a log 2 kr) (51) 
where L, (k, r > œ) is given by (B2). 


Equating the coefficient of exp i(kr — a log 2kr) and exp — i(kr — a log 2kr) on 
the left and right sides of (51) we get 


C, = (21 + 1) i! exp i(n, + oj) (52) 
and a, = (1/2ik) (27 + 1) exp (is) exp (2ic;) — 1 (53) 
Substituting (53) into (52) the scattering amplitude in the presence of EM field and 
Coulomb field is obtained as 
oo 
fa (0) = 1/2ik x » (21 + 1) exp (2in,) [exp io;) — 1] P, (cos 0) (54) 
1=0 
Substituting (54) into (48) the differential cross-section for elastic scattering in the 
presence of laser plus Coulomb field (Mott and Massey 1965) is obtained as 


do 
dQ. 


do — as 
ig 1^ 0 * 50 ER (55) 


= Sm (9) |*, 
where R= |: ar FOL? 
f. (0) = a[2k sin? 0/2 exp [—ia In (sin? 0/2) +ir + 2ing] 
Sn (f. (0) = — 2a sin? 0/2 exp (ia) In (sin? 0/2) 


oo 


x > QI + 1) sin o; exp Qi(g, — 9) X P, (cos 0) 
1—0 


and . Ny = arg I (1 + ia) 
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Equation (55) thus provides a formal solution of the elastic scattering problem in 


the’ presence of a laser beam. In the next section the results thus obtained are 
discussed. 


6. Discussions 
As described in earlier sections the positive energy state of a charge particle i.e. 
V. (r, t) can be obtained using the Fourier analysis technique, in the presence of 


laser plus strong Coulomb field. 
Substituting (3), (9) and (14) into (4) y, (r, t) can be expanded in terms of y’s as 


by (r, t) = [xe (r, 0) + xè (5,0) + ....] exp (—ia,1) 
+ Ixi@, — o) + x? (r, — e) + ....] exp [— i (o + y) t] 
+ [xi (Gr e) + X1 Gr o) + ....] exp D (o — o) t) 
+ [x2 (r, — 2w) + x5(r, — 20) + ....] exp [- i Qo + oy) t] 


+ I, + 2o) + xt (2o) + ....] exp [~ iQ v — o) t] 
(58) 


where the first term represents zero photon process, the second and third terms 
represent one photon absorption and emission respectively, while the fourth and 
fifth terms represent two photon absorption or emission respectively, etc. 

Equation (58) can be represented in terms of simple diagrams as shown below 
showing clearly the zero, one, two and higher order processes, i.e. 


yN [ | e > a je“ 


xc [ À A À Rees 2: pes 
A jean 
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action term (i.e. e| E | r| V2) from small to larger values of radial distances (e.g. for r 
near the origin to r (a.u.) — 100). Thus for intensities 7 X 109 W/cm?, the higher 
order terms in (58) will be smaller than the preceding lower order terms, resulting 
the series in (58) to be convergent. Therefore the positive energy state v; (r, t) 
obtained here for intensities 7 $ 109 W/cm? will give fairly accurate results. 
However, for higher value of intensities e.g. E=6 x 10-? (a.u.) (or 7—1014 W/cm?) 
the EM interaction term becomes equal to the Coulomb term at r(a.u.) — 5 beyond 
which the EM interaction dominates over Coulomb term, so that in the asymptotic 
limit, i.e. for higher values of radial distances and for J > 104 W/cm?, (1) reduces to 
the free-particle equation in the presence of the laser beam with the solution given by 


t 


Y (T, t) = exp {ik -r — (i/h) » ym (hk — (eE/w) sin wt’)? dt’ (60) 


as also derived by Kroll and Watson (1973). 

Lastly, the analysis as described from §§ 2 to 4 is extended for both elastic and 
inelastic processes during charge-particle scattering in the presence of laser plus real 
potentials (e.g. Coulombic type in case of ions, etc.). As described in $4, the total 
elastic cross-section is found out by evaluating c, the phase shift arising due to EM 
interaction. 

. It is hoped that the formulation of free-free transition with resonances in the pre- 
sence of laser plus strong Coulomb field can be done exactly. Further work in this 
direction is in progress. 
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Appendix 


(A) The radial equation (26) is a second order differential equation and has the regular 


(Lı (ky, r)) and irregular K, (k,, r) positive energy states solutions which are defined 
as follows: 


e) Regular solution 
L, (fa, r)=exp (—72/2) | P. (--1--ia;) | Qk, y exh (ikr) DÀ! Wal 


where W, + Wa = Flia +/+ 1, 21+ 2, — 2ik, r) (A1) 


with La r) = fer sin (ur c Dress = cai loge e ye (A2) 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


NV NU 


. Bunkin F V and Fedorov M V 1966 Sov. Phys. JETP 22 844 


Ss Gavrila M 1978 in Electronic and Atomic Collisions ed ) G Matel d (Amsterda E 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
A new approach to charge particle scattering 101 e 
(b) Irregular solution 
K, (ky r) =i exp (—72/2) | TZ + 1+ ia,)/(2/+ 1)! | ais r)! exp Cit Dno 
AENG 7+ 1, 21+ 2, — 2i, r) 


+ Wa (ia, + 0+ 1, 20+ 2, — 2iker O ~ 3) 


with K, (kr) & Ijkr cos (Ky, r — In/2 + m — a, log 2k, r) - (À4) 

where W, (a, b, z) = (V (b)T(b — a) (—2)* gla, a — b + 1; — z) (A5) 
W, (a, b, z) = Q (bT(2)) e z^* g (1 — a, b — a, 2); (A6) 
g(a, B, 2) = 1+ of[z + «(a + Di? AB + DIU. (A7) | 
n, — arg T(/ 4- 1+ ia) (A8) 

and a, = —ze*/hv = — (ze?|h?) m,[k, (A9) 


Solutions near the origin r > 0 takes the following form 
L, (k,, D e: rt {1 + [(—2ik) (+ Dirt . Raye (A10) . 

and K, (ka r) & 1/21+ 1) C, r7! [1 + (0 (—2ikr In r) if 1=0 WO. 
EE m lo CREE DA ISO Ce 


where C, = 2! exp (—iakr) | E(! + 1 — 2ikr)/(2/ + 1)!| 
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Abstract. Inner shell binding of electrons in heavy atoms is studied through the 
relativistic density functional theory in which many electron interactions are treated 
in a local density approximation. By using this theory and the A scr procedure 
binding energies of several core electrons of mercury atom are calculated in the frozen 
and relaxed configurations. The results are compared with those carried out by the 
non-local Dirac-Fock Scheme. K-shell binding energies of several closed shell atoms 
are calculated by using the Kohn-Sham and the relativistic exchange potentials. The 
results are discussed and the discrepancies in our local density results, when compared 
yun experimental values, may be attributed to the non-locality and to the many-body 
effects. 


Keywords. Atomic structure; binding energy; relaxed orbitals; density functional; 
Breit interaction. 


1. Introduction 


Calculations on the electronic structure of heavy atoms based on the relativistic 
theory, such as multi-configurational Dirac-Fock (McpF) method (Desclaux 1980) are 
in reasonably good agreement with experimental findings. This theory employs one- 
electron Dirac Hamiltonian that contains the kinematics of the electrons and their 
interactions with the classical nuclear field. The electron-electron interaction is then 
added in two parts. The first part is treated in the Hartree-Fock sense by applying 
variational principle to a many-electron wavefunction as an antisymmetric product 
of one-electron orbitals. The second part is a quantum electrodynamical correction 
known as Breit interaction treated in the lowest order of the fine structure constant 
and is due to exchange of a transverse photon in two-electron interactions. The 
Breit term is treated as a first-order perturbation to the unperturbed Dirac Hamilto- 
nian that includes the aforesaid first part of electron interaction. We shall refer to 
this as the MCDFB approach. 

In nonrelativistic theory the orbital angular momentum (L) and the spin (S) are 
separately good quantum numbers. But in the relativistic theory parity and the 
total angular momentum (J) are constants of motion. We have to consider several 
(JJ) configurations for a system where LS coupling scheme is appropriate which is true 
even atthe Hartree-Fock level. This aspect has given rise to a multi-configurational 
Dirac-Fock scheme that rests on a very involved analysis. The use of MCDFB 
approach particularly for a large and icomplex system like a molecule or a solid is a 
formidable task. Therefore there is a need for a theory based on a local approxi- 
mation like Slater's X-a method (Slater 1974; Connolly 1977) or more correctly a 
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relativistic density functional theory (MacDonald and Vosko 1979; Rajagopal 1980; 
Das et al 1980) based on the Hohenberg-Kohn theorem. The basic aim of this 
approach is to obtain an effective one-body density-dependent potential which should 
be a reasonable representation for a many-particle interacting system, particularly in 


the ground state. One distinct advantage of this local density approach over the 


MCDEB scheme is that the exchange-correlation interaction can be treated in a self- 
consistent manner instead of a perturbative approach as in the MCDFB case. 

In a relativistic situation a quantum electrodynamical correction due to transverse 
photon-electron interaction (TPE) is important. When two Dirac electrons interact 
through a transverse photon, the exchange force between the electrons becomes 
repulsive unlike ordinary Coulomb exchange. The physics of the TPE interaction has 
been extensively discussed in the literature in the context of high density matter 
(Salpeter 1961; Jancovici 1962). Recently the present author (Das 1980) calculated 
the TPE energy in the local density approximation (LDA) for several closed shell atoms. 
It is worthwhile to point out that when one makes a further approximation to the 
TPE interaction by neglecting the energy of the exchanged photon in the denominator 
of the expression of the Tre term (Brown and Ravenhall 1951, Jancovici 1962) one 
obtains the Breit interaction. In relativistic atomic physics the Breit interaction has 
been amply used (Mann and Johnson 1971). It contains two parts, one is known as 
the Gaunt interaction derived from two Dirac currents and the second part is known 
as retardation derived from the Hamiltonian of Darwin. More recently Grant and 
Mackenzie (1980) incorporated full transverse interaction in their non-local atomic 
structure calculations. 

In the local density approximation we have calculated both the transverse and the 
Breit potentials (figure 1). It is found that the Breit potential is deeper than the TPE 
presumably because we have ignored the exchanged-transverse photon energy in the 
energy denominator. which has made the Breit energy larger than that of the TPE 
(Das 1982). Since the potential is obtained as the density derivative of energy the 
Breit potential is deeper than the TPE one. In the non-local analysis the difference 
between the Breit and the TPE energies is quite small (Grant and Mackenzie 1980) 


10 


-20 


1 2 3 
B 
Figure 1. Breit potential and transverse potential shown as a function of B, the 
ratio of momenta of electron and photon. 
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contrary to our LDA results. This may be due to certain non-local effects which 
need further investigation. 

As regards correlation contribution, this is considered to be the left-out part of the 
interactions béyond the mean Hartree-Dirac field. Several theoretical methods are 
available to calculate correlation energies involving heavy computational efforts. 
Such methods are non-local and are known as the configuration interaction scheme. 
Considerable simplification is attained if one adopts an LDA of the electron gas model 
as in the case of exchange. Considerable literature is available on the calculation of 
correlation energies in the non-relativistic cases (see for example, Kohn and Vashishta 
1982, Singwi and Tosi 1982). It is well known that in the LDA the correlation con- 
tribution is over-estimated. Cowan (1981) has an improved interpolation scheme 
over his earlier one for high densities in the non-relativistic framework. Using his 
formula the correlation energy for Yb atom is — 3-04 Hartree atomic units and the 
correlation contribution to the K-shell binding is — 0-09 a.u. (Mann and Waber 
1973). From table 2 of Mann and Waber it seems clear that the correlation contri- 
bution is negligible for inner shells whereas it is not so for outer shells. We have 
considered a relativistic electron gas model and have estimated the correlation energy 
by incorporating transverse photon contribution (Das 1981b). For Hg atom we 
obtain the correlation energy to be — 3-5 a.u., a contribution of 10-4 to the total 
energy. In view of the above any significant effect of correlation on the inner shells 
may be ruled out. We shall come back later to this point in the context of A SCF. 


2. Outline of the theory 


In the present paper we adopt the self-consistent local density functional formalism 
(SCRDF) (Das et al 1980). In the past, Huang et al (1976) carried out relaxed orbital 
binding energy calculations. Their method is hybrid in which they calculate wave- 
functions in the relativistic local density approximation but by using Kohn-Sham 
exchange potential. They then calculated energies exactly using these wavefunctions 
and included the Breit term and Lamb shift as perturbative corrections. In our SCRDF 
method the TPE included exchange potential is very different from the nonrelativistic 
Kohn-Sham or X-a type exchange potentials (Das 1981a). In the deep interior of 
an atom where the electron density is very high, the TPE contribution makes the 
exchange potential positive. In figure 2 we display the relativistic and Kohn-Sham 
non-relativistic exchange potentials for Hg atom where the above distinction can be 
Seen. 

In order to obtain the ground-state energy or binding energies in an atom one has 
to solve the following equations in a self-consistent manner. 


Hy, = [ca +p + Be? + Veg [n (7), rl] Vu = eii a) 
Mp pat n (r°) dr’ , 8 Exc te (n1 
V og O] S| at a (2) 
occ 3 
ud — »O-YIAOl @) 
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Figure 2. The self-consistent exchange potential for mercury. The lower curve is 
for the non-relativistic X— « potential while the upper is for the relativistic one 
(Hartree atomic units used). 


Quantities in (1) to (3) have their usual meanings (Das ef a/ 1980). E, in (2) is the 
exchange-correlation (in the present case exchange only) energy given by 


B (B?-- 1)? — sin h- gy 
B H @ 


where B = (37°n)*/3/c, c being the velocity of light and ENR is the nonrelativistic 
exchange energy. Note that we use Hartree a.u. i 

This formalism has been employed to calculate the total energies of several closed 
shell atoms (Das 1980) and the results are compared with non-local Dirac-Fock calcu- 
lations giving reasonable agreements. The eigenvalues obtained from the above self- 
consistent equation (1) are somewhat fictitious and do not represent physical energies 
(Kohn and Vashishta 1982) as one obtains through Hartree-Fock or Dirac-Fock 
method in conjunction with Koopmans' theorem. Therefore binding energies are often 
calculated by the A scr method (Rosen and Lindgren 1968). In this method the total 
energy of a neutral atom is calculated by incorporating the effective potential of the 
groundstate density. The total energy of an ion with a hole in a particular orbital is 
then calculated following the same prescription (Rosen and Lindgren 1968). In the 
latter situation the ion with a hole is considered to be in a quasi-stationary state, there- 
fore the density functional theory is approximately used. The difference of these two 
energies gives the binding energy of the electron in the orbital in which there was a 
hole. It is important to note that while calculating the energy of the ion, the hole is 
not frozen but it relaxes so that the electron density adjusts to the presence of the 
hole. This procedure is also known as the relaxed orbital method (Huang et al 1976). 


= 3 
E, p 0] = ENR 1 $1 —5( 


3. Results and discussion 


3.1 Core-electron binding in mercury atom 


We have calculated binding energies of several core electrons in Hg atom. Hgisa 
closed shell atom for which LDA is suitable. There exist nonlocal Dirac-Fock 
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calculations (McGilp and Weightman 1980) for binding energies. Besides, the gas 
phase data for Hg are also avilable from the high resolution ESCA measurements 
(Siegbahn et al 1967). 

In table 1 we present the core electron binding energies for Hg. The values of 
relaxed orbital binding energies with Kohn-Sham potential only are tabulated together 
with the TPE contributions in both the frozen and the relaxed configurations. We 
also give the calculated relaxed orbital binding energies due to McGilp and Weight- 
man (1980) which include only the Breit corrections. These values are given in order 
to compare similar physical quantities (electric and Breit or transverse). McGilp 
and Weightman (1980) showed that their DFB results are in excellent agreement with 
the Dirac-Slater-Breit results of Huang et al (1976). Both these approaches are self- 
consistent at the non-relativistic level so far as exchange is concerned and the Breit 
term is treated as a perturbation. In our approach the TPE term which is more 
general than the Breit term is included in the self-consistent potential. The Lamb 
shift corrections available for some inner shell orbitals are also given in table 1. After 
adding the Lamb shift corrections to the corresponding quantities the contribution to 
the binding energies could be compared with the experimental values (table 1). It is 
found that in most cases our binding energies in the frozen configurations are closer 
to the DFB results when compared with the relaxed ones. The difference between the 
energies in these two configurations is known as the rearrangement energy. For 1s 
and 2s orbitals the rearrangement energies are 101 and 60 eV respctively. The next 
correction considered is the Lamb shift (Desiderio and Johnson 1971). It constitutes 
two parts: (i) vacuum polarization correction, essentially due to nuclear Coulomb 
field and is calculated as an expansion in (aZ), (ii) self-energy correction, arising out of 
emission and reabsorption of photons by a moving electron. Cheng and Johnson 
(1976) obtained this correction numerically for the K shell binding energies for several 
heavy atoms. On adding these McGilp and Weightman (1980) obtained excellent 
agreement with the experimental values. 


Table 1. Relaxed orbital energies for mercury (in eV). 


Kohn-Sh P MG par 
ohn-Sham resent Present (McGilp an “Shi 
Levels (relaxed) (frozen) (relaxed) Weightman Lamb-Shift Expt. 
1980) 
(—) (—) (—) (— (+) (—) 
ls 83598 83235 83134 83254 155 83108 
2s 14804 14790 14730 14883 24 14844 
2p 14248 14245 14180 14215 2 14214 
2p 12277 12294 12233 12292 12289 
3s ` 3517 3535 3501 3583 3567 
3p 3252 3274 3239 3292 3284 
3p 2817 2842 2809 - 2860 2852 
3d. 2380 2413 2376 2398 2390 
3d 2287 2319 2283 2303 2300 


NT 


a us E Cent contibution, for 1s, 2s and 2p are obtained from Huang et al (1976) which are to 
Tres i iesi i i 
and m e C980)" ing binding energies in the present calculations and also to that of McGilp 
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3.2 K-shell binding 


Two sets of A scF calculations were performed for the K shell binding of almost all 
the closed shell atoms. The first is the SCRDF calculations with Kohn-Sham exchange 
potential and the second is another scRDbr calculation with relativistic exchange 
potential (equation (4). In figure 3 we have presented the results. The quantities 
along the y-axis % Ey show the percentage of departure of calculated values of K 
shell binding energy from that of experiments. The latter are used from the tables of 
Bearden and Burr (1967) and Porter and Freedman (1978). These are very high precision 
data available from x-ray and internal conversion spectroscopies. The straight line 
connecting small dots is for the non-relativistic Hartree-Fock calculations of Froese- 
Fischer (1977) and the line connecting the crosses is the Dirac-Fock results of Desclaux 
(1973). In general one believes that the conventional Hartree (Dirac)-Fock eigenvalues 
in conjunction with Koopmans' theorem represent the orbital binding energies. 
Therefore we have used these calculated data from the tables of Froese-Fischer (1977) 
and Desclaux (1973). But from the work of Fricke et al (1972) it is well known that 
the A scr binding energy takes into account the rearrangement or relaxation arising 
due to creation of a hole in a particular orbital. In the A scr procedure only static 
or monopole type of relaxation is included. There are further many-body effects like 
dynamical relaxation arising out of virtual Auger processes (Wendin 1979). To 
our knowledge there are A scF Dirac-Fock calculations for some atoms (Fricke et al 
1972, McGilp and Weightman 1980; Grant and Mackenzie 1980), though the method 


%E, 


20 40 60 60 100 
Z 


Figure 3. % E, is the percentage of departure of calculated K shell binding energy 
from experiments, i.e. (EK. — EK) | EE, x 100. 


i lations are shown as a function of atomic number Z. 
Tho departure RN eee n 0-0-0 SCRDF Kohn-Sham, e @ @ SCRDF relati- 
vistic. Experimental data for Rn and after, are used An Porter and Freedmann 
(1978) while all others are used from Bearden and Burr (1967). 
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and the program are readily available. If the rearrangement energy is added to the 
Dirac-Fock binding energies the departure as shown in figure 3 will be substantially 
reduced. The non-relativistic results of Froese-Fischer (1977) show reasonable 
departure from experiment for atoms having Z<20. In this range the departure is 
essentially due to correlation whose importance is well understood in non-relativistic 
atomic physics (Cowan 1981; Froese-Fischer 1977). Of course one should not use 
non-relativistic theory for high Z atoms. 

Our first set of calculations of scRDF with Kohn-Sham potential is shown by open 
circles in figure 3. These results are closer to the experiment than the Dirac-Fock 
results (see also Fricke and Soff 1977). The second set of calculations of SCRDF with 
the relativistic exchange potential is shown by heavy dots. As mentioned before 
this potential includes the TPE contributions unlike Kohn-Sham potential. In DF 
results of Desclaux (1973) shown by crosses the magnetic part of the Breit term is 
included. Figure 3 shows that the SCRDF and DFB results differ nearly by a constant. 
If the relaxation and Lamb shift corrections are added to the DFB results it should 
yield a better agreement compared to ours as can be seen from Zn, Cd, Hg and 
Fm atoms (Das 1981a, 1982). 

There are discrepancies in our calculated values when compared with experimental 
values. One knows that DFB method is a more accurate method but it involves an 
order of magnitude more computer time. This difficulty is substantially reduced by 
resorting to the LDA. Therefore in our view the discrepancies may be attributed to 
the non-locality and further many-body effects (like dynamical relaxation etc.). 
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Abstract. We present closed expressions for the characteristic function of the first 
passage time distribution for biased and unbiased random walks on finite chains and 
continuous segments with reflecting boundary conditions. Earlier results on mean 
first passage times for one-dimensional random walks emerge as special cases. The 
divergences that result as the boundary is moved out to infinity are exhibited explicitly. 
For a symmetric random walk on a line, the distribution is an elliptic theta function 
that goes over into the known Lévy distribution with exponent 1/2 as the boundary 
tends to oo. 


Keywords. Biased random walks; Markov processes; first passage time; finite 
chains. 


1. Introduction 


There is considerable current interest (Weiss 1966, 1981; Montroll and West 1979; 
Seshadri et al 1980; Gillespie 1981; Seshadri and West 1982) in the classic problem 
of the first passage time in one-dimensionalrandom walks owing to its diverse appli- 
cations in physical problems: for example, the calculation of reaction rates in chemi- 
cal processes, chemical dissociation induced by surface catalysis, optical bistability, 
decay of metastable states, etc. In general, such applications require the estimation 
of the mean first passage time for diffusion in the presence of specific potentials. In 
this paper, our aim is to present exact results for a simpler situation that takes account, 
however, of certain physical circumstances common to most applications. Thus, we 
study a random walk on a bounded set with perfectly reflecting boundaries, so that 
there is no ‘leakage of probability. We consider both discrete and continuous sets 
(finite chains or line segments). Further, we allow for an arbitrary uniform bias in 
the random walk — thus simulating the effect of a constant external field, or a finite 
temperature in the case of spectral diffusion, etc. Finally, we present closed-form 
expressions for the characteristic function of the first passage time distribution. The 
corresponding mean and variance can be deduced from this. The known results for 
the mean first passage time on the (semi-) infinite chain or line emerge, of course, as 
special cases of the expressions obtained here. Our primary result for the charac- 
teristic function follows from a lengthy calculation the outlines of which are sketched 
in the Appendix; the structure of the final result will be seen to comply with that 
required by a formal theorem on the first passage time problem for Markov processes 


(Darling and Siegert 1953), Our result facilitates an analytic examination of the — 
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effects of the finite *probability-conserving' boundary and of the superposed drift on 
the distribution of the first passage time. 

The standard procedure (Pontryagin et al 1933; Stratonovich 1963) used in solving 
first passage time problems for a continuous Markov process whose conditional 
density satisfies a Fokker-Planck equation is via the solution of the adjoint equation. 
Our procedure, however, will be to present first the results for random walk on a 
discrete chain (a somewhat more difficult case), and then to pass to the continuum 
limit. We shall exploit for this purpose our recent exact solution (Khantha and 
Balakrishnan 1983) of the biased random walk problem on finite chains, obtained in 
the context of the frequency-dependent hopping conductivity in a bond-percolation 
model as well as the study of a spectral diffusion problem. 


2. Biased random walk on a finite chain 


We consider first a biased random walk on a finite chain with site label m = 0, 1, 
.., N (the lattice constant a being set equal to unity for convenience), via nearest- 
neighbour jumps at an average rate 2W and respective a priori probabilities (1 + g)/2 
and (1 — g)/2 for jumps to the right and left, with — 1 — g — 1. The end points 
of the chain are reflecting boundaries. Let Q (m, t|my) dt be the probability of 
reaching m for the first time in the time interval (t, t+ dt) starting from mg at t = 0, 
where 0 < m, < m <N. (The solution for 72 m can be deduced from this with the 
help of a symmetry present in the problem.) Let P(m, t | my) denote the conditional 
probability of finding the walker at the point m at time f£, given that she starts from 
mg att — 0. Then, because the simple random walk under consideration is a Markov 
chain*, Q is related to P via the Siegert equation (Siegert 1951; Montroll and West 
1979) 


t 
P (m, t |m) = [ P, t—t'|m) Q (mt | my) dt’, my m <m. (1) 
0 


Hence, in terms of the corresponding Laplace transforms, 


Q (m, u | m) = P (m, u | me P (m, u | m) m, < m < ms, Q) 


where u is the transform variable. Analytic continuation to u = iw will now yield 
the characteristic function of the distribution Q (m, t | mo) since the latter is defined 
only for positive values of t. The first passage to the point m from a point my < m 
(with 0 «m, <m <N) involves the consideration of a random walk in the restricted 
range [0, m] with an absorbing barrier at m. (We have already specified that 0 is a 


reflecting barrier.) Though P (m, u | mo) depends explicitly on m, and N (the loca- 


a A E ERST 3 à A ich the sequence of steps exhibits a memory in 
The non-Markov case, in particular the onein which q ng time distribution, is of interest 


time as governed by a renewal process with a non-exponential pausi E i d Ike? 
i s : inuous time random walks 
in its own right. Some results for mean first passage times in such cop 10u EROR" We have 


on an infinite chain have been given in Weiss (1981) using a gen 
; 3: other methods. These 
recently obtained an exact solution for Q in the case of a Benes) eet by l 


results will be reported separately (Balakrishnan and 
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tion of the boundary on the right), one would expect the dependence on m, and N 


to cancel out in the ratio on the right side of (2): Q (m, u | mo) must depend only on 
mp, m and the reflecting barrier at the origin; as 0 < my < 7n, the effects of any 
boundary at a site to the right of m will not appear in Q (m, t | mp). 

The mean first passage time from m to m is given by 


E [(t my — m)] — — lim ð Q (m, u | mg) | ôu, (3) 


u > 
while the second moment is 


E [t (m> m] = lim e Olaw, (4) 


u—0 


provided these limits exist. As E [r], E [t?], etc. diverge in certain simple situations 
corresponding to random walks on an infinite chain (see below), it is advantageous 
and instructive to derive first the exact results for a finite chain and then pass to the 
appropriate limit carefully so as to bring out the origin of these divergences. 

As already mentioned in § 1, we now employ in (2) the solution we have obtained 
for P (m, u | my) (Khantha and Balakrishnan 1983). The derivation of this solution 
is outlined in the Appendix. It turns out that the result can be written very com- 
pactly if we identify certain convenient variables. Accordingly, let us characterise 
the bias by the parameter a — arc tanh g, so that the ratio of the probability of a 
jump to the right to that of a jump to the left is (1 + g)/(1 — g) = exp a) =f. We 
further define the quantity £, — arc cosh (1+ u/2W), and finally introduce the 
variable £ defined by cosh £ = cosh é cosh a= (1 + u/2W)/(1 — g?)!?^. (As the 
Laplace transform is initially defined (is analytic) in a right half plane in uw, it is 
appropriate to use hyperbolic functions. Note also that £— £y when there is no 


bias). Then, for 0 < m, m, < N, our answer for P reads 
P (m, u| m) =f"? [sinh (N— m, +1) £— Vf sinh (V—m,)é] 
x [Vfsinh (m; +1) £ — sinh mz £]/[u sinh £ sinh (N-- 1) £, (5) 


where m, = max (m, m,) and m< = min (m, my). This representation of P is in 
conformity with a general theorem on the structure of the Laplace transform of the 
conditional probability density for a temporally homogeneous Markov process 
(Darling and Siegert 1953; Siegert 1951). According to this thorem, P (m, u | mo) 
for such a process can always be written as a product of a function of m and a 
function of mọ. The proof of the theorem is based on the Siegert equation given 
earlier, and is valid for solutions on finite or infinite intervals. Our solution for 


P (m, u | mp) in (5) is explicitly a product of two such factors: one of them is a func- 


tion of m, (and the right boundary at N), while the other is a function of m. (and 


the left boundary at 0). 
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Substitution of (5) in (2) yields, for 0 < my < m (< N), 


Vf sinh (m + 1) £ — sinh m, 1 


m, u | mo) = f")? [ = 
x Um) ef Vf sinh (m+ 1) £ — sinh m é 
This is (after a straightforward analytic continuation to 4 = iw) the desired result 
for the characteristic function of the first passage time distribution ia the presence of 
a reflecting barrier at the point 0. For a first passage from my to m with 0 < mọ < 
m < N, the barrier at N is irrelevant, as already stated. The effect of the bias is 
measured by the deviation of the quantity f from unity, or, more accurately, of a 
from zero (recall that f = exp (2a)). For instance, in the application of the random 
walk model to the problem of spectral diffusion (Alexander et al 1978, 1981) at a 
finite temperature 7, involving the non-radiative transfer of energy among a set of 
energy levels in a system with level spacing A, the parameter a is equal to A/KT. 
The unbiased case then corresponds to the 7'— co limit in which all the levels have 
*equal occupation probabilities. 

The mean first passage time corresponding to the characteristic function (6) is, 
using (3), 


E [t (mym)] = r z— G =m)— E | ,(<my<m). (7) 


A result equivalent to (7) is already known (see, e.g., Parzen 1962)* for a discrete- 
time random walk on the set {0, 1, .., N}. 


3. The continuum limit 


The solution to the first passage time problem for diffusion on a finite segment 
(0 <x <L) with reflecting boundary conditions can be obtained by proceeding 
to the continuum limit of the foregoing. Let the lattice spacing a — 0, the bias 
factor g — 0, the jump rate W — œ and the number of sites N — co such that the 
following quantities are finite. the segment length £L = lim Na, the diffusion constant 
D = lim Wa, and the drift velocity c = lim 2 Wag. (c œ> O signifies a drift to the 
right, c — 0 a drift to the left. We use the term bias for a random walk on a dis- 
crete chain, and drift when referring to diffusion on a continuous line. Further, in 
the discrete case, D = Wa? is the static diffusion constant on an infinite chain) 
Alternatively, one may employ the continuum version of (2) after solving for the 


Laplace transform P (x, u| xo) of the conditional probability density from the . 


Smoluchowski equation 


(D d?]dx? — c d|dx — u) P = — 8 (x — xo), (8) 


solving the recursion 


*In Parzen 1962 (see equation (7.29) therein), this result has been derived by SEE CE on that ghi 


relation obeyed by E[t(mo > m)] in the variable 7. (The numerator of the fir: 
in that equation should read p instead of q.) 
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with the reflecting boundary conditions 


(D d|dx — c) P = 0, (9) 


ELS, 


on 
3 


at x= 0 and L for all u. Let Q (x, t | xy) dt be the probability of reaching the 
point x for the first time in the interval (t, t + dt) starting from the point xy < x at 


* t — 0. We find the following solution for Q: 


e 


R cosh (Rx) + (¢/2D) sinh oe) 


Q (x, u| xy) = EC eeu 


T exp [c (x — x9)/2 D] (0 € x, < x), : (10) 
where R = R(u) = (c? + 4 u D)¥2/2D. This last quantity can be recast in the form X 
R = (1 + 2 u7)? Jà, where + = 2D/c? (= lim 1/(2W g?)) and A = 2D/c (= lim a/g) z 
respectively define natural time and length scales for diffusion with drift. Q(x, iw | xy) ai 
is the characteristic function of the first passage time distribution from x, to x (0 xx : 
<x) in the presence of a reflecting barrier at the origin. As in the discrete case, the i3 


barrier on the right at L is irrelevant in this context, and (10) is valid even for a first 
passage from xy to x on a semi-infinite line [0, co] with a reflecting barrier at the 
origin. 
i Using (3) and (4), the mean and variance of the distribution Q (x, t | xo) are found 
Bd to be respectively 


E[t Q5 x] — == + 4r [exp (— 2x/A) — exp (—2x,/} (1D 


ET 
and Var [t (xy > x)] = al E + ( + 2) exp (— 2x/à) 
c 
+ łr exp (— axi} — {x> x} QE a 
4. Infinite random walks 
fi According to Polya’s classic result (Polya 1921), the 1 ‘mean first passage time fr 


the right. Tert shall comment shortly on what hepa when the bias is 
For the discrete chain the emergence of these results is convenienti ed : 


| 
| 
4 
i 
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The corresponding variance in the limit M — oo is 


Var [t (m> m)] = (m — mg)(AW?g3) (— oo < m < m). (14) 


The continuum analogues of (13) and (14) for diffusion with a drift to the right 
(c > 0) on an infinite line are obtained similarly, using (11) and (12). We find 


E [t (y 3) = (x — xc (— co « x) « x), (15) 

and Var [t (x)->x)] = 2D (x — x)/e3 (— œ < x, < x). (16) 
When the bias is zero (g — 0, f= 1, a — 0), we find 

E [t (m, m) > M (m — my)IW (—M < m < m), (17) 


which diverges linearly as M—> œ. On the other hand, for a bias to the left 
(—1l<g<0,or0<f<l,or—w<a<0O), 


E [t (my > m)] > O [exp M | a ))] (—M «& m, < m), (18) 


which diverges exponentially as the boundary is moved out to infinity on the left. 
What is happening is best understood as follows. The characteristic function for 
first passage on the (semi-) infinite chain is found from (6) by replacing m and mg by 
m+ M and m + M respectively, and then taking the limit M — + oo. We obtain 
Q(m, u | Mp) = f M-m)? E T2W-—()--F4uW-F-AW* m 

2 WU — g?y^? 

(19) 

which is apparently valid for all f in 0 — f< o0,or—l<g<-+l, i.e. for left, 


right, or zero bias. Now, an examination of the general formula of (2) in the limit 
u > 0 immediately reveals that 


7 = ms Ser un 20 
Q(m0|m) = lim 15:5. ot 1 (20) 


so that the Siegert equation ensures that the first passage time distribution is in- 
herently normalised according to : 


f Qe t|m) dt =1. ` (21) 
0 ie 


. On the other hand, taking the limit u > 0 carefully in (19) yields 


1, for f > 1 (or g > 0) 


Q(m, 0 = (22) 
Or Sl ee (< 1), for f « 1 (or g < 0). 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


— : e EE 
= x S = " nes —À—À li - - 


= 
= 
F 


~4 


wo 


dd 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
First passage time distributions 117 


The distribution is therefore not normalised to unity when the bias is to the left. The 
resolution of the paradox lies in the fact that, when the bias is to the left, a passage 
to the right (equivalently, absorption at a site m > mọ) is not a certain event if the 
chain extends infinitely far to the left: i.e.. 


f Qin. t| m) dt < 1 (23) 
0 


in that case. Therefore the first passage time from m to m > my is not a proper 
random variable in the sense of Darling and Siegert (1953), and its moments do not 
exist. This circumstance appears to have been overlooked by Montroll and West 
(1979), and hence the distribution function Q(m, t | my) and the mean first passage 
time obtained from it (see equations (6.14) and (6.16) in Montroll and West 1979) are 
not valid when the bias is to the left.* For the sake of completeness, let us record 
the (known) expression for the first passage time distribution on the (semi-) infinite 
chain when the bias is to the right or is absent. This is the inverse transform of 


(19): 
O(m, t | my) = [(m — my)/t] f "="! 
exp (— 2 Wt) Im-m [2 Wt (1 — g?)?] (— oo < m, < m). (24) 
Here J, is the modified Bessel function of order r, and 1 <f< oo or 0 & g — 1, as 
already explained. One may verify that the first moment of this distribution is 


(m — m)/(2Wg) when 0 — g< 1 and infinite when g = 0, in accord with the 
preceding remarks. 


4. Symmetric random walks 
Going back to the finite chain considered earlier, taking the limit g > 0 ( f— 1) gives 
very simple answers for unbiased or symmetric random walks. We find (for 
0 < mg < m as usual) 

E[t(m, > m)] = [m + 3? — (m, + 1/2 W), 

Var [t(m > m)] = [(m + 3 — Gn, + *1K(6 W?), (25) 
and so on. The continuum analogues are, again with 0 < xg < x, 

Elt(% > )) = C — x3JQ D), 


Var [t(x > x)] = (xt — x9I(6 D), etc. Q6) 


*There are also typographical errors in (6.10) and (6.13)-(6.16) of that reference: e.g., 7 /(1 — 7) 
should be replaced by its reciprocal in several places. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


118 M Khantha and V Balakrishnan 
The characteristic function Q in (6) itself reduces in this case to 


Qm „u | Mo) = cosh (mg + $)& / cosh (mm + DHE (0 <m <m), (27) 


where cosh é = (1 + u/2W) as already defined. The first passage time distribution 
can then be written as 


Q(m, t | my) = (1/t) exp (— 2 Wt) > (— 1) [a, (L, (2 Wt) 


r=0 
+ L5, (2 Wt)} + Q my + 1) h, (2 Wt), (28) 
where a, = (m — m) + (2m + 1) r, b. = a, + 2 mg + 1. (29) 
The continuum version of (27) is 
Q(x, u | x9) = cosh (ux2/.D)'? [cosh (ux?[D)? (0 < x, < x). (30) 


Inversion of the transform yields (Oberhettinger and Badii 1973) 


Q(x, t| xy) DEO. 0, = zm (0 & xy < x), (D 
X OX 2x|x? 


where 0, is the elliptic theta function of the first kind. As before. if we shift the 
origin to the point — L and let L become very large, we can find the form of the 
‘correction’ to the known result for an infinite line (see, e.g., Feller 1966; Itó and 
McKean 1974) owing to the introduction of a (distant) boundary. We get 


QC, t| xy) = (x — xXo)(4r Dt3)3^ exp [— (x — xo)? /(4D0)] 
+ O [exp (— L?/Dt)], (— L € x, < x). (32) 


The term that survives when L > + co is the familiar one-sided Lévy distribution 
(in the time t) with exponent 1/2, all of whose moments diverge. To get an idea of 
the effect of introducing a reflecting barrier, we have plotted in figure 1 the first 
passage time distribution function for drift-free diffusion on a line. Curve (a) is the 
Lévy distribution that applies when the line extends infinitely far to the left of the 
starting point xy. Curve (b) represents the other extreme in which the confining 
barrier is at x, itself. - All other intermediate cases, in which the barrier is at a finite 
distance to the left of xo, fall in between these two extremes.* The exponential fall 
off as 1 co in the case of a finite barrier changes to a power law (~ t-??) when 
the barrier is moved out to infinity —causing, incidentally, the divergence of the 
moments of the distribution. 


i i i i 1b) one must use different 
*For numerical accuracy, in the case of a finite boundary (as in figure ust u 
representations for the 9, function in different time regimes: for small t, an expansion in terms of 
the form t-*/2 exp (— En | t); for large t, of the form exp (— 2 0- 
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0.5 


Q(x,t] xo Yn units cf 6D/(x-x9)”) 


od 


w 1 2 S 10 102 ^. 10 
Time t (in units of (x—xo) /6D) 
Figure 1. The normalized first passage time distribution function Q(x, / | xo) for 
unbiased diffusion on a line. Curve (a) (a Lévy distribution) corresponds to diffusion 
e on an infinite line. Curve (b), related to an elliptic theta function, corresponds to a 
reflecting barrier at the starting point xo itself. Both distributions are unimodal, 
with the peak at t —(x — x$*/(6.D). The total area under each curve is unity. 
Curve (b) falls off exponentially as t > co, while (a) decays according to a power law. 
Both the abscissa and the ordinate in this figure are on logarithmic scales, to highlight 
this fact. 


Finally, it is noteworthy that the Lévy distribution given in (32) [or its discrete 
counterpart in (24), with f= 1 and g = 0)] is just (x — xy)/t [or (m — m,)/t] times 
the corresponding conditional probability density P(x, t|x9) [probability P(m, t| mo)] 
for drift-free diffusion [symmetric random walk] on the infinite line [chain]. One 
may ask whether this property is shared by any other type of random walk on the 
infinite line or chain. We have been able to show* that, of the entire class of “conti- 
nuous time random walks', this property holds good only in the Markov case, i.e. 
only if the distribution of the pausing time between the steps of the random walk is — 
an exponential one, the situation considered in this paper. Remarkably enough, 


a however, there exist even more general types of temporally-correlated random walks FECE 


$ 


for which the property does hold good. And there are, too, ‘temporally fractal” 


continuous time random walks for which a simple generalisation of the property — 


Obtains. These results will be presented elsewhere. 
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Appendix 


P(m, t | mp) for a biased random walk on a finite chain 


We indicate in brief how the result quoted in (5) is derived. The conditional proba- 
bility P(m, t | mo) for a standard random walk on a chain via nearest-neighbour 
jumps obeys the master equation for a Markov process, namely, 


z P, t| mj) = Wmm PON +1, t|mo) + Was P(m — 1, t| mo) 


X (Wim dE Wy, m) P(m, t| my), (Al) 


where Wm,m is the transition rate for a jump from m' to m. We now specialise to a 
biased random walk on the bounded set (0, 1, ..., N}, with reflecting boundaries at 
0 and N, and the initial condition P(m, O | mo) = m,m The Laplace transform of 
the master equation can then be written in the matrix form 


A P(u; m) = 60m). (A2) 


Here the mth element of the column vector P (u; my) [or ô (my) is P (m, u | my) [or 
8,,m]. The elements of the asymmetric, tridiagonal matrix A are given by 


Alf E (u E 2W) Omm ma: wi SES g) Op, m — wi 3E g) Ôm-1, m | 
Aom tem [u SF Wi + g)] Som’ RIT wl = g) 81m’ j (A3) 
Ann = — W( + 8) 8y-a,m’ + [u + W (1 — 8)] Bw, 


where 1 <m <N, 0 <m <N, and the bias is parametrised by g, with —l<g<l. 
. The (N+ 1) eigenvalues of A are 


Ay—u, =u + 2W [1—(1—82)! cos (re[(N--1))] r=1, -- N, — (A4) 


with A, corresponding to the steady-state solution. Using the right and left eigen- 
vectors of the asymmetric matrix A, we can construct a matrix that diagonalises A, 
and thence the inverse A-1, This procedure yields, after all the algebra is done, the 
result 
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"Pm, u | mo) = : mas ac ou fom, 


" i Í vfsin (ER) - sin em (mom; 


p E — 2V/f eos x — it) E + 2W (1 = g2)!? cos bus j| 


(0 < m, m <N), (A5) 
where f = (1 -+ g)/(1 — g). The first term on the right represents, as may be guessed, ea 
the transform of the steady-state solution. It is expedient to split this term into — = 
m - partial fractions and to combine it with the second term, to obtain LER 
3 = Pam, u | mo) EX m On, m T L2 fmm 
u- c c es (Need) 
N 
Y [e+ 2wa -ere (D 
u = . 
ate g^ Nal 
> i=l 
ze [sim a + 1) 3 e (es + 2e 4 2W sin( rm ) 
- N+1 N+1 u (1 +f) N+1 


j (m+ im DA va. Gama | 
{sin eee N+1 )- f sin( N41 
y To find a closed qon for P (m, u | mg), we must carry out the finite summatior 
Se (A6). We have done this, with the help of several auxiliary trigonometric st 


formulas we have derived in a straightforward manner, and also the follo: 
mulas (Hansen 1975): 


(N— 1/2] 
p cos (27 k m/N) 
cosh x — cos (27 k/N) 


N cosech x cosech (Nx í 


f COS cosh (s - pss v[7]) xt == 
(1 + (— 1) sech? G2, =a 2 
 [(N—2)/2] s E 


om PENES. 
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Here [a/b] stands for the largest integer less than (a/b). A great deal of algebra is 
involved, but the end result is simply 


f amy E +f) sinh (N — m.,)£ sinh (mz + 1)£ 


P(m, pan) Seit. eee : 
sinh (N + 1) éL2 W Vf sin h é 


3 Uem sinh (N — m, — m.)é — sinh (N — m, — m< — bé | 
(A9) 


where m, = max (m, mg), m< = min (m, mj), and £ = cosh- [(1 + u/2W 1 — g?)-1^], 
as defined in the text. Further simplification leads to the surprisingly compact answer 
quoted in (5), namely, 


P(m, u |m) = (Vf yr-"o [sinh (N — m, + 1)£ — V/f sinh (N — m.)£] 
x [Vf sinh (m. + Dé — sinh m- é]/[(u sinh £ sinh (N + 1)é]. (A10) 
When there is no bias (g = 0, or f = 1), this becomes even simpler: 


P(m u | m) = EE D 50 cob rt aE, (y — m» + Neo cosh (n. E f, (A11) 
Sod W sinh & sinh (N + 1)£&, ) 


where é = cosh (1 + u/2W). This is, incidentally, the closed-form result for the 
sum obtained as a solution for P in the bias-free case by Odagaki and Lax (1980) in 
the study of a bond-percolation model. 
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Abstract. The Hall mobility, electron concentration and resistivity have been mea- 
sured as a function of alloy composition for Ga, x Aly As alloys at 300 K. The data 
have been explained on the multiconduction band structure of the alloys. The alloy 
composition for the direct-indirect conduction band minima cross-over, the electron 
mobility in the X minima and the activation energy of the deep level below these 
minima have been determined. 


Keona; Ga,_x Al, As; Hall measurement; cross-over composition; mobility; deep 
evels. 


1. Introduction 


It is well known that Ga,_, Al, As is a very potential semi-conductor material among 
the series of 3-5 group ternary compounds because of the minimal lattice mismatch 
(Neuberger 1968) between the end compounds GaAs and AlAs and the consequent 
minimal defect density for heterostructure devices (Lang and Logan 1977). From the 
point of view of practical applications these ternary compounds have great advantages 
in various optical (Craford and Groves 1973), microwave (Sitch et al 1975), current 
limiting (Immorlica and Pearson 1974, Sugeta et al 1977), switching (Immorlica and 
Pearson 1975) and pressure sensing (Saxena 1982a) devices. Hence there is consider- 
able interest in the electrical transport properties of these alloys. Deep energy levels 
have been found to dominate the transport properties of Ga,_, Al, As alloys intention- 
ally doped with various impurities. The presence of such levels has either been 
determined indirectly from the temperature dependence (T < 300K) of the Hall 
carrier concentration (Springthorpe et al 1975; Kaneko et al 1977; Nelson 1977; 
Dzhafarov et al 1977; Saxena 1981) or in order to explain the photoluminescence 
spectra in the alloys (Gonda et al 1976; Dingle et al 1977). Capacitance techniques 
on the Schottky barrier diodes have also been used to detect and characterize such 
levels in Ga,_, Al, As (Bhattacharya et al 1979). 

For optical devices of Ga,_, Al, As material, it is important to know the critical 
alloy composition at which the direct and indirect conduction band minima are equal 
in energy. For alloy compositions at which the material has an indirect energy band 
gap, the efficiency of optical recombinations will be reduced due to the involvement of 
phonons. Various techniques have been used to obtain the value of this critical 
composition and the quoted values in the literature vary from 0:36 to 0:46 (Monemar 
et al 1976). Recently Saxena (1980) has shown that the value of this composition is 
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0-43 as obtained from the pressure dependence of the Hall electron concentration for 
the alloys. For high field devices of Ga,_, Al,As, the electron mobility in the X 
conduction band minima is an important parameter. There have been some doubts, 
as the measured value of the electron mobility in the X minima of the alloys with 
indirect energy band gap has been found to be very different from the electron ntobility 
in the X minima of GaAs (Pitt and Lees 1970, Saxena and Gurumurthy 1982). 

‘In this paper, we report the direct evidence of deep energy levels in the alloys with 
high Al content and also estimate their activation energy. The alloy composition for 
the direct-indirect cross-over is also determined and the electron mobility in the X 
minima estimated from a simple interpretation of the Hall data for Ga,_, Al,As 
alloys at 300 K. 


2. Experimental 


Single crystal layers of Ga,_, Al,As were grown on semi-insulating GaAs substrates 
by liquid phase epitaxial technique (Saxena 1982 b). The layer thickness measured 
by angle lapping and staining was between 10 and 15 um for various crystals. The 
alloy compositions were determined by measuring the cathodoluminescence band- 
gap energy and converted to compositions using the data given by Panish (1973). 
The compositions were also cross-checked by electron beam microprobe analysis 
and were consistent with the previous measurements to within + 0:597. 

The Van-der Pauw (1958/59) pattern was delineated on the epitaxial layers using 
photolithographic techniques. Sn metal was used to make the ohmic contacts to the 
samples which were subsequently annealed in H, atmosphere at about 600°C for 
2 min. The Hall measurements were made in a magnetic field of 5 gauss and with a 
reasonable current through the epitaxial layers to avoid the ohmic heating. The 
current varied from 10 pa to 1 ma to give a measurable signal from the sample. It is 
because the resistivity rises with composition by almost two orders of magnitude at 
x ~ 0-45 (figure 1). Also the direction of the current was reversed for each measure- 
ment and an average of the measured values used to eliminate the contact effects. A 
small correction factor (~5%) was applied to calculate the actual sample resistivity 
and the Hall mobility to account for the finite size of the ohmic contacts relative to 
the samples. Van-der Pauw has given the formulae for such corrections. 


3. Results and interpretation of data 


The measured values of the sample resistivity p and the Hall electron mobility ju, for 
various alloys compositions are shown in figure 1. The average variation of p and uu, 
is also shown in figure 1. These curves have been designated as average variations 
since they represent the best fit to the experimental data scattered around these lines. 
Using these variations, the Hall electron concentration n, is calculated from the 
simple relation: 71,—1/e up, where e is the electronic charge and the Hall scattering 
factor has been assumed to be unity for all the alloy compositions. The variation of 
n, With the alloy composition x, thus obtained is shown in figure 2. : 
For simplicity, these variations can be qualitatively explained on-a two- conduction 


band model involving the I minimum at the Brillouin zone centre and a subsidiary 
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Figure 1. Composition dependence of the resistivity and Hall mobility fo 
Ga,_x AlxAs alloys at 300 K. 
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Figure 3. Conduction band structure of Ga,_,Al,As alloys and the energy levels 
(Saxena 1980, 1981, 1982b). 


Since the electron effective mass in the X minima is much higher than in the T 
minimum, the density of states in the X minima is also higher (Pitt and Lees 1970). 
For the same reason, the electron mobility in the X minima is much lower than in the 
T minimum. With increasing alloy composition (0<x<0-4), the sub-band energy 
separation between the Il and X minima decreases (Panish 1973) and, therefore, an 
increasing number of electrons are transferred to the X minima from the I minimum. 
This causes a decrease in p, and an increase in pas shown. For compositions x>0-6, 
the electron transfer to the X minima is almost complete and p and p, saturate with x. 
The minimum in i, at x ~ 0-45 occurs due to the intense intervally scatterings among 
the various minima which lie close in energy at this composition (Saxena and Guru- 
murthy 1982). The maximum in p at x ~ 0-45 can only be explained if the electrons 
are lost to the deep energy states at this composition. For x>0-45, the energy of these 
states decreases, thus decreasing the resistivity. 

At x~0-4, the resistivity and mobility curves cross each other, hence the Hall 
. electron concentration n, shows a minimum at this composition as shown in figure 2. 
— For compositions on either side of this value, 7, rises. Again the decrease in 7, for 
«x 0-4 is due to electron transfer from the T to the X minima. For x20:6, this 
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transfer is almost complete and n, saturates with x. For x<0-6, the sub-band energy 
separation between the two minima again decreases, thus decreasing n}. The reason 
for the anomalous behaviour of electron mobility for low alloy compositions (shown 


by broken curve in figure 1) is not yet understood and is, therefore, left without any 
explanation. 


4. Analysis 


In GaAs (x=0), mot of the electrons stay in the IT minimum and, therefore, n, =r 
c n, since there are no deep energy levels in GaAs as found from the temperature 
dependence (7<300K) of n, (Saxena 1981). Here mp and n, are the electron densities 
in the I minimum and the total density of conduction electrons, respectively. As the 
composition is increased (figure 2), the electrons redistribute among the various 
minima. For x>0-8, the X states are considerably lower in energy than the I and, 
therefore, n, = n y where n y is the number of electrons in the X minima. The experi- 
mental observation that n y<np clearly shows that there is a ‘freeze out’ of electrons 
to the deep energy levels lying below the X states. From figure 2, it is obvious that 
np—Npc4x10!5 cm- since there is no ‘freeze out’ at x—0. Here N p is the net 
donor concentration. . Further ny22x1019 cm-? because an equal number of 
electrons are lost to the deep levels below the X minima (x>0-8), assuming Np to 
be constant. Thus, we obtain nrp c 2n y. 

For low alloy compositions x=0-05, the conduction band structure of the alloy is 
almost the same as for GaAs and the sample resistivity is thus: Pp = l/np epr. Simi- 
pu for the alloy compositions x>0-7 py —1/ny ep y. From figure 2, we find that 

70-08 ohm-cm and p ,742 ohm-cm. Therefore, we get y 70: 08 wp. The measured 
is of up for x—0-05 is only 2200 cm?/V-sec (figure 1), giving yœ 176 cm?/ 


V-sec. This value is very close to the measured value of 190 cm?/V-sec for theelectron 
mobility in the X minima (x>0-6) as shown in figure 1. 


The number of electrons n4 on the deep donor sites N p below the X state is given 
by the expression 


1 


DS 
MIND = Tepe) IE 


(1) 


where Ep and Ep are the energies of the deep level and Fermi energy below the X 
minima, respectively. Since n4—N y — ny=2 x 10!5 cm, equation (1) at 7—300 K 
gives (Ep) — Ep) 2:20 meV. 

The Fermi energy is calculated from the relation 


ny = N& exp (— EgJKT), Q) 


where NÆ ve is the density of states in the X minima. Using an effective density of states 
{ass m of 0:73 m, in all the equivalent Y minima (Saxena and Gurumurthy pc 
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we find that Ere 170 meV at 300 K, thus giving Ep ^ 150 meV for x > 0-8. The 


actual value will of course depend on the impurity compensation in the crystal, which 
has been neglected in the present calculations. 

Since the minimum in n, at x «0-4 occurs due to the cross-over of the I and X 
minima only (Saxena 1980), the expression for n, can be written as: 


n = —— n> (3) 


where up and py are the electron mobilities in the T and X minima, respectively. 
Also 


ny|np = (mimp. exp (— AEv y|KT), (4) 


where mp is the electron effective mass in the I minimum. Therefore, at the minimum 
in 7, eny iy ~ enp pp from (3). This condition together with (4), therefore, 
leads to 


p * i 
exp (— AE, y/KT) = = (me [msg (5) 
X 


provided u yup, which holds true for Ga,_, Al,As alloys. Using mp =0:088 m,, 
1p —1200 cm?/V-sec and u y=120 cm?/V-sec for x~0-4 (Saxena and Gurumurthy 
1982), we get AE, y=28-5 meV. Since AEn ,—0-485 eV in GaAs (x=0) (Saxena 
1980), this energy separation, therefore, decreases at the rate of 11-4 meV/%AI. 
This directly gives x, =0-425 as the alloy composition at which the Tr and X 
minima should be equal in energy. This value found from a simple interpretation 
of the present data is very close to the value of x, = 0-43 obtained from a rigorous 
analysis of the pressure dependence of n, for various alloy compositions (Saxena 
1980). 


5. Conclusions 


The activation energy of the deep level has been determined below the X minima 
along with the critical composition for the I- X minima cross-over and the electron 
mobility in the X minima from a simple interpretation of data on composition 
dependence of the resistivity, Hall electron concentration and moblity in 
Ga,_,Al,As alloys at 300 K. 
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Abstract. An analytical method has been proposed to optimise the small-signal- 
optical gain of CO;-N; gasdynamic lasers (GDL) employing two-dimensional (2D) 
wedge nozzles. Following our earlier work the equations governing the steady, 
inviscid, quasi-one-dimensional flow in the wedge nozzle of the GDL are reduced to a 
universal form so that their solutions depend on a single unifying parameter. These 
equations are solved numerically to obtain similar solutions for the various flow 
quantities, which variables are subsequently uscd to optimize the small-signal-gain. 
The corresponding optimum values like reservoir pressure and temperature and 2D 
nozzle area ratio also have been predicted and graphed for a wide range of laser gas 
compositions, with either H,O or He as the catalyst. A large number of graphs are 
presented which may be used to obtain the optimum values of small signal gain for a 
E wide range of laser compositions without further computations. 


Keywords. Gasdynamic laser; population inversion; small signal gain; area ratio; 
wedge nozzle, 


1. Introduction 


In recent times a great deal of effort has gone into the study of small-signal optical- 
gain performance of CO,-N, gasdynamic laser (GDL) system (see Christiansen ef al 
1975 and Anderson 1976 for extensive surveys on the literature). The emphasis 
e e study (to a limited extent) the influence of either one of the parameters 
; Sie o ALAS, gas mixture composition etc., on the performance character- 
DOE DS Even the recent analytical optimization study for the small- 
eue ee e ge nozzles by Losev and Makarov (1975) and the closed form 
(1976) N pos s for the peak small-signal gain by McManus and Anderson 
ie Mo nm in their approach in the sense that they were restricted to 
did not propose me e RUE reservoir condition or gas composition; they 
Dus taana en neralized approach which would yield some universal corre- 
"Eden (eee ming all of the GDL parameters). In an attempt to overcome 
AR Ws B p authors have developed a completely generalized charac- 
correlating TUS SAEC in a formal way and have identified the general Sis 
were then used to optim; ntrolling the GDL performance ; these correlating parameters 5 
pumize the small-signal gain on a pre-selected vibrational-rotation- 


al transition and sub 


t sequently obtained th binati i 
E e combination of operating parameters that 
yield such optimum gain values (Reddy and Shane utn 19792). 
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Detailed results from such an optimization study of the small-signal gain in CO,-N, 
GDL on the P(20) 001 > 100 vibrational-rotational transition have been presented for 
families of conical and hyperbolic nozzles (Reddy and Shanmugasundaram 1979b), 
with H,O and He as catalysts. Some preliminary results for two-dimensional QD) 
wedge nozzle-flows, with He as catalyst were also presented at the second International 
Symposium on Gas flow and Chemical Lasers (Reddy and Shanmugasundaram 1978). 
The present paper presents the complete optimization results in detail for 2D wedge 
nozzles, with either He (to be called system 1) or H,O (to be called system 2) as 
catalyst. Further, unlike as in Reddy and Shanmugasundaram (197792, b), where the 
nozzle-flow solutions have been presented only for the region downstream of the 
nozzle throat, "here the solutions are obtained startin g right from the nozzle 
reservoir. This way, any possible non-equilibrium condition in the flow upstream 
of the nozzle throat (Anderson 1969, 1970) is treated in the calculations. 

The analysis in the present paper is based on the method given by Reddy and 
Shanmugasundaram (1979a), according to which the system of equations governing 
the steady, inviscid, quasi-one-dimensional, non-reacting flow of a mixture of gases 
in vibrational non-equilibrium in a GDL nozzle reduced toa universal form so that the 
solutions depend on a single correlating parameter Xy, which combines all the other 
operating parameters of the problem. In this paper we shall present the numerical 
results from the parametric study of these equations for a particular family of nozzle 
shapes, viz 2D wedge, and discuss how these solutions can be used to optimize the 
small-signal-optical-gain coefficient G, for the P(20) 001—100 vibrational-rotational 

- transition. We shall also discuss a method of obtaining the combination of optimum 
operating conditions like reservoir quantities and nozzle shape, which would yield 
the optimum value of small signal gain. 


2. Governing equations 


For the two-temperature vibrational model (see Anderson 1976 for details and figure 1 
for the schematic) employed here, the governing equations to be consid 
tbree global conservation equations, the equation of state and the two rate equations 
governing the relaxation of the two vibrational modes, of temperatures Tý and Tir 


ered are the 
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voly. Two more algebraic equations give the population inversion (PI) and 
respectively. Loptical-gain as functions of the flow quantities obtained from the 
the small-sig d Ee Eng equations. The publications of Anderson (1976) and 
MC cat (1975) give complete details of these equations in their dimension- 
cM ant re Tail of how these equations are normalized and then reduced to a 
al ae form so that their solutions depend on a single parameter, which combines 
e or arameters of the problem are given by Reddy and Shanmugasundaram 
92 jue we only reproduce the necessary equations in their final normalized 
" ES Rmi the same nomenclature as in the above reference. 
The generalized momentum equation, obtained by combining the momentum 
and energy equations, and the equation of state, is 


; d rn don 
j de Xc > Gm =0. (1) 


dé 
m -—I,H 


Dee 


The rate equation (of the Landu-Teller type), governing the relaxation of the vibra- 
tional energy of mode m (m=I, I), is 


: : ZŁ 
the Kat oxp Den +E (1 Ii va^] EE] Q) 


In (2) the subscript e refers to local equilibrium value and /=C for m=I and /=N for 
m-—II, where C and N denote respectively CO, and Np. 

In this analysis the P(20) transitions at a wavelength of 10-6 uum and occurring 
between J=19 rotational level of 001 and J=20 rotational level of 100 vibrational 
; levels of CO, are considered. Further, only the optical line broadening mechanism 
in its Lorentz (homogeneous) limit is considercd. Accordingly, the equations for the 
population inversion and small-signal gain are: 


pp C 6,,/¢1) — exp (— 8,00. ; (3) 
Qvib 
i and Gym — 9-77 Rm exp (— 0.0703/), i 
Š where, — Qui =[l — exp (— 8, [$D] [E — exp (— 8, lp] 
x [I — exp (= &, bp] OF 
and EAD = Tp 0:7589\( DX Cyn Ge = (9: 
i with b = 0:3836 for H,O and b = 0:6972 for He catalyst. = 


In the : 

N ue cx equations, Xo, Xy and Xy are respectively the mole fractions of CO;, $2 

Ses : LE H,OorHe. In equation (1), a = [2-5(Xc-- Xy) +050 Xgl ———| 
e number of degrees of freedom of the catalyst. The parameters i and j - 
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ofthe nozzle; for example i = 1 andj = | for wedge nozzles. The 


govern the shape Wang 
and the vibrational temperatures for modes 


normalized temperature  — T'/0; 
Land I, $m — 77/0; , m — L II, are normalized with respect to 0, (= 33577 K), the 
»rm > = 


characteristic temperature for the normal vibrational mode of N,, where the 
primes denote dimensional quantities. The normalized characteristic temperatures 


for the three vibrational modes of CO, are defined as cm 6, [6, E n=1, 2,3 
(8j. = 1999°K; pe = 960°K; Ks = 3373°K). 
The independent variable £ is defined as, 


E= Sa + np = So — In Kufu) (Alpa), (7) 


where p= p'[p, is the normalized density in which the suffix 0 refers to reservoir 
conditions, and S, is the specific entropy given by : 


KG m 
So = — In p, + a In ye + ut + Egle — Xc In {[l — exp (— 8,4] 


x lE — exp (— 6,,/#)]? [1 — exp (— 6, JW) 


X: [I — exp (— 19) Ic), + s, (8) 


where S, is a reference value of S, and for the wedge nozzles S 
: = 262 
catalyst and S, = 29-57 for H,O catalyst. 8 9 for He 


The various functions occurring in the above equations are defined as 


TS [^ i 26, 
* SC 8,8) —1 | exp 4,6) 1’ 6) 
e a c 
exp (6,/9n) —1 exp (I/ffg) — 1” (10) 
x 8, 2 exp (6, 1b) 6, 2 exp @ Ip ) 


eoon O 


G. (a) xp 0, lon) X 

Gy aee AN] 1 exp (1/9 
Wes d= v^ x a) Tae T > 

K= Xo+ Xy KO coli el + Xp Decl eg], : (13) 

Ky = [X, c Ka @)ynlGaee + Xy KAN Mod ho) (14) 
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where K,— Xcd Xy IQ acc! (ron) + Xy fr, 9ccl C3 cul ; (15) 
and Ky = Xc Ur) nul) ucl + Xy Xy ro) wry!) val: (16) 


In (13) to (16), s are the vibrational relaxation times for various collisional part- 


ners. 
The parameters Xm used in (2) are defined, in general, as 


Jp UP De (p, u Y 
Ry ede 


X„=ln ( )- (IS Ti) Sa- m=1, II (17) 


' 


where p, is the reservoir pressure, 7, is the resevoir temperature, R’ is the mixture 
gas constant, p, and u, are the normalized density and velocity at the throat and L’ 
is the nozzle shape parameter. The values of the constants y’s and J's occurring in 
(2) and (17) are 


Yoo = 2:389; Jeg = 1:555 x 1073 atm-sec. 
Yyy = 143098; Jy = 2:450 x 107! atm-sec. (18) 


The parameters X for the case of wedge nozzles is obtained by substituting ij— 1 
and a = 7-2 for He catalyst'and a = 8:82 for H,O catalyst in (17). 

The details of the derivation of these governing equations are given in Reddy and 
Shanmugasundaram (1979a). d 

The quantity N, occurring in (2), for any given ij, is a function of local velocity, 
Mach number and area ratio and hence is indirectly dependent on the reservoir 
conditions. The computer program of Lordi et al (1966) is used to compute the 
function N,. Since it was found that the variation of N; with reservoir pressure very 
small we have assumed a constant reservoir pressure p,—10 atm. The N, is com- 
puted for the reservoir temperatures, 7,— 1000, 1500, 2000 and 3000°K, for a wide 
range of mixture compositions. These values of N, are plotted as a function of 
(Esl), where £, is the value of independent variable £ at the nozzle throat, for each 


` composition at different reservoir temperatures. Then the different values of N; for 


each (£,/£) are tabulated with the help of above graphs. The final average cor- 
relation for N, is computed from these tabulated values and plotted as a function 
of (£.|£). Figure 2 shows these average N, correlations for systems 1 and 2. 

In the case of wedge nozzles, the N, correlations for both the systems are represented 
(obtained by curve fitting) by the following simple analytical expressions: 


N, = 0 for ££ < 0-985 
= 0-088 — 0-682 (0-995 — &,/£)?45, for 0-985 < ,/E < 0-995 


= 0:436 —'8-6x 10- (£,/£ — 0-85)-1? for £,/£ > 0:995, (19) 
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Figure 2. Correlation of function N, with the parameter (£,/£) for systems 1 and 2. 


for system 1 and 
N, = 0 for élé < 0:985 
= 0:039 — 0-118 (0-995 — &,/€)-*41, for 0-985 < £,/£ < 0-995 
= 0:233—4-410 x 107? (£,/£—0-816)-92-185 for £./£—0-995, (20) 


for system 2. 


Similarly the mass flow factor, p,u, and the nozzle throat density p, have also 
been correlated as functions of only the reservoir temperature in the case of wedge 
nozzles and are given by the following expressions. 

For He catalyst: 


Pay = kı = 0:686 — 8:0 x 10-5 T; (°K); 
Px = k = constant = 0:63. (21) 
For H,O catalyst: 
px. = kı = constant = 0:66; 
Px = k = constant = 0:63. (22) 
Variations in the normalized velocity ratio (u/u,) along the nozzle are also 
influenced significantly by the reservoir conditions (see Reddy and Shanmugasundaram 
1978 for detailed results). Again, using the computer program of Lordi et al 
(1966) u/u, has been correlated as a function of only the normalized area, 
A—A'|A, — [1-- (x']L')]' (where i—j—1 for wedge nozzles and x’ is the distance 
in the flow direction), and is given by 
For He catalyst: . 
Ki?" (ujuy) = [— 0:022 + 0-049 (0:3 + log;o 4*7] for M < 1, 


= [1-165 — 0:560 (0-1 + logo 4):?*] for M > !; Q3) 
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For H;Ocatalyst: 


K3:98 (ujuy) = [— 0-0217 + 0-0399 (0-234 + log, 4)- 1:197] for M < 1, 
= [0-669 — 0-216 (0-194 + logy) 4)-9457] for M >1. (24) 


Here M is the Mach number. These correlations have been presented in figure 3. 

The analytical expressions given in equations (19) to (24) for the correlations are 
obtained by curve fitting. 

Since PI and Gp, as given by the algebraic equations (3) and (4), are only functions 
of the gas composition, and ¢,, 4; and y, the emphasis here would be on obtaining the 
solutions for the last three variables. The differential equations (1) and (2) governing 
these three variables reveal that for a given gas mixture and value of ij, the solutions 
of these equations as a function of é depend on only one parameter X;, which combines, 
as can be seen from (17), all the other parameters of the problem, like pj, To, L' etc. 
In this sense, the solutions obtained thus will be ‘universal’. 


3. Results and discussion 


For any given laser mixture, (1) and (2) are solved simultaneously for the three un- 
knowns ¢,, $; and y, with X; as the parameter. The numerical integration is carried out 
using the modified, fourth order R-K-G method. Since the flow in a GDL starts from a 
reservoir, wherein the hot gas mixture is in vibrational equilibrium, the initial values 
for the three temperatures correspond to this equilibrium state. To obtain the 
numerical solutions starting from the reservoir, the procedure is as follows: since (21) 
or (22) (corresponding to system 1 or 2) gives the value of py, £, is estimated from (7) 


CO2 : No :He (System 1) 


C02; N2:H20 (System 2) 


© 
9. 
GL. 
3 
ak 
Tx 
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Figure 3. Correlation of velocity ratio (u/u„) with area ratio for systems 1 and 2. 
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with known Sọ from the reservoir conditions. At every point along the nozzle, i.e. 
for every value of £ (with é decreasing in the flow direction), £/£,, and the correspond- 
ing value of N; from either (19) or (20) are calculated depending on whether it is 
system 1 or2. If N,—0, which means the flow is in local vibrational equilibrium (see 
(2)), the corresponding equilibrium solution is obtained using the method given by 
Reddy and Shanmugasundaram (1979a). For any other value of NV, > 0, implying 
the prevalence of non-equilibrium conditions within the nozzle, we solve the differen- 
tial equations (1) and (2) for the three unknowns 4,, ¢,,; and y; the appropriate initital 
values would correspond to the /, value obtained at the last stp of the local equili- 
brium calculations. Knowing the temperature distributions along the nozzle, PI 
and Go as functions of £ are calculated from (3) and (4). 


—— Theory (Anderson 1971) 
kso Theory (Present) 
o Shock tunnel dota (Christtansen 
and Tsongos , 1971) 
—--— Power curve fit (Go=O.866(p,) 
for the experimental data 


-0444 
) 


0,3 X¢02=0.025; Xn =0.575; Xue =0.4; 
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Figure 4. Variation of small-signal gain at the exit of a 2D wedge nozzle with reser- 


voir pressure; comparison with existing results (Christiansen and Tsonges 1971; 
Anderson 1971). 
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Figure 5. Variation of small-signal gain at the exit of a 2D wedge nozzle with H,O 
Content; comparison with existing results (Anderson 1970). 
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Figures 4 and 5 show values of G, at the exit of a wedge nozzle, obtained by the 
present method, for systems | and 2 respectively; for the exit area ratios of 10 and 30 
considered here, values of L’ are respectively 0:3732 cm and 0-1486 cm. The relevant 
operating conditions, also contained in the figures, have been taken from Anderson 
(1969, 1970) and Anderson et al (1971). For these conditions, first we estimate £o 
and X, from (7) and (17) and obtain the numerical solutions as described earlier. 
Figures 4 and 5 also contain results from experiments (Anderson 1970 and Christian- 
sen and Tsonges 1971) as well as from Anderson's time-dependent analysis (Anderson 
1970, Anderson et al 1971). The difference between the experiments and Anderson's 
theory is believed to be due to many uncertain factors like: (i) the errors involved in 
the estimation of vibration relaxation rates, (ii) use of simplified two-mode vibrational 
model and (iii) measurement errors which have not been discussed by Christiansen 
and Tsonges (1971). The difference between the theoretical values obtained by 
Anderson and the present computations is believed to be due to use of correlated 
values for N,, pu, and p, in the present analysis. 

Computations are first carried out for a wide range of mixture compositions for 
both systems 1 and 2; Table 1 contains the details of the mixture compositions 
considered. Figures 6 and 7 show typical solutions for two sample cases, one each 
for the two systems. An interesting aspect of these solutions is the tendency of Go 
to attain a maximum while PI tends to remain constant far downstream of the nozzle 
throat and the reasons for such behaviour have been discussed in detail by Reddy and 


Shanmugasundaram (19792). 


Table 1. Values of N, mole-fraction 


System 1 
X Xco: 
He 0-025 0:05 0-075 0.1 0:15 0-2 0:25 
0:2 0-775 0:75 0-725 0:7 0:65 0:6 0:55 
0:3 0:675 0-65 0:625 0:6 0:55 0:5 0-45 
0:4 0:575 0:55 0-525 0:5 0:45 0:4 0:35 
0:5 0:475 0:45 0:425 0:4 0:35 0-3 0:25 
0:6 0:375 0:35 0:325 0:3 0:25 0:2 0:15 
System 2 
es 
M0 
Xcos 0:01 0:02 0:04 0-06 0-08 0:1 0-15 0-2 
0:050 0-94 0:93 0-91 0-89 0:87 0:85 0:80 0:75 
0:075 0:915 0:905 0:885 0-865 0:845 0:825 0-775 0-725 
0-10 0:89 0:88 0:86 0:84 0-82 0:80 0-75 0-70 
0:15 0:84 0:83 0:81 0.79 0:77 0.75 0-70 0:65 
0:20 0-79 0:78 0:76 0-74 0:72 0-70 0-65 60-0 
0:25 0-74 0-73 0:71 0.69 0:67 0:65 0-60 0:55 
0:30 0:69 0:68 0:66 0:64 0:62 0:60 0:55 0:50 
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Figure 6. Variation of flow quantities along the GDL nozzle for Xco, = 015; 
Xna = 0:335; Xg, = 0°55 ij = 1; Xi = 4:5; Yo = 0:625; & = 26:36. 


5 
(> &) 


Figure 7. Variation of flow quantities along the GDL nozzle for X¢o, = 0:05; 
Xy, = 0:94; Xy. o = 001; ij = 1; Xy = 4:48; pe = 0:601; & = 29-115. 


For each gas composition, such peak values of G, are obtained for a wide range of 
values of X, (with chosen appropriately in each case), and are plotted in figures 8 and 
9 for systems 1 and 2 respectively. From these figures it is apparent that Gp attains 
a maximum value at a particular value of X, for every gas composition and these 
two quantities are designated respectively as (Go)optimum 8nd Doptimum: Thus, 
for a given laser mixture, (Go)opt represents the highest possible value of small- 
signal optical gain coefficient on the P(20) transition at 10:6 m. Larger gain coeffi- 
cients could exist on other 001—100 vibrational-rotational transitions. The present 
analysis could be easily extended to calculate the maximum gain over the entire set of 
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Figure 8. Variation of maximum values of small-signal gain on the P(20) 001—100 
transition with X, for various mixture compositions in system 1. 
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Figure 9. Variation of maximum values of small-signal-gain on the P(20) 001—100 ES 
transition with. X for various mixture compositions in system 2, x aes 
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allowed P-branch transitions; however, that theoretical development is not presented 
here. 

For system 1, experimental results presented in figure 4 for the Gg values at the exit 
of a 2D wedge nozzle have also been replotted in figure 8 for comparison. It can be 
easily seen that these values differ significantly from the maximum gain values possible 
for the same gas composition of 2:5% CO;, 57:5% of Nand 40% He, as obtained by 
the present method. This deviation is attributable to the nozzle area ratio of 10 
employed for obtaining experimental data shown in figure 4 being less than optimum 
for the operating conditions developed; in other words, for the experimental nozzle, 


ae (Go)opt 
cS (X1 Jopt 


ido 1x) 


Figure 10. Effect of ratio of mole-fractions of He and CO, on optimum values of 
X, and small-signal-gain on the P(20) 001—100 transition. 
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Figure 11. Effect of ratio of mole-fractions of H4O and CO; on optimum values of 
Xy and small-signal-gain on the P(20) 001—100 transition. 
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the GDL gas is only partially expanded as it approaches the exit, which results in much | 
smaller values for the small-signal gain. "Therefore, it can be inferred that by employ- 
ing much larger expansion ratios than that given in figure 4, one would have obtained 
much higher values for Gp for the same operating conditions. These observations 
are also true for the experimental results presented in figure 5 for H,O catalyst. 

To study the influence of CO, and catalyst concentration on the optimum value of 
Go, these quantities have been cross-plotted in figures 10 and 11 as a function of the 
ratio of mole-fractions of the catalyst and CO,. An inspection of these figures reveal 
that, for a given catalyst mole-fraction, (Go)opt attains a maximum at some value of the 
CO, mole-fraction, which may be due to a combination of factors like (i) the decrease 
in the N, content because of the increase in the mole-fraction of CO,, with a conse- 
quent adverse effect on the ‘pumping reaction’ which is essential for populating the 
upper laser level and (ii) the effectiveness of increasing concentration of the CO, 
molecules itself in the collisional de-activation of the upper laser level. This value of 
CO, at which (Goopt peaks out increases with increasing catalyst content. Figures 10 
and 11 also show the tendency of (Go)opt to peak around 40 mole- % of He in system 1 
and around 20 mole-°% of H,O in system 2. The reason for such a trend in (Go)opt is 
that as the catalyst number density increases, besides the lower laser level which is 
rapidly de-excited by the catalyst, the upper laser level population also is affected 
adversely with a consequence that the PI and hence Gg are reduced. From the foregoing 
observations it may be concluded that small-signal optical-gains as high as 2/m in 
system 1 and 3-5/m in system 2 are possible and that such high values can be obtained 
by employing laser mixtures containing CO, and He mole-fractions of 15% and 40% 
respectively in system 1 or CO, and H,O mole-fractions of 30% and 20% 
respectively in system 2. Figures 10 and 11 also depict the variations of CDopt with 
respect to XyelXco, and Xi.o/Xco,: It is observed that, in general, variations in 
both CO, and H,O contents strongly affect (xDopt in system 2, while variation in 
CO, content alone does so in system 1. 

With the known optimum values of Gp and X; the optimum operating conditions 
like pọ and T, can be readily estimated, since X;, as given by (17), is a function of pj, 
T, and the shape factor L’. However, since L’ itself is a function of both the nozzle 
throat height and the expansion angle of the nozzle, p, L' is directly computed as a 
function of Tẹ p, L' is the binary scaling parameter (Anderson 1976) which would 
have more flexibility in estimating the reservoir pressure for any desired value of L’. 

To estimate the appropriate optimum area ratio to be used corresponding to the 
optimum value of p, L' the following procedure is adopted. First, for the given 
laser mixture and for the graphically known optimum value of X;, equations (1) to (4) 
are solved to obtain the optimum value of G, and also the value of £ (to be designated 
opt) at which it occurs. (Go)opt values can also be read-off from the graphs presented 
in figures 10 and 11. It can be shown (Reddy and Shanmugasundaram 19792) that 
the optimum area ratio A pt and Font are related by the following expression: 


For He catalyst 


[1-165 — 0-560 (0-1 + log; 455)-*] 455, = (kÈ? ka) exp (Sp — opt) 
! Q5) 
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and for H,O catalyst 
[0:669 — 0:216 (0-194 + log; 455)79:17] Aopt 
= (K1*5 ky) exp (Sp — £5). (26) 


where k,, ks and sy are functions of only Tọ. Hence, for the known value of Sop 


' either (25) or (26) can be solved for A opt 28 8 function of To- 


Optimum values thus obtained for p;L' and A have been plotted against Tọ in 
figures 12 to 24 for various mixture compositions for both systems 1 and 2. "These 
figures show that, for any given gas composition, both pol’ (therefore po for a particular 
value of L’) and A increases monotonically with Ty. They also reveal a striking dif- 
ference between systems 1 (He catalyst) and 2 (H,O catalyst) namely, for the same 
order of optimum Gy values, the optimum value of A is, in general, an order of magni- 
tude larger in system 2 than that in system 1 and pjL.' values are of the same order in 
both the systems. This implies that system 2 is operationally superior to system 1. 
The data presented in figures 12 through 24 may appear numerous but these data are 
not repetitive in nature and useful in obtaining the optimum values of Gy for a given 
laser composition; hence avoiding numerical computations. 

Finally, it is to be pointed out that for the very large values (—10?) of A op, obtained 
in some of the cases, the pressure levels in the nozzle dre likely to be very low (approxi- 
mately a few torr) with the result that Doppler line broadening might dominate or 
become comparable to collisional (Lorentz) line broadening. This aspect is being 
taken up by the authors as a next step. At very low gas densities, rapid intra-mode 
coupling of vibrational states, fundamental to the two-mode model of Anderson, 
might be lost. Under such circumstances a much more detailed analysis of the mole- 
cular kinetics would need to be invoked. If very low translational temperatures are 
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Figures 12-16. Variation of optimum area ratio and poL’ with reservoir tempera- 
ture and ij — 1 in system 1. 12. Xg, — 02. 13. Xy, = 0:3. 14. 


Xye = 04. 
15. Xj, = 0:5. 16. Xy, = 0:6. 

obtained at large expansion area ratios (4), as would be a reasonable expectation, 
additional concerns arise: (i) inadequate vibrational-relaxation kinetic data exist 
to support the extrapolation of the simplified zp correlations (see Appendix A of 
Reddy and Shanmugasundaram 1979a) to very low gas temperatures and (ii) maxi- 
mum small-signal gain would be expected to shift far away from P(20) to much 
lower-p-branch transitions, as dictated by ithe Botlzmann distribution of the 
rotational-state populations. 
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Lastly, it is worth noting here that only in the case of wedge nozzles with ij=1 
equation (17) becomes independent of reservoir entropy Sọ- Then, the universal 
correlating parameter x; depends only on the tertiary scaling parameter 
(po L'|T;°), which can be used to correlate the frozen vibrational temperatures in 
the nozzle flow calculations; this would be very useful for correlating the measured 
values. [ 
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Figures 17-24. Variation of optimum area ratio and pol’ with reservoir tempera- 


ture and ij = 1 insystem2. 17. Xg,o — 0:01. 18. Xg,o = 0:02. 
20. Xg,9 = 0-06. — 21. Xgjo = 0-08. ^ 22. Xmo = 0-1. 
24. Ximo = 02. 


4. Conclusions 


Based on the method given by Reddy and Shanmugasundaram (1979a), similar 
solutions have been obtained for the vibrational non-equilibrium flow along a family 
of GDL nozzles with ij—1, which represents a family of 2D wedge nozzles. From these 
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solutions optimum values of small-signal gain coefficient on the P (20) vibrational- 
rotational transition in the 001—100 band of CO, and the corresponding values of the 
universal correlating parameter Xr have been obtained and presented graphically 
for a wide range of laser mixture compositions for CO,-N, systems, with either He 
or H,O as the vibrational relaxation catalyst. From these results the optimum values 
for the area ratio and the binary scaling parameter, p, L’, as functions of reservoir 
temperature have been obtained and presented graphically for all the mixture composi- 
tions considered. Since L’ is a function of the nozzle throat height and the expansion 
angle, the said pọ L’ values can be used to estimate the optimum reservoir pressures 
for a wide range of nozzle sizes. The above results predict that small-signal optical- 
gains as high as 2/m on the 001—100 CO, transition can be obtained in CO,-N,-He 
systems with about 15 mole-% of CO, and about 40 mole-% of He; and Gp as high 
as 3-5/m in CO,-N,-H,O systems with about 30 mole-% of CO, and 20 mole- 7; of 
H,O. This analytical study further predicts that, in general, for the same E of 
optimum G, values, the optimum values of area ratio A is an order of magnitude 
larger in system 2 than in system 1 and p, L' values are of the same order in both the 
systems. This implies that a system employing H,O as a catalyst yields higher gain 
levels than that with He as a catalyst. Hence, the system 2 is operationally superior 
to system 1. 
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Abstract. This paper describes the results of shock pressure measurements in the 
range of 1-25 MPa in water and in the range of 60-500 kPa in air. Pressure pulses 
were generated by exploding wire technique and measured with a quartz piezo-electric 
transducer. Theattenuation with distance of shock overpressure, impulse and energy 
in shock front has been studied. Experimental data on shock attenuation in air is 
scarce and the results presented here confirm the attenuation behaviour derived from 
theoretical considerations. 
i 


Keywords. Exploding wire; shock overpressure; impulse; energy; piezo-electric 
transducer; attenuation; air; water. 


1. Introduction 


In nuclear safety analysis, it is required to evaluate the consequences of dynamic 
loading of structures resulting froma variety of phenomena such as (i)nuclear excursion 
(ii) thermal interactions due to accidental mixing of molten reactor fuel and coolant 
(iii) sodium water reactions in reactors using liquid sodium heated steam generators 
(iv) hydrogen explosions etc. Experiments carried out in the laboratory simulating 
these situations provide an insight into these phenomena and generate useful data for 
safety analysis. Determination of the degree of conversion of available energy in the 
shock front for doing mechanical work on structures, is an important objective of these 
experiments. The pressures in these experiments are invariably measured at some 
distance away from the zone of interaction. An understanding of the propagation of 
the pressure front in the medium is essential for extrapolation of the measured pressure 
profiles back to the zone of interaction. This paper presents the measured attenuation 
characteristics of shock pressure, impulse and energy, in air and water, using 
exploding wire technique to generate shock fronts. 

A comparative review of available data on shock propagation in air, in the range 
10 to 20 kPa has been made by Vortman (1970). It is seen that while considerable 
theoretical work has been carried out to determine shock attenuation characteristics in 
air in different pressure ranges, experimental data are rather scarce. Also the agree- 
ment between theory and experiment is not satisfactory. 

Cole (1965) compared the empirical relationship between shock overpressure, 
distance and charge weight derived from theory and underwater experiments. The 
correlation for shock attenuation assumes a single expression to be valid over a range 
of pressures extending over almost three orders of magnitude from 3 to 3000 MPa. 

Generation of experimental data on shock attenuation, in the low pressure range, 
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with chemical explosives calls for use of small quantities of charge material with 
attendant problems of reproducibility. Alternatively, measurements can be made 
at relatively large distances from reasonably-sized charges, but in this case shock 
propagation is likely to be affected by environmental factors such as temperature, 
its gradient, windspeed and so on. In this context, the application of exploding 
wire sources for experimental determination of shock attenuation in air and water 
has the advantages of easy repeatability and good reproducibility. 


2. Experimental set-up 


The schematic of the experimental set-up is shown in figure 1. A 10 kV 190 wF 
condenser bank is used for the generation of shock waves by exploding a copper wire 
of 0:18 mm diameter and 5 mm length. The capacitor bank is resistively damped 
to avoid ringing and enable generation of a single shock pressure pulse. The wire 
explosion is initiated by a two-electrode spark gap, with switching time less than 
500nsec. A special wire holding assembly has been made with pinvices for holding 
the copper wires. The base of the wire holder assembly is so shaped as to prevent 
reflected shock fronts from reaching the gauge face. For underwater studies, the 
entire assembly was immersed in a water tank (400 x 400 x 700 mm). For experiments 
in air as well as underwater, the geometry and dimensions of the experimental set-up 
are so chosen that the reflected shock fronts reach the transducer only after the 
direct overpressure pulse seen by the transducer has decayed. 


3. Instrumentation 


Quartz piezoelectric transducers (Kistler model 603H) were used to measure the shock 
pressures. The transducers have a rise time of | usec and sensitivity of 25 pC/kPa. 
The transducer resonant frequency is 500 kHz. Charge amplifier (model 504 of 
Sundstrand Data Inc, USA) with a flat frequency response up to 150 kHz was used for 
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Figure 1, Experimental set-up for shock wave generation and measurement of shock 
parameters. 
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processing the pressure signals from the transducer. During the wire explosion, very 
high surge current of the order of 15 kA flows through the discharge circuit. The 
heavy electromagnetic field produced as a result was observed to induce an overriding 
noise in the signal lines. To provide the necessary shielding; charge amplifier and 
recording instruments were housed in a fully closed aluminium cabin. Double- 
shielded signal cables were used with the outer shield terminated at the cabin wall. 
The inner shield which is the common line for the signal was connected to the labo- 
ratory ground. The amplifier and the recording systems were separately connected 
to the laboratory ground. This type of grounding was found to be quite effective and 
reduced the noise due to the electromagnetic pick-up. During underwater measure- 
ments, the current flow path through water between the high voltage terminal and the 
transducer body was effectively blocked by electrically isolating the latter with a coat 
of insulating paint. To avoid leakage of water into the cable connectors and to 
isolate the connectors from water, the entire connector portion was wax moulded. 


4. Recording devices 


Pressure signals were recorded by a digital waveform recorder (Biomation 805) and 
read with 1% accuracy. A microprocessor-controlled digital interface connected to 
the waveform recorder was used to determine the peak pressure, impulse and energy 
flow. 


5. Measurements 


Keeping the wire material, length and diameter fixed, the distance of the transducer 
from the wire was varied for each of different capacitor voltages. Pressure measure- 
ments were repeated thrice for each setting and a reproducibility within 575 was 
observed. Figure 2 shows a typical waveform of the current through the exploding 
wire obtained in the present experimental set-up. 

A typical pressure pulse produced in underwater wire explosion is given in figure 3. 
A rise time of 2 psec and a pulse duration of 6 psec was observed. However in the 
case of exploding wire in air, while the pressure signals had a similar rise time of 
2 psec, the pulse duration was observed to be longer, namely 40-50 psec. 
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Figure 2. Typical current pulse through the exploding wire. 
Figure 3. Pressure signal in underwater wire explosion. 
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The impulse at distance r from the source is defined by the relation 
(52 
I(r) = f P(r, t) de, (1) 
0 


where fj is the duration of the positive phase of the pressure pulse and P (r,t) 
represents the variation of pressure with time behind the shock front. Impulse 
was evaluated by numerical integration of the pressure signal in the waveform 
recorder using the digital processor. 

Assuming a spherical shock front the work done on a surface of radius r is 
given by 


to 


w (r) = f 4m r? P(r, t) u, (r) dt, (2) 
0 


where up (r) is the particle velocity behind the shock front. From the conservation 
equations for mass and momentum we have 


Uy = P]py us, (3) 
to 
whence w(r)= Í 47 r? P* (r, t) @ 
0 Po Us (r) 


For the measured range of shock overpressures in water, the shock velocity u, differs 
from the sonic velocity by just about 2% (table 2-2 of Cole 1965). This permits the 
replacement of the product p, us by the acoustic impedance pọ c. The energy flow 
per unit area associated with the propagation of the shock front in water is therefore 
given by 


to 
ES Í P? (r, t) dt. (5) 
fo fo 


E (r) was computed by the digital processor fromthe pressure time history. Recalling 
that the governing equation for shock propagation in air is (Zeldovich.and Raizer 
1966), 


6 P 
ae - 1-5] © 

l | 7 Py 
it is obvious that the shock front attains velocities much higher than sonic velocity 
even for moderate overpressures encountered in the present experiments. Conse- 
quently the flow of shock energy in air takes the form 


~ 


P? (r, t) dt | (7) 


to 
je — 1 ——$ 8 
E(r) = wed [1 + (6/7) [P (r, t) PST] ^ 
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To evaluate the integral in (7) it is necessary to know the functional form of the - 
variation of pressure with time behind the shock front. As sugested by Leonard 
(1962) a relationship of the form 


(8) 


P(t) — Py [exp (— bt) zer 8], 


cos $ 
where b = 1/2to Q = ($r — 9)/t, $ = 2322", 


has been used in the present studies. The pressure profile computed using (8) is 
given in figure 4. The profile matched fairly well with the typical pressure trace 
obtained with experiments. Shock impulse and energy flow per unit area in air were 
computed using (8) in (1) and (7). The impulse (equation (1)) is obtained by direct 
integration and leads to the result, /—0-3943 P, tọ. To determine the energy integral, 
the integration was carried out using eighth order Gaussian quadrature. 


6. Results and discussion 
The impulse values for air computed by direct integration were in good agreement 
with the values obtained from the digital processor. The variation of the shock 
parameters with distance studied for water as well as air is presented in figures 5 to 10. 
It is observed that for a given capacitor bank voltage the attenuation with distance 
of shock overpressure, impulse and energy flow with respect to distance r obeys the 
well-known power law 

P(r) = K r”, 

I(r) = K, r-4s, 


E(r) = K; r%. 


----- COMPUTED 


10PS1/Div. 


8uS/Div. 
Figure 4. Actual and computed pressure profiles in air. 
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Figure 5. Pressure variation with distance in underwater wire explosion. 
Figure 6. Impulse (f P (t) dt) variation with distance in underwater wire explosion 
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Figure 7. Energy flow (S P* (1) dt/p c) variation with distance in underwater wire 
explosion. 


The values of the exponents a; and coefficients K, were determined for each of the 
capacitor bank voltages and are presented in table 1. Shock overpressures generated 
in water, in these experiments, should be regarded as close to the acoustic range since 
the corresponding shock velocities differ from the sonic velocity by about 2% only. 
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Figure 8. Pressure variation with distance in wire explosion in air, 
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Figure 10, Energy flow (f P* (t) dr/p c) variation with distance in wire explosion 
in air. 


Table 1. Values of constants K; and a, in the expressions for pressure, impulse and 


i energy. 
ne 
23 Capacitor Pressure Impulse Energy 
el voltage 7 K,G/m? 
(kV) K, (MPa) a, Kz (Pasec) a, RES as 
coos E E U SOE aE 
Water 
3 1-250 1-100 3:27 1.090 19:9 2:195 
2 1-170 1:040 2:98 1:026 18:0 2:048 
1:5 0:942 1:032 2-78 1:023 12:2 2:012 
1 0:637 1:023 — = = — 
Air 
5 1:264 1.82 9-64 1-30 0:504 2.630 
4 0-910 1.82 8:57 1:26 0-148 2:880 
3 0:894 1:78 6:95 1:27 0:117 2:850 
2 0-878 1:69 7:36 1:15 0:092 2-760 


It is known that spherical pressure waves tend towards 1/r behaviour as the acoustic 
range is approached. The observed values of the exponent for the spatial profiles 
of shock overpressure in water (namely 1-023<a,<1-1) are generally in accordance 
with this behaviour. However, at greater shock intensities shock overpressures tend 
to fall off with distance more rapidly. 
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è Present work 
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Figure 11. Variation with pressure of the exponent of the law P ar-¢, 


Table 2. Variation of shock overpressure with distance in air. 


r xponent 

hy prerano m Pot aa sof Reference 
0-00113 1:0575 Lehto and Larson (1969) 
0:06894—0-138 1:12 Whitaker (1970) 
0-06894—0-6894. 1-126 Lehto and Larson (1969) 
0:06894—0-6894 1:35* Kingery (1966) 
0:6894—6-894 1:22 Lehto and Larson (1969) 
2:757-6:894 1-2 Bethe et al (1955) 
6-894—20- 68 1:35 Kirkwood and Brinkley (1945) 
49 1:9 Taylor (1950) 

147 2:8 Taylor (1950) 
60-195 1:69* Present work 

80-274 1:77* Present work 
92-324 1:82* Present work 


*Experimental. 


The decay characteristics of shock overpressures in air observed in the present 
experiments (in the pressure range 60-320 kPa) are given in table 2 for comparison 
together with those reported in Taylor (1950) and Vortman (1970) for other pressure 
ranges. It may be noted that the attenuation characteristics are largely derived from 
theoretical considerations. From a plot of the variation of the exponent a against 
shock overpressure (figure 11) it is seen that the present results although restricted 
to a small range of pressures, confirm the theoretical estimate. 
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Mechanoluminescence of coloured KCI crystals 
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Abstract. The gamma-irradiated KCI crystals exhibit mechanoluminescence during 
elastic, plastic and fracture deformation. The mechanoluminiscence (ML) intensity 
varies linearly with the number of newly-created dislocations and decreases with 
successive application and release of uniaxial pressure. The total ML intensity increases 
with applied pressure as well as with the temperature of the crystals. On the basis 
of the movement of the dislocations, the pressure and temperature dependence of ML 
is discussed. 


» 
* 


Keywords. Mechanoluminescence; alkali halides; mechanical deformation. 


1. Introduction 


Mechanoluminescence (ML) is a type of luminescence produced during mechanical 
deformation of solids. The mechanoluminescent substances may be divided into 
those whose ML spectra resemble (i) other type of luminescence spectra, (ii) molecular 
spectra of the surrounding gases and (iii) both these spectra. The possible uses of 
mechanoluminescent substances as mechano-optico transducers and in fuse system are 
attractin g increasing interest. The crystal structure correlation of ML and the memory- 
effects related to plastic deformation may also be interesting (Chandra 1981; Chandra 
and Elyas 1979; Hardy et al 1981; Grabec 1974). The ML studies provide a suitable 
probe for studying the fracture dynamics of the crystals (Chandra and Zink 1980a). 
On the basis of mode of excitation, ML may be classified as piezo-induced, dislocation- 
induced, cleavage-induced, tribo- induced, chemi-induced and adsorption-induced. 
The coloured alkali halide cr ystals exhibit ML (Walton 1977); which isnot satisfactorily 
understood. The present paper reports the ML of coloured KCl crystals and shows 
that the ML in alkali halide crystals may primarily be attributed to annihilation of the 
dislocations of opposite sign during the mechanical deformation. 


2. Experimental 


The KClsingle crystals (4 x 3:8 x 2-5 mm) used in the present investigation were supplied 
by the National Physical Laboratory, New Delhi. The small size crystals were anneal- 
ed at 450°C for 2hr and cooled very slowly. The y-irradiated specimen wrapped in 
aluminium foil was kept in dark for an hour to allow theafter-glow to decay to a value, 
well below that expected in the ML measurements. Exposure of the irradiated crystals 
to stray light was avoided. A uniaxial pressure was applied to the crystal by placing 
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heavy loads statically (Chandra and Elyas 1977). The crystal was kept pressed for 
30sec. The Mr intensities both during pressing and release were measured in terms 
of the deflection of a ballistic galvanometer connected to the amplifier coupled to an 
IP 28 photomultiplier tube. The process of pressing and release was repeated periodi- 
cally till the ML intensity became small. All measurements were made by applying 
pressure along (100) direction of the crystals. A heater coil was wound round a 
cylinder for heating the crystal. The cylinder was mounted on a crystal platform and 
by changing the voltage, the crystals could be heated to any desired temperature. The 
ML was measured when the device attained a steady temperature. The crystal 
temperature was measured by a copper-constanton thermocouple. Temperature 
effect on the ML of the crystals was studied for a fixed load of 12-5 kg. To avoid 
heating of photomultiplier tube, a thick rubber sheet with a hole at its centre was 
placed between the glass plate and the photomultiplier housing. Four crystals were 
studied at each temperature and the standard error was + 6%. 

The ML spectra, the stress-strain and the ML-strain curves were determined follow- 
ing the method described earlier (Hardy and Zink 1976; Chandra and Zink 1980). 
The ML intensity was monitored by a X—Y recorder. The dislocation density was 
measured by the etch pit technique in which a concentrated solution of NH,Cl 
in a mixture of methyl alcohol and n-butyl alcohol in the ratio of 3:4 by volume 
was used as etchant (Naidu 1970). 


3. Results 


Figure 1 shows the ML vs compression and the force vs compression curves of 
5X 4x 63 mm y-irradiated KCI crystals. It is seen that the ML appears in the 
elastic, plastic as well as fracture regions of the crystals. The stress and the ML 
intensity of the crystals are seen to vary with strain. The plot of log of Mr intensity 
ys log of the number of newly created dislocations (figure 2) suggests a linear rela- 
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KCl + Y ray 


2-0 


10 


Stress & ML intensity (arb. units) 


3.2 6-4 9:6 
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Figure 1. Mectia naludiinestenes vs compression and the force : vs compression curves 
for y irradiated KCl crystal. 
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Figure 2. Plot of log Mt intensity vs log number of newly created dislocations. 


tion between the two. After certain number of applications of the uniaxial pressure, 
the dislocation density increases so much that it is difficult to determine the disloca- 
tion each pit counts for the highly deformed crystals. 

The intensities of ML produced during application and release of the pressure, 
ie. I? and I; of y-irradiated KCl crystals decreases with the successive number 
n, and n, of application and release of pressure and follow the relations (figures 
3a, b) 


Tr = Ig exp [— B(n, — 1)], (1) 
I; = Hl exp [— Bi(n, — 1)], Q) 


where B and B, are constants, and 7? and Jj are the ML intensity during the initial 
application and release of pressure respectively. The J? and Jj values increase 
with pressure, however, the B and f, values decrease with pressure: For a given 
value of pressure P is always greater than f,. 

Figure 4 shows that the dependence of the ML intensity on successive application 
and release of pressure at different temperatures also follow (1) and (2). The B 
and P, values increase slightly with temperature. However, for a given temperature, 
the B, value is always < f. 

Figure 5 reveals that the total ML intensity, i.e., the sum of the areas below J? vs n, — 
and J} vs n, curves of y-irradiated KCl crystals increases with temperature. The 
annealing time at this temperature, does not significantly alter the ML intensity of 
y-irradiated KCI crystals. 
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(0) 8 16 : 24 32 
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Figure 3. Plot of log ML intensity ss a. (ng — 1) b. Gr — 1) in y irradiated KCI 
crystals for different values of uniaxial pressure. 
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Figure 4. Plotof log Mu'intensity vsa. (n,—1) b. (n, — 1) in y irradiated KCI crystals 
for different values of temperature. 


The ML intensity is directly related to the density of the colour centres (Butler 
1966; Metz et al 1957), which is directly related to the area below the thermolumi- 
nescence (TL) glow curves of the crystals (Ausin and Alvarez 1972; Jain and Mahendru 
1965). Hence, the ML intensity was normalized for the decrease in the density of 
the colour centres with temperature of the crystals using TL glow curves. The TL 
glow curves of these crystals have been reported earlier (Elyas et al 1982). 


T 
The plot of log IX A7/(A7 — A Ly, dT) vs 1/T (where Ir; is TL intensity, Ay is the 
0 s 
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Figure 5. Effect of temperature on the total mL intensity I, of y irradiated KCl 
crystals. 
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Figure 6. Plot of Ip X A7/ (Az — ( Irz dT) vs 1/T. 
To 


total area below the glow curves and Ty is the room temperature) is a straight line 


with a negative slope (figure 6), for y-irradiated KCl crystals. This result suggests 
the relation 


T 
Ip X Ap|Ap — | Irr dT = Ay exp (— EolkT), (3) 
3 i, 
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where A, is a constant, k is the Boltzmann constant and Æ is the activation energy. 
The E, value estimated from figure 6 is 0-25 eV for y-irradiated KCI crystals. 

Figures 3 and 4 show that the difference between the extrapolated and the experi- 
mental 7? values decreases with increasing temperature of the crystals. This suggests 
that the higher experimental J? values may be due to the presence of shallow traps, 
which disappear during the initial application of the pressure. 

The ML spectra of y-irradiated KCI crystals (figure 7) are similar to their TL spectra 
(Ausin and Alvarez 1972). Similar results were also found for the ML of x-irra- 
diated KCI crystals. 


4. Discussion 
4.1 Mechansim of the ML excitation 


Many possibilities have been discussed earlier (Chandra et al 1982) and it has been 
found that dislocation annihilation is the dominating process for ML excitation. A 
large amount of stored energy is released whenever two dislocations moving in the 
same or closely neighbouring parallel slip planes unite by annihilation (Seitz 1952). 
Thus, the line at which the dislocations combine becomes the seat of a very large 
source of thermal energy which in turn increases the local temperature. The in- 
crease in temperature causes the ML excitation in the crystals. TL studies indicate 
that the thermal bleaching of colour centres takes place from room temperature to 
300 or 400°C in x and y-irradiated alkali halide crystals. The rise in the local tempe- 
rature during the annihilation of dislocations of opposite sign may be sufficient to 


Intensity (arb. units) 


340 420 500 580 
Wavelength (nm) 


Figure 7. ML spectra of irradiated KCI crystals. 
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give rise to TL excitation. Although the crystal temperature may not rise consider- 
ably, the local temperature may be much higher during annihilation of the disloca- 
tions of opposite sign. In such cases the ML appears not only along the line of anni- 
hilation, but also in the surrounding regions. The similarity between ML and TL 
spectra of y-irradiated KCl crystals supports the thermal origin of ML (Ausin and 
Alvarez 19772). 


4.2 Effects of pressure and temperature on ML excitation 


Let N,, Ns, Ng, N, be the number of dislocations created during the first, second, 
third and nth application of the pressure. The total number, Ny, of newly created 


dislocations up to the nth pressing may be given by 


Ny = NN, Nat... N, (4) 
` 
Assuming that the number of new created dislocations decreases exponentially 
with increasing number of application of pressure, the above equation may be written 
as 


Nr. = N, + Ne + Ne? + ... N, exp [-(1 —1) a], 
= N, (1 — e-9) | (1 — e-9) 
= N, (1 — e") (5) 


where Nọ = N, / (1 — e-?) and a is a constant. 
The number N? of the newly created dislocations during the nth pressing may be 
given by 


N? = N? exp [— (n, — 1) a] (6) 


where N? is the number of new created dislocations during the first pressing. This 
result agrees with our dislocation density measurements (Chandra et al 1982). When 
pressure is applied on a crystal, mobile dislocations are produced. Some of these 
dislocations disappear due to annihilation. The other mobile dislocations relax and 
become stationary. Thus the density of dislocations increases in the crystal when 
pressure is applied. The ML intensity measured in terms of the deflection of the bal- 
listic galvanometer is linearly related to the number N of the newly created disloca- 
tions. This may be expressed as 


f Tdt=CN, 
or f (njdt) dt = n= CN, (7) 


where n is the number of excited luminescence centres and C is a constant. The 

linear relation between ML intensity (measured by a X — Y recorder) and the strain 

rate (Alzetta et al 1970) suggests that the excitation rate of the luminescence centres 
_ is directly related to dislocation. This is in accord with (7). 
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If the dislocation annihilation model is the dominant process for the ML excitation 
in x and y-irradiated alkali halide crystals, then (7) indicates that the annihilation 
rate (which is responsible for dn/dt) should be directly proportional to the mobile 
dislocations. This is because the number of dislocations responsible for the annihi- 
lations may be a fraction of the number of mobile dislocations. Thus, the intensity 
I? of ML (monitored by the deflection of ballistic galvanometer) produced during the 
nth pressing may be expressed as 


I^ = 4N, exp [-(n, — D] (8) 


where » is a factor related to the ML efficiency of the crystal, and p is the density of 
the colour centres which decreases with mechanical deformation of crystals (Butler 
1966; Senchukov and Shmurak 1970). To simplify the problem, let us assume that 
the density of the colour centres decreases exponentially with the number of pres- 
sings, i.e., it holds a relation 


Ph = Po EXP (— a, n), (9) 
where p, and p? are the density of the colour centres without pressings and after nth 
pressings of the crystal respectively, and a, is a constant. 


From (8) and (9), 7? may be written as 


Ir 217) N; exp [— a(n, =] Po EXP E= ai (n, = dlc 


OF IP = n py N, exp [— (a + a) (n, — 1)], 
or IP = IP exp [— B(n, — D]; (10) 
where I? = n N, po is the ML intensity in the first pressing. 


It is observed that tbe plot of log 7? vs (n, — 1) is a straight line with a negative 
slope, which supports-(10). The value of B estimated from the plot of log J? vs 
(n, — 1) is nearly equal to the value of the slope a estimated from the plot of log N? 
vs (n, — 1) (for the same stress) (Chandra ef al 1982). It seems that the ‘decrease in 
the ML intensity with the number of pressings, is primarily due to the decreased crea- 
tion of limited new dislocations with successive number of pressings. The decrease 
in the density of colour centres with the number of pressings, is only slightly res- 
ponsible for the decrease in the ML intensity with the number of pressings. 

The ML intensity increases with increasing values of pressure and irradiation time 
can be understood from (10). 7? is also related directly to N?, the number of newly 
created dislocations in the first pressing. Thus, the intensity will be greater for in- 
creased values of pressure (Akulov 1964, Schoeck 1956). J? is also related directly 
to the density of the colour centres in the crystals, and therefore, the ML intensity 
may increase with increase in the irradiation time of the crystals. It will get saturated 
for a longer time of irradiation. 

If it is assumed that the ML produced during the pressure release is related to the 
ML produced during the corresponding number of applications of the pressure, then, 
from (10), the ML intensity during the mth release of the pressure may be given by 


I; = It exp [— 8; (n, — 1], (11) 
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where B, is a constant. For a given pressure, f is always greater than B,. The ML 
emission during the pressure release is related to the number of new traps produced 
during the deformation of crystal. The number of shallow traps may increase 
with crystal deformation, which in turn may increase the probability of the ML emis- 
sion during pressure release. Thus B may be higher as compared to fj. 

It was found that B value decreases with increasing pressure value. This may be 
due to the plastic deformation in different stress-strain regions of the crystals, where 
the plastic behaviour may be different. 

Since the probability of exciting an electron from the colour centres to the conduc- 
tion band depends on the thermal spike rather than on the average temperature of 
the crystals, the smaller variation of the ML intensity with the temperature is expected. 
It has been described earlier that the ML intensity of y-irradiated KCl crystals in- 
creases with their temperature, and follows the relation 


Tq: 
Ip X Ag | Ag, — | Ir dT = Ag exp (— En | KT) (12) 
T, 


The £ value estimated from ML measurements is 0:25 eV for y-irradiated KCl 
crystals. Itis known that the number of newly created dislocations for a given value 
of the applied stress increases with the temperature of the crystals (Akulov 1964; 
Schoeck 1956). It appears that the increase of ML intensity with temperature (after 
normalization for the decrease in density of the colour centres with temperature) 
is due to increase in the number of newly created dislocations. Thus, the factor Ep, 
should be related to the activation energy for the increase in the number of disloca- 
tions with the temperature of the crystals. 

The ratio of 77/17? decreases with increasing temperature of the crystals. The num- 
ber of retrapped electrons may decrease with increasing temperature of the crystals. 
Since 7; is mainly related to the number of re-trapped electrons, its decrease with 
temperature is expected. 

The factor £ is related to the rate constant of the decrease in the number of newly 
created dislocations with the number of application of the pressure. The increase 
in P and f, values with increasing temperature may be due to the change in the stress- 
strain behaviour with the temperature of the crystals. 

Because the ML in coloured alkali halide crystals occur during their plastic defor- 
formation, the ML may have great potential for dynamic studies of dislocation inter- 
action. The ML may provide a self-excited luminescence probe for the propagation 
of dislocation and may complement the techniques of defect luminescence where 
ultraviolet or cathode ray excitation can cause luminescence from defects formed at 
the onset of plastic deformation (Chandra et al 1975; Velendnilakaya et al 1975; 
Melton et al 1980). 
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Abstract. The Ising model with competing interactions is studied in a mean field 
effective medium approach. The phase diagram of such model alloys is studied. We 
conclude that for all ratios of the competing interaction moments, a spin glass phase 
always exists at low temperatures for certain concentration regimes. 


Keywords. Random magnetic alloys; spin glasses; Ising model, competing inter- 
actions. 


1. Introduction 


The phases of the quenched random alloy systems one of whose components is 
magnetic (the so-called spin glass alloys) have been studied in great detail (Edwards 
and Anderson 1975; Plefka 1976; Kaneyoshi 1976; Morita and Horiguchi 1976; 
Mookerjee 1978, 1979). At the origin of the spin glass phase, which all of these 
alloys show at low temperatures and low concentrations of the magnetic 
constituent, is the fluctuating RKKY interaction. Focus on binary and ternary 
alloys all of whose constituents are magnetic began about the same time 
(Matsubara 1974; Katsura and Matsubara 1974; Aharony 1975, 1978; Luttinger 1976; 
Eggarter and Eggarter 1977; Oguchi and Ueno 1979; Katsura et a/ 1979; Medvedev 
and Zaborov 1982a, b). Here the dominant interaction is the short-ranged direct 
exchange. The sign of this interaction is governed by the type of atoms occupying 
the two neighbouring sites. These interactions could thus compete with one 
another, having random signs, and a spin glass phase may occur in a concentration 
range where there is a transition from a ferromagnetic low temperature phase to 
an antiferromagnetic one. There are ample experimental evidences of the spin 
glass phase in these alloys. Menshikov et al (1981) have shown, in the experi- 
mental phase diagram spin glass and mixed phases in y-FeNiCr alloys. y-FeNiMn 
alloys with a high iron concentration have a state very similar to that of 
amorphous magnets, characterised by a developed short-ranged ferro- and 
antiferromagnetic ordering which changes to a long-ranged antiferromagnetic at 
a higher and a long ranged ferromagnetic at a lower iron concentrations 
(Menshikov and Teplykh 1977). In a FeNi binary alloy with 70:3% Fe, a drop 
in the magnetisation and asymmetrically placed hysteresis loop about the origin 
was observed by Rode eż al (1975) at low temperatures. This behaviour is peculiar 
to spin glass phases. In CrFe (Shull and Beck 1974) between 15 to 20 at % Fe *micto- 
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magnetic’ behaviour has been observed. Aitken et al (1982) have found spin glass 
behaviour with a susceptibility cusp at 8°K in a NiMn alloy with 26% Mn. They 
also report displaced hysteresis loops at 4°K in NiMn (22% Mn) in field cooling 
experiments. Low temperature critical neutron scattering in NiMn suggests that there 
may be spin glass type behaviour in certain concentration regions (Kuzmin and 
Menshikov 1979). But the spin glass type behaviour revealed in the alloy systems 
mentioned above may not be exactly identical to the canonical spin glasses (AuFe). 
In fact, Menshikov ef al (1981) in explaining their experimental phase diagrams of 
y-FeNiMn mentioned about the existence of non-collinear ferromagnets or more 
generally a mixed phase. In an earlier work (Mookerjee 1979) on canonical spin 
glasses, the probable existence of such non-collinear or randomly-canted phases was 
also indicated. 

In this paper we report the phases of such binary systems with mixed interactions. 
We shall adopt the mean-field, effective medium approach of Mookerjee (1978, 1979). 
We do not consider a homogeneous, but a species-dependent local magnetisation and 
local field distribution. Some of the complicated interpenetrating sublattice ideas 
] introduced by Katsura et al (1979) and Medvedev and Zaborov (1982a) are seen 
not to be essential to the physical understanding of the phases. The phase diagram 
obtained is qualitative similar to the studied mentioned above, but there are minor 
but not unimportant differences which we shall point out subsequently. It is also 
argued that our results are more in keeping with physical interpretation of the 
known experimental data. 


2. The local internal field 


We first consider a random Ising model where 


——— MÁÓ— PQÓ——4—ÓQÀt€€—— eR mem 


H=-4) X I(T uN SS; 
k#j 


here J is the direct exchange interaction, decaying fast with | rk — r;|. It is unnecessary 
to assume that J is nearest neighbour alone, that can be incorporated as a special 
case. However, J is random and depends upon the atoms at the sites r, and ry. 
In the binary alloy AB, it can take three values J A4: J 4p and Jg. 


The free energy is 


irum jen im mm tmt ttp ttd irit t 
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here c; are the random local magnetisations (S;> taking the values oA or oB depend- 
ing whether the site r, has an A or B atom. While the stable phases are found by 


minimising the free energy with respect to the local magnetisations. This yields a 
set of equations 


: ) 
> J^ [of — tanh (BhA) + > Ja? [oP — tanh (BhP) = 0, | 


Q) 
Pd. [o — tanh (BhA)] + 2 e [o — tanh (Bh) = 0, | 
since the J's are independent, this leads to 
c = tanh (B//*) and o? = tanh (BAD). (3) 
While 
hd => JA of + > IG? of and h? = y JA of + S IRF oF (4) 
j j j j 


are the random ‘local’ internal mean fields. 


Unlike the canonical spin glass alloys (Mookerjee 1978, 1979), the probability 
density of the local internal field depends upon whether the site is occupied by a A 


ora B atom. The correspondence is h? = oP — 0, if the atom B 1s nonmagnetic. 
We shall now proceed to evaluate the conditional probability density P A) of the 


local internal field at r;, provided the site is occupied by an A atom. Pgh?) follows 
in an exactly similar manner 


P4 (4) = 2 29 Pr (r,. ry D ô [4 — Jr —r,|) oj. 
j 


n. Fas] 


We assume first that there is no clustering or chemical correlations so that any atom 
can occupy any site with equal probability. The site r; is occupied by an A atom, 
while the remaining N — 1 atoms of which M, — | are A and N, = N — N, are B 
are distributed among the remaining N — 1 sites. In the thermodynamic limit 
N, — 1/N > c4 and N,/N— cg the respective concentrations of the A and B 
constituents. 


P4 hA) = Gr) f dk exp [ikh4] 2 » (1]N — 1) * 3 


Beds. 

fi 2 s[n D > IP of) ah | 
spp SufP oP yon) 

exp [~ ik (D II F0) + 2 100) ]] © 
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where f(x)=tanh(8x). We now replace the ô functions by their configuration averages 
(Klein 1968; Mookerjee 1978) so that the product term in (5) reduces to 


I P, (h}). 
j€&a,a—A,B 


À little algebra then yields 


P4 (4) Q7). [dk exp Gk) [1— 5, (^ — 0] 7! i m (9/( — 1] 


where | A(0-»| dit P (IL — exp (— ikI G4 SUY, 


F,() => f dh] PaAI — exp (— ik SOY (6) 


In the thermodynamic limit, 
A se A 
P AU.) = (22) f dk exp [iki — (c, F, + €p Fo). 


This is a complicated nonlinear integral equation. However, in case the spatial 
moments JL =5[J"" (R)]" decrease rapidly with n, we may expand the exponentials 
R 


in the F’s and neglect all J, n>3. The integral then can be exactly carried through. 
Mookerjee (1978) showed the validity of this procedure for the RKKY interaction, and 
a very similar argument can also be carried out for any interaction falling as R^", 
m 3. Inany situation, if /;, I4 etc are not negligible then we may estimate all the 
moments of the distribution. Instead of having the simple Gaussian form, as 
shown subsequently, we shall have a distribution with skewness and kurtosis. 

This yields 


Pg (hi) = (rJ E exp [— (d — eX IQ) (7) 


A AA AB 
where Jo = Cdi (R) + cgmg > J (R), 
R R 


A? AA? AB? 
If = 4142,7 + egg 2,7 (R), 


where m,—[o;] and q,— on] a=A or B, are the configuration-averaged Edwards- 
Anderson type order parameters for the A and B type ofatoms. Similarly we may 
obtain: 


Pp (IB) = QxJP)?9 exp [— (P — JEP IIP. (8) 
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The y and J i * are define as before replacing A by B at r. From (4), (7) and 
(8) we obtain the equations for the order parameters 


m 4 = Qm)? f dz exp(—1/2 2°) tanh B [(Tyym4 + Tramp) 
5 da tTa aa) z 

mg = Q)?^ f dz exp( 1/225) tanh B [(Tun 4) + (Tanp) 
+ (73, 44 + T2, 4p)* 2], 


q4 = Qn) f dz exp(—1/22?) tanh? B [(Tum4 + T mp) 


ar (T5 qA aS Ts Gp)” z], 


dg = (Qn) f dz exp(—1/2z*) tanh? B [(Tam4 + Tzamp) 


+ (Tis 4 + Tos 9p)” z], (9) 


where ke Eton, ` J*™™” (R) with aa’ = 1 for A, and 2 for B 
R 


and K* TÀ, = c, Y J** (R with n = 1 = a€ A, o'a” EAA, 
R 


- 


n = 2 = a€ B, a'a” CAB, 
n = 3 = a€ A, a'a” EBA, 


n = 4 = a€ B, a'a” EBB. 


3. The phase diagram 


Equations (9) form the basis of our analysis of the phases. To start with we study the 
paramagnetic phase boundary. Near the vicinity of this all the four quantities 
m4,mpg,q423ndqp are small, so that we may expand the tanh(x) and tanh?(x) 
functions in the integrand carry out the Gaussian integrals. This converts the 
complicated integral equations to tractable algebraic ones. 


Uy a zs ma + Ty, mg) — (1/379) (T3, m4 + Tj Mg 


— da (Ta M4 + Ta mp) (Th 44 + Th dp), E- 


- P.—2 E i = 
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1 
mg = zs m4 + Tos mp) — (1/379) (Ta m 4 + Too mg)? 
- (Tums + To mp) (Ts d A + T2544 p), 


1 1 
d4— m 244 ar Tj» p) ar En ma + Ty. mp)’, 


1 
9B = za Tes + Thap) + = (Ta 4 + Ty, Mp)”. (10) 


The above equations contain, as their possible solutions, an inhomogeneous 
situation where the A and B sublattices order at different temperatures. Such 
situations were also inherent in the earlier work of Katsura et a/ (1979). In such cases 
complex situations where the A and B sublattices order differently: e.g. the A atoms 
order ferromagnetically while the B atoms antiferromagnetically. In ordered crystal- 
line alloys this is a possibility. However, in the random alloys under study all 
experimental evidence points to unique Curie, Neel or spin glass temperatures, where 
the entire system orders in a particular way. The experimentally measured magneti- 
sation is a bulk average m=c 4m 4+cpmp and it is this which is the relevant order 
parameter. Moreover as this magnetisation vanishes at a unique Curie temperature 
T., we should seek solutions of the type 


mpg = n (T, c) m, and qg = p (T, c) q4: 


With this substitution, the set of equations (10) provide four equations for the four 


- unknowns M4, q4, n and p. A possible solution is m 4—q 4—0 (—mg-—45-—90). 


This corresponds to the paramagnetic phase. The non-zero solution for m A İS given 
by 
m^ — BT*(T* — 75, — uT;,)/GT* — 27;, — 25722] I(T — T — 01321 


TT, gm 2735] 
= DT*uT* — wT}, — TÀ)IGuT? — 275, — 20714 
[T — Tu x 1Ta)|T (Toa + 1T22)°] 


Suppose that at T., n= and u—jp., then T, is that temperature at which this 
other solution vanishes. The above expressions may vanish if either of the two 
terms in the square brackets vanish. We shall later show that the vanishing of the 
first term occurs in those concentration ranges where we have a paramagnetic to a 
spin glass transition. In those regimes where 7,7 7, these terms remain positive. 
Thus the equation for 7; is obtained from 


do e nels = "cT; = Tg — Nel 22, =0 
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Since q4 = B*(T3, + *3T43)? m4/(1 — B2(T3,+ 4T52)] qp also vanishes at the para- 
magnetic boundary. The above equation yields 


Te=4(Ty, + Ty) + i (Ta = T33)? ix ATi T3]. 


If T3575, — Ty,T29 > 0, then one of the above roots is positive and the other negative. 
The positive root gives the physical Curie temperature. For the nearest neighbour 
interaction we can show that the negative root is the negative of the Neel temperature. 
This can be easily seen if we rewrite the Hamiltonian in terms of the staggered spins 
H-—4z— J(R,)S, S. For nearest neighbour interaction each J5—2Z/J is replaced by 
— Jy = — ZJ and the expression for Ty is Ty = — $ (Ta + T) F$ [Toe — Ty)? 
+47, TQ,]1?. The positive root of this has exactly the same magnitude as the 
negative root of Te. For longer ranged forces, the Ty obtained from the negative 


root of Ts is not the Neel temperature and Ty has to be calculated from the Hamil- 


tonian expressed in terms of the staggered magnetisation in a similar way. 

In case 7;575, — T,,755— 0, there is no negative root. The lower positive root 
has no physical significance and there is no antiferromagnetic regime. 

For the spin glass boundary we must have m4 = 0, but q4 #0. Such solutions 


are possible provided 
Ie (T5 = Iu T 52) A Taku = T5 = Mal 4 = 0, 
so that — 72 = 4(T3, + TA) = $ [Ta — T3)? + AT44T esl”. 


For the spin glass transition only the greater positive root has any significance. A 
spin glass transition from the paramagnetic phase will be observed only in those 
regions where the T, lies above T, or Ty. In the regions where this is not so the spin 


glass temperature T, has no physical significance, as the small q expansion itself 
becomes invalid.. 

In another regime, i.e. T=0, equations (9) also reduce to soluble algebraic equation. 
tan h (x) > 2H (x) — 1 where H (x) is the Heaviside step function, so that 


m4 — $ (Ta + 273) m4K 21, + Te), q4 = L (13) 
qm 4 = à (Tu + 1T) m4] V Tas + Ta^]; » = 1, 
where ¢(x) is the error integral function. Equation (13) assume even simpler form 
in the neighbourhood of the spin-glass-ferromagnetic transition where m4 is small 
and $(x)=(V 2/m) x exp (— x°). Using this expansion for small m4 we obtain one 
root m ,—0, this is relevant to the spin glass phase. Another non-zero solution 


m= [(a;4- na) — V Ar] [V Yr (+ naa)? = [s+ 524) 


— qV u|2 | V «[2 (ag + q24)]- 
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At the spin-glass, ferromagnetic boundary this second solution vanishes. This leads 
to an equation for the critical concentration after elimination of 7: 


F (e) = (Vv — a) (V4 — ay) — aya; = 0, (14) 


and a4— Ty] [A(T75 + T24)] ? 


At c, = l, F(c) > 0 and m, 7 0, this is expected since we do expect a ferro- 
magnetic low temperature phase for the pure ferromagnetic A constituent (J 44 > 0. 
However, for different values of the three couplings J 4 4, J 45 and Jpp (14) provides 
a simple equation for the determination of Cp. 

In the nearest neighbour interaction case the determination of the spin-glass anti- 
ferromagnetic boundary is exactly similar to the above and we have to replace the f 
Jaa’ by — Jaar: y 

In the remainder of the c-T plane we cannot obtain such simple solutions, but i 
knowing the solutions at the paramagnetic boundary and the T=0 line, we may 
y iteratively solve the integral equations (9) and fill out the phase diagram. 


a,—Ty (T+ Tes); a3 Tys| [2(T51+ Tiss); a5— Ta 2T +T)", | 
i 
t 
t 
I 
| 


4. Results and discussion 


We display two model cases: a symmetric one with J 447 l!» J45—0:8 and /5g——1 
(in arbitrary units, k 5—1) and a asymmetric case with J 4 ,— 1, J 45—2, Jgg=— 6. In f 
each of the cases we take three possible ratios K, |J, ,—0:65, 0:75 and 0:8 aa i 


EM 


H 

| 
| = dR)" and K2, = » J*(R)**]. The phase diagrams are displayed in figures 1 
H R R ! 
| to 3. | 
1 Let us first discuss the symmetric case, and compare the phase diagram of a similar 
H case discussed by Katsura ef al (1979). Qualitatively the two are very much a like. 
i However, there are several differences. In our case the paramagnetic-spin glass | 
i phase boundary i.e. 7,(c) is dependent on the ratio K/J. This is to be expected, since | 


the K's determine the spread in the distribution of the internal field, which is finally 
responsible for the spin glass phase. For the ratios 0:8 and 0-75 in a concentration 
range around c—0:5 this curve lies above either the para-ferro boundary 7;(c) or the 
para-antiferro boundary Ty (0). In both these cases, therefore, there is a possibility of 
transition from the paramagnetic to the spin glass phase at these concentrations. 
For the ratio 0:65 (and all smaller ratios) the 7;(c) lies totally below the T.(c) and Ty(c) | 
curves, and therefore we do not expect a direct transition from the para to the spin | 
glass phase. This is to be compared with figure 1 (b) of Katsura, where the ratio is | 
apparently 0-5. Here too, the spin glass boundary lies below T, and Ty, but it appears | 


to be independent of c. Moreover, Katsura's Te, Ty curves when extrapolated do 


not pass through 0 and 1, an exact feature of our solutions (11) and (12).. 
In such a case the question arises: is there a spin glass transition ? Katsura’s answer 
seems to be that the spin-glass phase is not realised. However, if one examines the 
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Temp. (arb. scale) 


a4 


Concentration 


Paramagnetic 


Temp. (arb. scale) 


[9] 0:5 1:0 
Concentration 
Figure 1. Phase diagram for k/J ratio 0:8 (a) Jy, — 1, bras —2,Jgg — — 6 
©) J44 = 1, J45 = 08, Jpg = — 1. 


T=0 solutions, we see that in the concentration region between c= 0:44 and 0:56 the 
only possible solution is a spin glass with g—1, m=0. We can therefore surmise 
that at low temperatures in these concentration regime there is a spin glass region. 
Its upper boundary is not the curve 7,(c), as at the actual boundary q will not be 
small and the approximations involved in deducing 7, will be invalid. However, 
this boundary may be found from the numerical solutions of (9). We may thus have 
a transition from a ferromagnetic to a glassy phase as we lower the temperature at 
these concentrations. There are several experimental evidences of such transitions 
(Mookerjee and Roy 1983). 

For the ratio 0-8, no Jong-ranged ordered solution is possible at 7—0, except at 
c—0 and 1. Thus the spin glass phase occupies the entire concentration regime at 
low temperatures. 

Note that if instead of the approximations taken at 7—0, we had done a numerical 
solution at 7—0, the spin glass phase would still occupy a very large portion of the 
concentration range. A preliminary work done subsequently indicates that at T=0 
spin glass phase spreads over c} <C< ca where c,~0-9 and c,~0'1 for k/J—0:8. A 
similar situation was reported by Medvedev. 
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ü 
~~ 


Antiferro 


Temp. ( arb. units) 


"v 


| 
| 
l 


Temp. (arb. units) 


0:5 
Concentration 


a 


Figure 2. Phase diagram for the k/J ratio 0:75 (a) J44 = L Jas = 2, TBB = — 6 
(b) J44 — 1, J4g — 08, Jpg = — l — 


mind orte Lia 


The physical reason behind this may be the following: what really drives the break 
down of the ferro (or antiferro) magnetic phases and transition to a spin glass phase, 
even for very small concentrations of the B (or A) atom is the large spread of the 
distribution of the local molecular field. The spread or standard deviation of the local 
molecular field is measured by K and the mean by J, so for ratios K/J~1, the spread is 
large compared with the mean, and large deviations away from the mean are probable. 
This may be responsible for the large spread of the spin glass phase. However, in 
any realistic systems such large ratios may not be realisable (e.g. RKKY simple cubic 
case quoted in paper I, K/J ~ 0:08 and nearest neighbour simple cubic K/J = 0:4 so 
that the question may remain academic or mathematical one. 

The asymmetric case does not provide any new features other than the ones already | 
described, although the shapes of the boundaries are quite different. | 

From the qualitative similarity of the phase diagrams with that of Katsura's it is 
obvious that corrections to the simple mean field (e.g. Bethe approximation) will not 
yield any essentially new feature. A 

We have thus examined the phases of a random Ising model with competing inter- 
actions. We assert that a spin glass phase always exists, definitely at low temperatures 
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Temp. (arb. units) 


[9] 0-5 1.0 
Concentration 


Temp. (arb. units) 


Concentration 


Figure 3. Phase diagram for the K/J ratio 0:65 (a) J44 = 1, Juz —2, Jgg = — 6 
(b) J,4 — 1, Jap = 0:8, Jg = — 1. 


for some concentration range; although a direct transition from a paramagnetic to 
the glass phase may not always be possible. This is at variance with some earlier 
studies (Katsura ef al 1979), who maintain that a glassy phase is only possible for 
particular ratios of J AA Tap and Jpp- Generalisation to the Heisenberg model will 
not only involve replacing tanh(x) by the Brillouin functions Bs(x), but will also 
introduce instead of one glass order parameter q, two parameters 4, and q fr We shall 
study the Heisenberg model in a further communication and elaborate more on the 
mixed phase reported by many experimentalists (Eggarter and Eggarter 1977; 
Mookerjee and Roy 1982). 
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Specific heat at low temperature due to negative U centres in 
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Abstract. The negative U-Anderson model is considered and energy spectrum is 
obtained using the Gorkov's decoupling scheme for one-electron Green's function. 
The correlation of localized electron pair (bipolaron) is explicitly taken into account 
in this scheme. The electronic specific heat of disordered solids with negative U- 
centres and having a distribution of negative U is then calculated. At low tempera- 
ture the specific heat shows linear temperature dependence, and this linear T-term is 
a combined effect of distributed U and of the existence of localized electron pairs. 


Keywords. Negative U centres; bipolaron; specific heat; disordered solids. 


1. Introduction 


Many amorphous solids exhibit linear temperature dependence of specific heat at low 
temperature. The origin of such behaviour of specific heat is related to the existence 
of distribution of level separation of two-level energy states which are assumed to be 
associated with the relaxation of amorphous structure (Anderson et a/ 1971, Philips 
1972). In this paper it is shown that a similar behaviour of specific heat (C,~T) can 
arise in distributed negative U-Anderson model (Anderson 1975) due to strong 
correlation between localized electron pair (bipolaron). The concept of negative 
intrasite electronic correlation and its relevance have been discussed by Anderson 
(1975, 1976). The attractive nature of interaction appears due to strong coupling 
of localized electronic density with the phonon. It has been argued that the negative 
U-Anderson model could explain some of the experimental results in amorphous 
chalcogenides (Chakraverty et al 1976)—in particular the pinning of Fermi level 
(Anderson 1975, Natoli et al 1978). We have earlier demonstrated that the pinning 
of the Fermi level in this model is due to strong correlation between spin-up and 
spin-down localized electron pair (Natoli et al 1978). For negative U, the pairs are 
the natural choice of ground state of the system and the theory of negative 
U-Anderson model must consider this correlation. As pointed out earlier (Anderson 
1976-1979), negative U instead of taking single value, has a distribution in the 
disordered system. In this paper, the electronic specific heat has been calculated 
for the system described by negative U-Anderson model. (Anderson 1976, 1979). 
The electronic specific heat has been calculated in this paper for the system 
described by the negative U-Anderson model. 
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2. Model and calculation 


The electronic Hamiltonian for centres with attractive intrasite interaction can be 
written as (Anderson, 1975) 


Te » (t, — p) fi, — 2 U, fi, f, (1) 
Hi 


i, o 


where f, and U, are respectively the single-particle energy and the effective interaction 


at the ith site. The electron number operator fi, = C}, cj, and p is the chemical 


potential. The hopping between different centres is neglected. The one-electron 
Green's functions are (Natoli et a] 1978) 


«i d) = 5 I e 4 | and (<i, eo? 


w — Wi €) — €. 


=4'| rl } Q) 


w— w}  Q — w 


where — o, = U, (nj, — Mg) + wo; o = } (Qt — p — U n} +4 UR Q) 


n, is the average number of electron per centre. The respective spectral weight at 
energy level w, are : 


+ (ti — Un, — * 
y oe UCL ee rs BASS 
Wy — W_ (OE 100: 


(4) 


The quantity a = (cis c; ,» and is a measure of correlation of localized electron 


pair. In deriving the Green’s functions, we have used the Gorkov’s decoupling 
procedure in order to retain the pair correlation a which is non-zero here. The 
electron number 7 for paramagnetic case is given by 


n= [ EE Uh (ay) (5) 


w0 
and a satisfies the equation 


1 = s tanh (Bw,/2). ; (6) 
wo 


The subscript i has been dropped from the above equation as the centres are inde- 
pendent in the absence of the hopping term. For non-zero a, (5) and (6) predict 


=t -7 for all (0<n<2) (Natoli et al 1978). 
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As a is finite for negative U, the pinning of Fermi level is the consequence 
of the presence of localized pair. Using these results the entropy per centre with 
definite U is 


S(U)= — 2k [f (e) Inf (wo) + (1 — f (99) In [A — f (99); C) 


where f (wo) = [I + exp (8«9)]-* 
and ey y U; y= [(1 — n? + 4 a3]!j2. 


Assuming that in amorphous solids U has a distribution over a certain range 
(say Up) the total entropy becomes 


U, 
S= f S(U) P(U) dU, (8) 
0 


and the specific heat per negative U centre is 


Xo 


E i: sech? (xy/2) 
T D [^ A rese | 


exp (xy) oe 5 
(EL ex To ENS d 


with x=ßU, and P(U) is the distribution function for U. In deriving (9), (6) is used 
to find dog/dT. As T>0, y tends to 1/2 for 0n «2 and X, can be replaced by œ as 
the integrand decreases fast for large X. For constant density of distribution P(U) 
=P, for U<U, and 0 otherwise, the specific heat 


C, — ET Poh 


where Jy is the value of the integral in (9) with Xy— oo. Thus the specific heat at low 
temperature varies linearly with T. It is also possible to make a reasonable estimate 
for any other distribution. Physically, it is expected P(U) would decrease rapidly 
as the magnitude of U increases. As the main contribution to integral in 
(9) comes from small X-region where variation of P(U) may not be significant, C, 


can be approximated as 


C, & TPO h 


u 


where P(0) is the probability distribution at U = 0. 
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Figure 1. Energy level diagram for negative U centre at T = 0^K. The energy is 
measured from Fermi level taken as reference. n and 2-7 are respectively spectral 
weight where n is the average number of electron/centre. 


3. Conclusion 


The linear temperature of specific heat can be understood physically from the energy 
evel considerations. In the presence of correlated localized pair (240) the one- 
electron energy levels measured with respect to Fermi level are at + U/2 with spectral 


weight (2 — n) and — U/2 with weight n (Natoli et al 1978) (figure 1). In the case of 
distributed U ranging from zero upto some finite value (U,-say) the energy levels j 
spread from Fermi level in continuous fashion leaving no energy gap between 
occupied and empty states. Such an energy level structure of Fermion is known to 
produce linear T dependence of specific heat. It is to be noted that this contribution 

{ 


- to specific heat is electronic in origin. In conclusion, the distribution of U in negative 
region and existence of correlated pair can be another source of linear 7-term in 
specific heat in disordered solids. 
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First passage time and escape time distributions for continuous 
time random walks 
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Abstract. We consider an arbitrary continuous time random walk (cTRW) via un- 
biased nearest-neighbour jumps on a linear lattice. Solutions are presented for the 
distributions of the first passage time and the time of escape from a bounded region. 
A simple relation between the conditional probability function and the first passage 
time distribution is analysed. So is the structure of the relation between the charac- 
teristic functions of the first passage time and escape time distributions. The mean 
first passage time is shown to diverge for all (unbiased) crRw's. The divergence of 
the mean escape time is related to that of the mean time between jumps. A class of 
CTRW’s displaying a self-similar clustering behaviour in time is considered. The 
exponent characterising the divergence of the mean escape time is shown to be(1 — H), 
where H (0 < H < 1) is the fractal dimensionality of the crRw. 


Keywords. Continuous time random walk; first passage time; escape time; fractal 
random walks. 


1. Introduction 


The study of first passage times and times of escape from a given region (exit times) 
in random walks and diffusion processes finds application in a variety of physical 
problems (Montroll and Weiss 1965; Montroll and West 1979; Hànggi and Talkner 
1981). Recently, the subject has evoked interest (Seshadri and West 1982) as a 
means of characterising fractal random walks (Hughes et al 1981, 1982). A vast 
literature exists on the classic first passage time problem for a variety of Markov 
processes (Pontryagin et al 1933; Darling and Siegert 1953; Stratonovich 1963; 
Weiss 1966; Montroll and Weiss 1965; Montroll 1969; Goel and Richter-Dyn 1974). 
The extension of such results to non-Markov processes in general, and to continuous- 
time random walks (CTRW's) in particular, would enable one to apply them to more 
complicated physical situations that incorporate, for instance, strong memory effects. 
This is the task carried out in this paper. Allthe known results for the Markov case 
are of course recovered as special cases of our general solutions. Some of the results 
obtained below for general CTRW’s (specifically, results for the mean first passage and 
escape times) have also been found by Weiss (1981) in a different form (viz. formal 
expressions involving infinite sums) using the generalised master equation for a 
CTRW, assuming that the first waiting-time distribution is identically equal to the 
waiting-time distribution specifying the renewal process (that is, crRw). We do not 
need this restriction in our approach. 


We first obtain an exact solution for the characteristic function Q of the first 
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passage time distribution Q (m, t | mg) for a general continuous-time random walk on 
an infinite one-dimensional chain by two different methods. (For simplicity, we 
consider a symmetric walk via nearest-neighbour jumps; m, Mo denote integers). In 
the first method, we construct an explicit solution for the conditional probability 
P(m, t | m,) for an arbitrary CTRW on an infinite chain and then use the reflection 
principle for symmetric random walks to obtain the first passage time distribution. 


The second is a direct ‘first principles’ calculation of Q. Next, the mean first passage 
time is shown to diverge for all CTRW's, as one would generally expect for a symmetric 
random walk on an infinite chain. Considering the entire class of CTRWw's, we then 
show that there exists a certain simple relationship between Q and P, namely, 
Q (m, t| my) = | m — m, | P (m, t |mo)/t, only when the pausing time is exponen- 
tially distributed, in which case the random walk is a Markov chain. Surprisingly, 
however, there are even more general types of temporally correlated random walks 
for which this relationship is valid, and we present an explicit example of this. 

We then consider the distribution of the time of escape from a given region (the 
'exit time") and derive a compact expression for its characteristic function using the 
method of images. We show that the mean escape time from a bounded domain for 
a general CTRW is finite only when the first moment of the pausing time distribution 
exists. In this sense, even though the positional probability density spreads out in 
time from an initial sharp distribution, no long range diffusion can be said to occur 
for a random walk involving a pausing time distribution with a divergent first moment 
(7.e., mean residence time at a site). 

Finally, we turn to ‘fractal’ random walks, i.e., walks which exhibit self-similar 
clustering. One such class is obtained in the case of a pausing-time distribution 
that is an infinite superposition of suitably-scaled exponentials (Shlesinger and 
Hughes 1981). For such ‘temporally fractal random walks, we show that the mean 
escape time diverges with an exponent that is related to the fractal (Hausdorff-Besico- 
vitch) dimension of the walk. The scaling of the mean escape time thus provides a 
convenient index of the fractal dimensionality associated with the walk. 


2. Formulas for the first passage time distribution 

2.1 The Siegert equation 

Let P(m, t | mp) denote the probability of finding the random walker at site m at time 
t given that she started from m, at time t = 0. Let Q(m, t | my) dt be the probability 
of reaching m for the first time, in the time interval (4, t + dt). For a temporally 


homogeneous Markov process, P and Q are related via the Siegert equation (Siegert 
1951; Darling and Siegert 1953) 


: t 
Pm, | mp) = J P(m,, t — t' |m)Q(m, t' | mg dt’, (mo <m<m,). Q) 
0 


Hence, in terms of the corresponding Laplace transforms (denoted by a tilde), 


Qm, u|mg) = Pm, u | mo)/PQm, u | m), (mo < m < my), (2) 
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where u is the transform variable. Using this simple relation, the first passage pro- 
blem on finite or infinite Markov chains with specific reflecting or absorbing boundary 
conditions has been studied in detail (Darling and Siegert 1953; Goel and Richter-Dyn 
1974; Montroll and West 1979; Khantha and Balakrishnan 1983). Equation 
(1) is based on a renewal principle that is not valid for non-Markov processes. In 
such cases, the first passage time problem must be solved by other methods. 


2.2 The method of images 


The problem of a first passage to the point m from a point my < m on an infinite 
chain is equivalent to that of a random walk in the restricted region (— co, m) with 
an absorbing barrier at m. Q(m, t [ mg) is given by (Montroll and West 1979) 


m-i 


d , 
Q (m, t| m) = — m > Pm (m', t| mo), (3) 


m = — ò 


- where Pm (m', t | mo) is the conditional probability of finding the random walker at 
m' at time t starting from 7n at t = 0, in the presence of an absorbing barrier at m. 
By invoking the method of images (Chandrasekhar 1943; Feller 1966; Montroll and 
West 1979), P, (m', t | mọ) can be easily determined from P (m', t | my) (the solution 
for random walk on an infinite chain) according to 


Pm (m', t | mg) = P (m, t| m) — P Qm — m', t| my). (4) 


If we assume (without loss of generality) that the random walker starts from the 
origin, we have the formula (for m z 1) 


m-—à1i 


d " ' 
Q (mro - 2 > [P (m', t|0) — PQm—m',t|O}. 6 


Making use of the initial condition on P, the characteristic function Q is then 


m-—i 
O (m, u|0) = 1--u 5 [P 2m—m', u|0) — P (m', v|0)] (m21). (6) 


m =- o 
We shall use this in the next section. 


2.3 A direct method 


There is an alternative way of obtaining Q (or Q) directly. This is closely related to 
the route we follow to calculate P (or P) itself. The jumps of the random walker 
may be regarded as being caused by a random sequence of pulses with a specified 
distribution. The actual location of the walker at time t depends only on the number 
of transition-causing pulses or ‘steps’ executed in the time interval t. Let W(n, t) be 
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the (normalized) probability that n pulses have occurred in (0, tf). Let p, (m) be the 
probability of reaching the point m from the point 0 in n steps. Then 


oo 


P(m,:1|0 = X W (n, t) p, m. (1) 


n=0 


For the case at hand, 


n 
| (=) 2-"ifn=mmod2andn >|m|, 
py (m) = 2 


| 0 otherwise. 


(8) 


The problem then reduces to specifying (or computing) W(n, t) in a given physical 
situation and then performing the summation in (7) (Balakrishnan and Venkata- 
raman 1981). 

With the help of a simple geometric argument (again related to the reflection 
principle), it can be shown (Chandrasekhar 1943) that the probability of reaching m 
from the origin for the first time in precisely n steps is (| m| |n)p,(m). Let a(n, t) dt 
be the probability that, starting at t = 0, the nth pulse occurs in the time interval 
(t,t + dt). Then it is evident that 


LI 


Qt, 11) = "Yo, 0 H pim). (9) 


n 
n=0 


As before, then, the problem amounts to specifying (or computing) m(n, t) and then 
carrying out the summation. For the characteristic function Q(m, u|0), the transform 
m (n, u) occurs on the right in (9). We shall compute 7 (n, u) and evaluate the sum for 
a general CTRW in the next section. 


3. Continuous time random walks 


3.1 Calculation of W and P 


A CTRW on the infinite chain occurs when W(n, t) is generated by a renewal process. 
The latter is specified by a normalized pausing time density y(t): if a step (event) has 
occurred at time fy, the probability of the next one occurring in the interval (tg +1, 
fy + t +dt) is W(t) dt. Starting from an arbitrary origin ¢ = 0, the first pausing 
time distribution y(t) could, in general, be distinct from ¥(¢), and may be specified 
independently. For an ongoing equilibrium renewal process, Jg is related to V 
according to + Jalu) -1— d (u), where ris the mean time between successive 
events (i.e., the first moment of V (1)) (Feller 1966; Cox 1967; Kehr and Haus 1978; 
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Balakrishnan 1980). Itis seen easily that, among such equilibrium renewal processes, 
V, = y if and only if y(t) is the exponential density À exp(—àt). (W(n, t)is then a 
Poisson distribution and the random walk is a Markov chain). In general, however, 
physical applications may correspond to ordinary renewal processes rather than - 
equilibrium ones, and the choice of y may be dictated by physical considerations. 


For example, in the application of crrw theory to hopping conduction in amor- 
phous media (Lax and Scher 1977), the correct prescription happens to be y(t) = F 
3 Y(t), even though V(£) is not an exponential density in that problem. We shall work : 
t a with an arbitrary normalized density V, (t) in what follows. 
Corresponding to the pausing time densities ¥,(t) and J(t), we have the ‘survivor 
functions ' (or holding-time distributions) 
Li t ? f 
polt) =1— f de’ dt), p(t) = 1— f deu? (10) 
0 0 
Then, clearly, 
W(0, t) = po(t), | 
t t 
W(n, t) — dt, ... f dt, p(t—&) Wirta) = lot) Yo (4) A AD 
0 0 
(n > 1). 
Hence W(0, u) = w? -— bo (u)] 
(12) 
Wn, u) = u po (u) [L— p WD] HOI", n >l. 
f 
The Laplace transform of the conditional probability, P(m, u | 0), is then found by : 
inserting (12) and (8) in (the Laplace transform of) (7. A summation of the type ; 
> x" p, (m) arises. Using the result given in the Appendix, we obtain finally > 
= ; 
p P (m, u |0 = “(1 — E 8,0 
i y 


Sie Yo (ES D Pee (m= 0, + 1, +2, e). (13) 
uy (1 — J2yu? 4 


.This is a special case of the more general result found elsewhere (Balakrishnan and ras 
Venkataraman 1981). It is convenient to introduce the variable - . 


é (u) = arc sech % (u). 
P.—3 
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Then P has the compact form 


P(m, u| 0) = (1u) ( i= >) e 


4 (Gol) tanh (£/2) exp (— |m | | (m — 0, + 1, ...) (15) 


3.2 Calculation of Q 
Substituting the result (13) in formula (6) obtained by the method of images, we get 
after simplification, 
~ nt = a "m 1,27] m ~~ 
Q (m, u|0) = (2) [LL = (Vli) exp (— mé), (m > 1) 
y y 
(16) 


This is the characteristic function of the first passage time distribution for an arbit- 
rary continuous time random walk via unbiased nearest-neighbour jumps on an in- 


finite chain. As both y(t) and (t) are normalized, 4,(0) = 4 (0) = 1; hence 
Q(m, t | 0) is properly normalized; its integral form t = 0 to oo is equal to unity. AS 
the random walk is unbiased, it is evident that Q(m, t | 0)=Q(—m, t | 0), so that the 
exponent in (16) may be replaced by |m|, making the result valid for all non-zero m. 


3.3 Direct calculation of 7 and Q 


Considering the definitions of W(n, t) and Sd t) given in $ 2.3, it is evident that, for 
a renewal process, 


t 
Wn, t) = fara (n, t) p (t — t’), (n > 1), (17) 
0 


where p(t) is the holding time distribution defined in (10). Hence, 


z (n, u) = d, (u) WW)" (n > 1). (18) 


If this is substituted in (the Laplace transform of) the * direct ' sc of (9) for Q, 


we are left with a sum of the type 2 y p, (m)[n. It is easily seen that | pu) |< 1 for 
all Re u > 0, so that the result given in the Appendix may be used to obtain 


(m, u|0) = (S[-ezP"]" - ib oxo Into (19) 


form = +1, +2, ..... 
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3.4 Mean first passage time 


The mean first passage time from the origin to the site m is equal to 


z 
oo 


(t(m)) = Í t Q (m, t |0) dt 
— [8 Q (m, u| 0)/ðu]u=0 (20) 


as Q (m, t|0) is already normalized to unity. Using (19) we find 


<t(m)> ~ en a — Jy = Q1) 


u—0 


for all symmetric continuous time random walks on an infinite chain.(The special 
case ij = AJ(u + à) corresponds to Polya's classic result (Polya 1921)). 


3.5 A simple relation between P and Q 


As stated earlier, W(n, t) is a Poisson distribution and the random walk is a Markov 


chain when jy =  — A exp (— At). The transforms P and Q can be inverted 
in this case, to yield the well-known results (Feller 1966) à 


P (m, t|0) = exp (— A t) Im (Àt), | 
CD 


Q (m, t|0) = |m! t exp (— Àt) In (àt), 


where /,, is the modified Bessel function of order m. For this simplest of random 
walks, therefore, we have the interesting connection 


Q (m, t|0) = (|m|/t) P (m, t |0). o = 


Are there other random walks for which this relationship is satisfied? 
Equation (23) is equivalent to : 


2 Qn u|0) + |m] Pe u0 =0 


for m = +1, +2, .... Using (13) and (19) for an arbitrary CTRW, we fini 
(24) requires that © E 


< In (GÀ) + Imt EC 
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only by the functional form y(u) = A/(u + A), i.e. only in the Markovian case speci- 
fied by (22). 

Remarkably enough, there do exist random walks that are even more strongly 
correlated (temporally)-than a CTRW, and which display property (23). An explicit 
example is provided by the geometric distribution (Balakrishnan 1981) - 


W(n, t) = AD" + Ary". (26) 


This is not a CTRW (or renewal process), and we cannot write (17) connecting W(n, t) 
and x(n, t) in this case. (Roughly speaking, the pausing time density y may itself 
be n-dependent in such cases.) The explicit solution for P(n, t| 0) now reads 


P(m, t | 0) = (1 + 222)? Qut)! [1 + At + (1 + 2Aa0)2]-ml. (27) 
The method of images then yields the result 
Q(m, t | 0) = [m|t P(m, t| 0) (28) 


where P is given by (27). Indeed, one can show that if W(n, t) oc x" (t), with no fur- 
ther dependence on n, then property (23) is valid only for the functional form x(t)= 
At/(1 + At), which is equivalent to (26) on taking into account the normalization 
of W(n, t). The classification of a// random walks satisfying relation (23) between 
P and Q will be dealt with elsewhere. 


4. The escape time distribution 
4.1 General formula for O(+ m, t | 0) 


We now turn to the problem of the escape of the random walker out of the region 
(— m, m), starting from the origin at f = 0. This is equivalent to considering first 
passage through either — m or + m, and involves the solution to a random walk on 
the set (- m, ..., + m) with absorbing barriers at both ends (eg. see Montroll 
and Scher 1973). Let Q (+ m,:|0) denote the desired first passage time distri- 
bution, and 2, (m', 1|0) the conditional probability for the random walk referred 
to. Then (Montroll and West 1979) 


ce) 
Q(m,t|0) = -$ Pan m, t| 0) (m > 1), (29) 


m'—-—(m-—1) 


for the sum is just the probability that the random walker has survived. without 
absorption at either of the barriers till time t. $?,,, may be found once again by the 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


CM WI 


-— 
x 
H 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
First passage in continuous time random walks 195 


method of images. As there are two barriers, the number of images of the interval 
is infinite, and we have 


oo 
9, (m, t|0) = > [P(m' + 4nm, t | 0) 
n-—-—o 
— P(— m' — 4nm — 2m, t |0)]. (30) 


Using the symmetry properties of P, this may be simplified to yield 


(n—1) co 
Q(4 m, t|0) = — x (—1)" P(m'+2nm, t | 0). (31) 


m'——(m—1) n--—coo 


This is the formula desired. Its form may be compared with that of (5) for first 
passage from the point 0 to the point m on an infinite chain (a problem with a single 
absorbing barrier). 


4.2 Calculation of Q(4- m, t| 0) for a cTRW 


For an arbitrary CTRW, P is given by (15). Inserting this in the Laplace transform 
of (31) and carrying out the summations involved, we get (after a considerable 
amount of algebra) the very simple answer : 


OC m, u|0) = (hol) sech (m2). ; (32) 


Here sec h é= i. as already defined (equation (14)). This is the result required. As 
the right side of (32) tends to unity as u —0, the distribution Q(-- m, t| 0) is also 
normalised to unity. es 

A comparison of (32) with (16) for the characteristic function Q (m, u|0) of 
the first passage time distribution shows that (setting Vo = ¥) 


Ol m, u| 0) = 20 (m, u40) / [1 + Gm, u| 09). £2103) 


The structure of this result suggests the following interesting connection between the 
escape time distribution and the distribution of the time of first passage to either end 
of the region of interest, i.e., + m, in the absence of the other barrier. Owing to the 
symmetry of the problem, we have already seen that Q(m, t|0) = Q(— m, t|0). 
For brevity, let us write Q,(t) for Q(4- m, t| 0), Q«(t) = Q(m, t| 0) Q-(t) — 
Q(— m,t|0). Then (33) can be recast as 


Q,G) = Q4 + 9-02 + O-[( + 0.02 


= O igt (u) + Qin (u), 
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where Q ight (t) is the probability per unit time of absorption at + m in the presence 
of the other absorbing barrier at — m, with a similar interpretation for Qy.g (f). We 
have solved the problem under consideration for biased random walks as well 
(Khantha and Balakrishnan 1983a), and equation (34) continues to hold good in 
that case. These matters will be elaborated upon in the paper referred to above. 


4.3 Mean escape time 


As in the case of the mean first passage time (equation (20)), the mean time of escape 
from the region (— m, m), starting from the origin, is 


oo ) 
t GE m)» = f dt Q (+ m, t10) dr | 
0 (35) 


=— (a0 (cis m, u|0)/2u]u—o- | 


For a CTRW, Q (+m, u|0) is given by (32). It turns out that the derivative 
required in (35) is finite (see below) when the mean residence time 7 at a site is finite 
—that is, when the Laplace transform of y(t) has the small u expansion 


Ju) œ 1 — ur + (higher orders in u). (36) 
In all such cases, we have (taking yọ = ¥ for simplicity) 
(t (m) =m r. (37) 


The Markov case y(t) = à exp (— At) thus yields ¢t(+ m)» = m?/A, as is known 
(Seshadri and West 1982). 

It is interesting to examine <t (+ m)) when the pausing time distribution has a 
long tail (does not fall off like an exponential, or a finite sum of exponentials) (see e.g. 
Shlesinger 1973). Such distributions are necessary to explain anomalies in charge 
transport phenomena in amorphous solids (Scher and Lax 1973; Tunaley 1976; 


Montroll and West 1979). In these cases, du) has in general a small u expansion of 
the form 


b(u) e 1— n + su + higher orders, (38) 


where 0 — a < l1 and B >a. The mean residence time is evidently infinite in all 
these instances. Using the asymptotic expansion (38), we find (recalling that 


£ = sech! Y) the expansion 

exp (— é) = 1 — Qr)? ue? + Ou’), (39) 
where y = Min (a, B — a/2). “This leads to 

Q (+ m, u|0) = 1 — m? rut + higher orders in v, (40) 
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and hence (remembering that a < 1) . 
(t (+m) — oo. (41) 


This is the reason (i.e. a divergent mean time for escape out of a bounded region) why 
we stated in § 1 that such pausing time distributions do not lead to a true long range 
diffusion of the random walker. This is reinforced by the fact (Khantha and Bala- 
krishnan 19832) that the foregoing conclusions are not altered by the inclusion of a 
bias in the random walk. 


4.4 Temporally fractal random walks 


When the pausing time distribution J(/) has no finite first moment, the mean time 
between the jumps of the random walker is infinite, and there is no finite time scale 
in the problem. This is a necessary condition (but of course not a sufficient one) 
for a self-similar clustering or fractal behaviour (Mandelbrot 1977) of the epochs at 
which jumps occur, as described by the distribution W(n, t). A class of such proces- 
ses that is within the purview of CTRW's is provided by the (normalized) pausing time 
distribution (Shlesinger and Hughes 1981) 


W(t) = — > (a b exp (— À &* t), (42) 
k=l 


where 0 < a, b < 1, and 2-1 is a positive constant with the dimensions of time. This 
expression is an infinite superposition of exponentials in which the jump rate A b* 
occurs with a probability proportional to a*. The mean residence time is 


= 3 = (=a) = k 
E 1 W(t) de= = 2 em. (43) 


so that 7 is infinite if a >b. If this is so, there is no finite time scale in the problem. 
The long-time decay of such a *frozen? process is governed by a power law when 
a >b, i.e. 


u(t) = O (t-1-9) (44) 
where H is a positive number to be identified shortly. Equivalently, the Laplace 


transform of J(t) is not analytic at u = 0, and can be shown (Shlesinger and Hughes 
1981) to have the small u behaviour 


Wu) & 1+ ut K(u) + O(u), (45) 


where K(u) is a periodic function of In (u/A) that does not seriously affect the beha- 
viour of pas u— 0. The leading power H is given by 


H = In afln b A (46) 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


5 
1 
L 
D 
i 
[ 


MUN TEI A 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


198 V Balakrishnan and M Khantha 


so that 0< H< 1 (since 0 — b — a— 1). The exponent H can be viewed (in an 
average sense) as the fractal or Hausdorff-Besicovitch dimension characterising the 
CTRW. How does one probe this quantity ? 

The mean escape time from a bounded region, say (— m, m) provides a direct 
answer. It is immediately evident from what has been deduced earlier that for the 
CTRW specified by (42) with b < a, 


O(+ m,u|0) = 1+ mu" K (u) + OW), (47) 
with H given by (46). Hence <t(+ m)» — oo in this case. As 


T 
(E m) = lim f tQ (+ m, t|0) dr, (48) 
Too 0 


the divergence of (t (+ m)» with the time of observation T goes like T1-” for very 
large times T. This therefore yields a convenient index for the estimation of the 
fractal dimensionality H of the crRw. The introduction of a uniform bias in the 
random walk does not affect this result, as stated earlier. 
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Appendix 


The function P(m, u | 0) (eqns. (7), (12)) involves the sum 
- 
S@) => xp, (|x| < D, 
n=0 


where x is a function of u, and (see (8)) 


n 
n—m 


-n i — > . 
D, (m) = | 2 k ifn = m mod 2, n > |m]; 


L 0 otherwise. 


After a change of variables, 
= 2k+tml 
2k + | m|V (x\%tl™ 
5G) =) ( | S) D 
k 
k=0 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


First passage in continuous time random walks 


x which reduces after some manipulation to 
Sie) = e n (IE, rhe 1, impen s) 


= (xj[2) "! (1.— x2)12 (eel [mici L +1, 


; [m| +1; x). 


Call x? = 4z (1 — z), and use a transformation property of the hypergeometric 
function that relates the above to a function with argument z. It is then possible 
to identify S, to be 


i a "Uo E 
— e 5 


s9 = d —x»( 


Similarly, the characteristic function of the first passage time distribution, Q (m, u|0), 
involves the sum (see (9), (18)) 


oo 
Se) = Y Cin x" pm, (x|« D. 
n=0 
Proceeding as before, we find 


[m| 


bi. |m| +1; 


x 


$6 con (LET, ‘), 
which, by an inspection of the earlier result, is just 

— (J —x2)1/2\ Im] 

S(x) = == . 
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CP invariance: A point of view 
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Abstract. That the longlived component L of K, has both cp = + 1 and cp = — 1 
modes of decay is often cited as evidence of violation of cp invariance, The careful 
ones find the compelling evidence to be the non-dilution of the regeneration inter- 


ference pattern when the incident K, beam is mixed even substantially with Kọ. How- 
ever the two phenomena comprehensively imply that L has a CP = + 1 component 
L, and a cp = — 1 component L. and that the longlived component of both K, and 


Ke are one and the same L. This does not demand abandoning cP invariance. It 
does imply that Ke is not the cp conjugate of Ko. 


Keywords. CP conjugate; charge asymmetry; 27 interference; quark sea polariza- 
tion. 


1. Introduction 


There is no theorem that demands that a resonance or a particle must be eigenstate 
of cp. Thus, for example, K, is a superposition of cp eigenstates K, and K_ with cp 
equal to + 1 and — | respectively. Hence if the longlived component L of Ky 
has the structure 


[L> = N; | L+) + N-|L—> 


it does not imply cP violation. However, all the cp preserving models that have been 
advanced earlier have been proven fallacious (Kabir 1969) invoking the fact that the 
regeneration interference patterns of K, and K, are found to be in phase. A common 
feature of all these models and also of the currently accepted view point of cP 
violation is the unsubstantiated assumption that Kọ is CP conjugate of Ky. There 
does not exist any experimental verification of this assumption. Consequently one 
must take a second look at these experiments with an open mind. We reverse the 
traditional bias (Mohapatra 1979). We accept CP invariance and abandon cP con- 
jugate relationship between K, and Ke and follow through the consequences 
(Mohan 1976). The regeneration interference experiment now has the simple 
interpretation that the same L is the longlived component of both K and Kọ. To 
follow other detailed consequences we need to be more precise about the neutral 
kaon states. ; 
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2. The signatures 


Let us assume the structure 


— d+]? 
Kee ee S5], 
| Ko VESTE ae >] 


alele 


K,) = 
|X) V2 (1— e 


[Zi [55]; 


where | S) = M4 | $5» + M- | Sy. 


We will find that N_ and M, are nearly unity while N, and M_ are about a 
thousandth. 


On account of cr invariance we are forced to conclude the existence of two-charge 
conjugate states 


ay = usen e : 
| Kc» Tay ED t5 


I = CECI L- p +159) 

where |L = N |L — N- | L>, 
|S = M4 | S+) — M- | 5. 

All the states abvoe are normalized to unity. We also demand the orthogonality 
(Ko | Ky» = Ko | Ky) = (Ko | Ks) = 0. 

These requirements imply 


bane 


t= |M; +M |= 1, 


| Ny |? — |M- 2? = | N]? —|M. p, 


N* M4 (L. | S.» E N- M* (S. | L5, 


2 Ree 


<L|S> —2 Re {N, M (S |L} = eee 


and rather large overlaps 


(Ep = Go IK" = qe a LIN IM 


— |N; |? — | MEP + 4 ilm {N} Ma (L| $25 H- 
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The questions arise: where are Kj and Ke, why haven't they been seen, what are 
their signatures, how do they fit in the recognized families of particles? 
Irrespective of details of any model it is clear that if nucleon-nucleon collision 
produces K, and K then the corresponding antiparticle collisions must produce Kj and 
Kg with certainty. Before advancing our conjecture on the production mechanism 
we will investigate the signatures of the four neutral kaons in their decay amplitudes. 
To keep inferences clean we consider decays in vacuum only leaving out the re- 
a generation experiments. The most successful vacuum decay experiments study the 
two pi interference parameter » and the lepton charge asymmetry parameter ô. 
For the K, decay these parameter become 


arta? Er L} _ N+ (nt? |T| L4) 
To Gata [TT SY M. (nt? |T| Ss)" 
NE — N; 2Re[N,N* c c] 


and e Le ue 
Nr + Nr | Nyc; |? + |N- 


e, = llt vr |T| L), 
c, = (l+ vr | T | L-). 


Both these parameters look at the neutral K beam at a stage where the shortlived part 

| S) has largely decayed. For a total investigation a short time charge asymmetry 
parameter ô, is necessary. This studies (N7 — N;)/(N; + N;) in the short life-time 
just as 5, studies in the long life-time. The asymmetry is now caused by the inter- 
ference of the dominant parts | S+) and | Z_) of the shortlived and longlived entities. 
The expression is 


= NE= N, _ 2Re [M;N d, c;] 


NIN, (Mae ANa 


S 


= (I* vr- |T | S4). 


Corresponding parameters for beams of each of the particles Ko Ks, Ke n 
directly read off by looking at the coefficients of | L,5, | $,» in the express ns 
each of these particle states. "These are tabulated below. À 


K Ky Ki Ki 


mm interference » E) q LÁ 


long time charge asymmetry 8, 8, —8, ex 
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In a mixed beam of Ko, Kos Kj, and Ke with concentrations N(K,), N(Ky), N(K,), and 
N(K) respectively the dilution factors Ry, R5,; and Rs; for the above experiments 
are as follows. 


Ry = N(K) — N(&) + N(Ke) — NO). 
Ri, = N(Ky) + NK) — N(Ks) — N(K9), 
Rss = N(K) — N(Ky) — N(Ke) + N(Kz) 
The dilution factors are directly measurable. The inverse relations 
N(Ky) = 4 [Ry + Rar + Rag + 1), 
N(K) = 4 [Raz — Rn — Rss + 1], 
N(RQ = 4 [Ry — Raz — Rag + 1); 
N(K;) = 1 [Ris — Ry — Ray + 1], 


then give the desired individual concentrations. The neutral K beam emerging from 
e*e- collision or from proton antiproton collision is likely to be, largely, an equal 
mixture of Ky and K;. Such a beam is sharply distinguished from a pure Ky beam by 
the fact that the mixture will show no charge asymmetry but it will display undiluted 
mm interference pattern. Such an investigation is doable today and is extremely 
interesting. It will restore CP invariance in scientific literature. 


3. Conjecture 


We now attempt to understand why Kj and K; Kare not observed. It has to be related 
with the mode of production. In the IATER we always produce kaons from 
nucleon-nucleon collisions. It seems that when the kaon is produced in a quark- 


dominated environment the result is Ky and Kọ and when it is produced in an 


antiquark-dominated environment the result is Kj and Ko. K*. Looking at the strong 
interaction phenomenology which does not aora ED gement of spectrum of 


strangeness values we conclude that the basic quark composition of Ky and Ki K* cannot 


be different; similarly the basic quark composition of Ko and Ké cannot be 
different. The difference within each of the pairs must lie in the polarization of the 
quark sea. 


K, ds + d5 (G4), + -Ko ~ds + ds (3a) + 


Ke ~d + di (Gg)at s Ke~ ds + ds (G9) + 
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We make the fundamental assumption that the lowest state of a system of zero 
charge, zero baryon number, and strangeness + 1 is degenerate in quark-sea polari- 
zation. However, each production environment sharply distinguishes the different 
polarizations, selecting one and rejecting the other. 

The particular sea-quark configuration favoured in a production mechanism domi- 
nated by quark may be assigned a quantum number SQ=1 and the configuration 
favoured under antiquark dominated production mechanism may be assigned 
SQ = — 1. In the language of S-matrix, the resonant poles at my — i[2Y y and 
ms — i[2T'« are both doubly degenerate due to the two valued spectrum of SQ. 
However under quark-dominated production the poles associated with SQ— --1 stay 


put at m, —i/2T, and ms — i[2V's but those associated with SQ = — 1 move away 
so far that they can no longer be recognized as resonances. Similarly under 
antiquark-dominated production the poles associated with SQ — — 1 stay put at 


my — 1/2 Ur and m, — i/2T 5 while those associated with SQ = + 1 move away 
washing out the corresponding resonances. 

It is natural to expect an extension of these ideas to other mesons. It may be that, 
like baryons, family of mesons are distinct from family of antimesons. Former 
being characterized by SQ=1 and latter by SQ — — 1. However, unlike 
baryons, these are not orthogonal families. Just as there is large overlap between 
Ko and Kj there may be even larger overlap between m- and z**. 

The study of a SQ — — 1 particle scattering off a nucleon would show an 
interesting feature of a flip to SQ = + 1 particle. Due to this the passage of a 
SQ = — 1 beam through thin film of matter deserves to be studied in detail. 
One can see the two strong-interaction processes of SQ flip and of regeneration 
proceeding together. 


4. Estimates 


Some oversimplified estimates of the decay parameters can be made (Review of 
Particle Properties 1982). The polarization of the quark sea is only slight. From 
this we extrapolate that the Hilbert space of the (not completely orthogonal) four 


neutral kaons Ko, Ko Ko KS is not very different from that of just the two Ko, Ko, 
which mean that| Lj» is almost the same as | S.» and | S_> is almost the same 
as|Z_>. One then has the following approximate results: ` 


(L| S» ~2 Re (N, M;) —2 Re N,, 


ae 

e, = lt va |T |L) ~ itv a |T| Se) 
~ (1 + x) llt vr |T | Ky), 

c, = (1 — x) (I* vr |T | Ky, 


_ 2 Re [N N* (1 4- x) (1 x9) 
[Ny (1+ x) [? + [N- 0 —2) f 


1+x 
L : 


Re |. 
1—x 
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The unitary relation 
(—iAm+T)<{L|S)=) <F[T|L>* (F|T| S) 
F 


with the assumption of saturation by mr intermediate states becomes 


(—iAm+T)<L|[S) —»* r,, 


i ee in TEE 
e N, = DEIA Re v, 
TS f 


(for consistency we must have = ~ 1), 
S 


or 7 = (sec Pam) (Re N4) exp (igam) 


A | 
where tan fam = RUE { 


Hence the approximate relation (with x ~ 0), 


7 = (sec an) “exp liban). 


The experiments that are supposed to establish violation of CP invariance have an 
alternate interpretation. There are clear-cut doable experiments that can decide 
between the two stands. 
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Abstract. It has recently been shown that any physical quantity 22, in perturbation 
theory, can be obtained as a function of only the renormalization scheme (Rs) 
invariants, po, py, ps, ... Physical predictions, to any given order, are renormaliza- 
tion scheme independent in this approach. Quantum chromodynamics (ocp) predic- 
tions to second order, within this Rs-invariant perturbation theory, are given here for 
several processes. These lead to some novel relations between experimentally mea- 
surable quantities, which do not involve the unknown QCD scale parameter A. They 
can therefore be directly confronted with experiments and this has been done wherever 
possible. It is suggested that these relations can be used to probe the neglected higher 
order corrections. 


uha Aa ita e i eri are aii 


Sr eet 


Keywords. Renormalization scheme independence; perturbation theory; quantum 
chromodynamics. 


1. Introduction 


In the conventional perturbative approach to any quantum field theory, finite order 
predictions for physical quantities depend on the renormalization scheme (Rs) used 
to define the renormalized parameters of the theory. This RS-dependence of the 
perturbative predictions is especially severe in quantum chromodynamics (QCD) 
where the running coupling is not so small at the currently available energies. The 
various schemes used (Buras 1981) give substantially different higher order correc- 
tions. The difficulty in meaningfully comparing such predictions with experiments 
is obvious and has been widely discussed in the literature (Buras 1981). Ata deeper 
level, one cannot even begin to ask questions about the convergence of the perturba- 
tion series before resolving this Rs-ambiguity. ; 

The usual approach to the problem of the rs-dependence in acp has been to look 3r 
for an expansion parameter in terms of which the higher order corrections to several ei 
processes are small. This approach has been questioned by Stevenson (1981) accord- i 
ing to whom the best scheme to use for a given physical quantity is the one in which 
a perturbative approximant to it is the least sensitive to small changes in the RS. 
The point being that in this ‘optimal’ scheme the perturbative approximant has to 
some extent the property which the actual physical quantity is known to have, namely, 
RS-independence. However, Stevenson’s criterion for determining the ‘optimal’ 
scheme does not make full use of the Rs-independence of the pa quien 
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quantities. It has been shown that, for a massless field theory with a single coupling 
constant, any physical quantity R in perturbation theory is determined as a function 
of only the RS-invariants, po, p, po, ... (see § 2 for definition), through the transcen- 
dental equation t 


R 
l 1 ral l 

—Á ám F cj Co PSI Y l 

à a ( a py a J ae + p x) ag) e 


p(x) = — x (l + pix + pa x* + ...). (2) 


The purpose of this paper is to cast QCD predictions for a number of processes in this 
RS-invariant form and to confront them with experiments wherever possible. In $2 
we first give a brief summary of I and establish the notgtion. This section also 
includes a general discussion of (1). In § 3 general tests, based on the second order 
approximation to (1) are given. These tests remarkably involve only experimental 
quantities and can be directly confronted with the data. "Theoretical estimates of 
the third order corrections are discussed in § 4. In § 5 second order Rs-invariant 
QCD predictions for several physical processes are given and confronted with the data 
wherever possible. Finally, $ 6 contains a discussion and summary of the results. 


2. Renormalization scheme invariant perturbation theory (RESIPE) 


Consider a physical quantity @, which has the perturbation expansion 


A= a R, a", Ry = 1. (3) 


n=0 € 


Here a — a(u) = a(p)/m is the couplant (a(u) being the renormalized coupling 
constant) and pw is the renormalization point. The power p can be non-integral or 
even negative. The couplant a satisfies the B-function equation 


He POT — be > Cna", Cy = I. et) 


n=0 


The first two coefficients b and c, are RS-invariant. Their values in QCD are 
b = (33 — 2f)/6, c, = (153 — 19 f)/2(33 — 2f), where f is the number of fermion 
flavours. The other coefficients c, (n > 2) are Rs-dependent and only c, has been 
calculated (Tarasov. et al 1980). Its value in the MS scheme is (cy)ygg = 3(2857/2 
— 5033 f/18 + 325f2/54)/16(33 — 2f). The Rs in which a and the coefficients R, are 
evaluated in (3) can be labelled by the set of parameters {7 = In p/ A, Cp Cy 2 
where A is the scale parameter which determines the boundary condition for the 
solution to (4). 
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The derivation of (1) proceeds as follows. Corresponding to A we first construct 
the physical quantity (42)? since it is this which satisfies (1). We write 


oo 
(ay? =R=a D Tn a", (5) 
n=0 : 
g n—1 
where r= l; n= —— ;- ye - 2}... 
(n — m)! p\p p 
m=0 
(i- n+ m+ yen, n2; . (6) QUE 
p xA. 
and F's satisfy the recursion relation $- 
cA 
~ l 3 e 
Fv = Y Ra FU nl; (7) 
m=0 
FL = Rua. (8) T 


we give below explicit expressions for the first few r, 's: 
rı = Rp, (9) 
ra = Ralp + VS — p) Rip, (10) x 
rs = Rilp + (1 — p) Ry Ralp? + (1 — p) (1 — 2) RY p°, (ly) 


etc. The Rs-invariants, po, P1» p», -.., are simple polynomial functions of the Cn 
r,’ $. The first few are 


Po 7 T — ly 
Pi = 6, : a | 
Pe = Ca Hra — pp ry — rl 

pa = Cz + 2rg — Ar, ra — 2r, pa — rix uL E 


EZ 


Te etc. For a spree? of the Rs-invariance of the p,'s. we re 


1 
| 
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efficients, the c, 's. Moreover, in this Rs the value of the couplant a is numerically 
equal to the value of the physical quantity R. Using this information* in the solu- 
tion to (4) we get (1) which determines R implicitly as a function of only the Rs- 
invariants, py, p;, pa, .... The nth order approximation to R in RESIPE corresponds 
to setting po, = 0 for i > n. 

The p, 's contain all the information coming from the Feynman diagram calcula- 
tions. They are different for different physical quantities and, in general, depend on 
the external kinematic variables on which the physical quantity itself depends. How- 
ever, for an R that depends on only one external energy scale Q, the p, 's (n >1) are 
constants independent of Q. To see this, note that, in this case, the r,’s are func- 
tions of the dimensionless variable u/Q only. Thus, in the scheme in which p = Q, 
they are given by 


Ta = ra (HlO) |, — 0> (16) 


which are constants independent of Q. Therefore the p, 's will not depend on Q, 
except for pọ which is given by** 


i S (17) 


For more than one energy scale, Q, Q', Q”, .., ther, 's will be functions of n’ = Q'/Q, 
7” = Q"/Q, etc. and so will be the p, ’s. 

A striking property of (1) is that it is not a perturbation expansion for R in the 
conventional sense since there is no expansion parameter in it. One can, however, 
recover the usual perturbative results from it, under certain approximations. For 
example, the second order approximation to (1) is 


l 


Po ZR ^ In (1 + 1/p; R). (18) 


Then, for fixed »’, 5", etc., in the limit t= co, one gets from (17) and (18). 


Rc a() [1-5 a(0 4 ...]. (19) 
a() -1— 9 2 Q0) 
í Ü 


which is the usual renormalization group improved, but Rs-dependent, second order 

perturbation approximation for R. | 
One can meaningfully ask questions about the convergence of a perturbation series 

in RESIPE, It is clear from (1) that for good convergence R should be small, which 


i is bei i i i 1 result. 
bi that thìs scheme is being used only as a mathematical device to arrive at the fina 
Pater (1) is independent of any Rs because of its manifest Rs invariant form. 


**In this case one can differentiate (1) w.r.t. t to obtain dR/dt = p (R), which is analogous to (4). 
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implies that py should be large. In addition, we must also require the p, 's (n > 1) 
to be small. More precisely, the following convergence criterion can be set: 


po R ~l, (21) 


| Pn ^| < 1, i.e. |pn| < pp n2 1. (22) 
Clearly for large pọ (22) is quite a weak condition on the p,’s (n > 1). If these 
criteria are satisfied then one can confidently hope to use low order approximations 
to (1) to make predictions for R. 

The above discussion and what follows demonstrate the central role that pọ plays 
in RESIPE. In a sense, one can compare oj! with the running coupling of the conven- 
tional perturbation theory. There is, however, a crucial difference between the two, 
namely, that pg is RS-invariant but process-dependent while just the opposite is true 
for the running coupling. An important consequence of this property of po is that, 
in RESIPE, it automatically picks up a scheme independent scale, Ag, for each 
process. 


Aem = A exp (ri/b). (23) 


In general, Aep will depend on 7’, 7”, etc. through rj. For example, Agg will be a 


function of the other variable x for the deep inelastic structure functions and the 
photon structure function. For a given process perturbation theory will make sense 
only if Q > Aep for it. Perturbation theory will not apply for those values of the 


kinematic variables 7’, »", etc. for which A,g becomes large. This happens for 
example in the case of the deep inelastic structure functions where, in the limit x1, 


2 


(1 —x) 


Arg (x) ~ 


Comparison of RESIPE predictions with experiments proceeds as usual. Massless 
field theories with a single coupling constant have only one free parameter, the scale 
A. In principle this can be determined by a single experimental input. Everything 
else can then be predicted. In practice it may be better to determine A separately 
from experimental data for each process and then compare the values of A thus 
obtained. Of course, A is scheme-dependent and so its value must be accompanied 
by a scheme label. It is, however, entirely meaningful to compare the values of A 
in a given scheme for different processes to see how well perturbation theory works. 
The important point to keep in mind is that in RESIPE physical predictions are Orders 
by-order Rs-invariant. 


3. The second-order formula 


Since a third order calculation does not exist for any QCD process we shall restr to 


E N ER RAAE DL, 
OR anime dreme m t A 


ti a 
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physical predictions are made most conveniently in a graphical form. To that end 
we define 


Po = pop, R= pi R, (24) 


and rewrite (18) as follows: 
po = R3 — In (1 + RY). (25) 


Figure 1 shows the graph of R vs. Po From this figure one can immediately read 
off R for any given value of 89 and vice versa. Note the strong dependence of R on 
Po for small values of 2, (S 1). Thus predictions for R are not expected to be reli- 


able for such values of pọ. For large values of 9, (2 5), R is sufficiently small for 
one to be able to use (25) with some measure of confidence. 

The conventional method of testing QCD predictions is to fit the theoretical expres- 
sions to the data and compare the values of A so obtained from different processes. 
However, one cannot assess the reliability of the values of A so extracted without 
actually doing higher order calculations. It is therefore highly desirable to devise 
tests through which one can directly check with the data the reliability of a perturba- 
tive approximant for a process without having to know the value of A.  RESIPE 
provides us precisely such tests. We discuss these below. 


s 0:30 
0:25 

0:20 

«a 0:15 


0:10 


0:05 


eo» 


Figure 1. Rasa function of 9, as given by equation (25). 
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3.1 The geometric test 
Consider a process with only one external scale Q. For such a process we have 
from (17) 
EEUU P. a8 
(02) = — In —— rifle: (26) 
po (Q?) 25 A? 1/Pı | 
The geometric test follows from the identity $ 
A ^ ^ o 3 
| Po Qi) + P(Q) = 2p, (Qi 037] Q7) ; 
| which together with (25) gives : 
R2 (Q3) + £1 (Q3) — In [(1 + R- (93) (1 + £3 OD) : 
i 
v 
A ^ 3 
= 2n"! (Qi Q5] — 2 In ([1 + R= (Qt 03111} (28) | 
[ 
Equation (28) relates the values of the physical quantity R(Q?) at two different values 
of Q? to its value at their geometric mean. A simple way of testing (28) would be to 
vary Qf and Q3 holding Q? Q2 = Q% fixed. This equation then simplifies to 


R- (Q2)-- R- (Q4/Q%) = In [+R (Q5) (+= (QYOM]+e, (29) 


er E NEM 


where j c= RA (Qi) — In (1 + RA (Q3) is independent of Q*. Any deviations 
of the data from (29) would indicate the magnitude of the higher order corrections. 


3.2 The scaling test 


This test follows from the identity 
^ ^ b 
Po (Q3) — go (Qi) = 25, In (03/0. (30) 
1 


If we keep Q2/Q? = s fixed then (30) implies the following relation between the E 
values of R at Q? and the scaled-up point 7Q?: 


R= (4Q2)—1n (1+ R7 (52) = R- (Q?)—In (+R (Q) +", 


where c' = b/2p, In 7 is independent of Q?. Equation (31) can be tested. by 
Q? for different fixed values of n. Any deviations of the data from i i 
indicate the magnitude of the higher order corrections. z^ 


a at tt ine been en a, 
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3.3 The average value test 


Often it is convenient to consider the average of a physica] quantity over a range of 
Q*. Since the natural variable here is In Q?, we calculate the quantity 


In Q? 
dm l 2 2 
D = OTD T. Ind? 2 (99, (32) 


where, in general, Z = (RI pı} (see equation (5) and (24)). 
To evaluate the integral in (32) we note that (25) can be written in the following 
equivalent form 


R = 1/[po + F(po)], (33) 
where F(/,) satisfies the transcendental equation 
ef __F_1=%, (34) 


Since, 


we get, with #7’ = #(Q?), 


Re 


gimp 


d= 
(p1 352) 


(20 = (35) 


2 
b In (03/03) J 


1 


Of special interest are the cases with p = — 1 (the photon structure function) and 
p= + 1 (the et e- ratio R). We shall discuss these in detail in $ 5.2 and § 5.3 
respectively. 

Some remarkable features of the above tests need to be emphasized. The geo- 
metric and the scaling tests exploit the In Q? dependence of py directly. It is this 
which also helps us to calculaté the average (42). All the tests give simple rela- 
tions between experimentally measurable quantities. Further, they do not require 
any knowledge of A or even of the second order coefficient r, and as such can be 
directly confronted with the data. This makes them ideal for probing the neglected 
higher order corrections. Once the region(s) of the external kinematic variables 
where higher order corrections are small is (are) determined one can fit (25) to the 
data and determine A. An example of this procedure is given in § 5.1 where we 
discuss the moments of the non-singlet structure functions. 
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4. Third order corrections 


To make theoretical estimates of the higher order corrections to the second-order 


approximant R, we consider the third order approximation to (1): 
; 
SAR -KFR ao fos [5s La 
xt (L-E3) 39 (Seep) 
(36) 


where 5, = p;/p? and we have attached the subscript *3' to R, to distinguish it from 
^ 


the second order approximant R. The integral in (36) can be done analytically and 
is equal to : 


Mine tt RU — M 
? (LR, 2. R) (42,— 1) 


x [tana AE VADE tan l l 


for 2, > 1/4 and | 
pe A c M 


for pa < 1/4. 


In figure 2 Rs vs Py is plotted for fa = + 5, + 10 and + 15, where for comparison 
the curve for 2, = 0 has also been included. We see that R, depends sensitively on 


P for small values of fẹ. On the other hand A; varies little with 2 for large values 
Of Po The second order formula, equation (25), will therefore break down for 
sufficiently small fọ. The precise value of py for which this happens will depend on 
the magnitude of 2,. It has been suggested (Duke and Kimel 1982; Abbot 1980; 
Blumenfeld and Moshe 1982) that the general trend of the existing higher order 
calculations is consistent with taking rz ~r, and rs ~ ri. With these guesses for 
rą and a typical value of r, = 4 we find that a safe estimate for pa is p2> ~+5. Using 


these values in figure 2 we see that the error in the predicted value of R (i.e. of R for . 
pa = 0) is reasonably small (£ 20%) for pp 2 4. Of course, in particular cases the 

actual value of 5, could be much smaller than the above estimate and so (25) could 

be valid down to much smaller values of po. It is here that the tests mentioned in 

$3.1 to 3.3 play a crucial role. Thus, while in general one should restrict the use — 

of (25) only to value of 2, Z 4, one may use it confidently even for lower wali of : 
Po if the data so indicate. 
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eg) 015 


O10 


0-05 


* ^ . ^ . . ^ 
Figure 2. A,asa function of P, (equation 36) for various values of P. For com- 
parison, the curve for P, = 0 is also shown. 


5. Applications to QCD 


We now consider the predictions of the second order RESIPE for some QCD processes 
in detail. Throughout the following we shall use the Ms scheme as the base scheme. 
However, for ease of notation we shall not use this label explicitly, it being under- 
stood that all the scheme-dependent quantities are given in the MS scheme. 


5.1 Deep inelastic scattering: moments of nonsinglet (structure functions) 


The physical quantities which are perturbatively calculable here are not the moments 
but their Q? variation (Duke and Kimel 1982) 


Sin) __ 2 d In M{” (Q?) 12237 a 

Ri (Q?) bá? CUWBENGLHETS Q? >! ; 75» > ( ) 

df) = dn, dy = (d, + 1), (38) 
1 

where Mm (Q) = f dxx F (x, O), n22, (39) 
0 
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and i = 2, 3 and L refer to moments of the structure functions Fi xF, and Fr 
respectively. Also, we have (Duke and Kimel 1982) 


Ds b QU af” 
$9 (95 — 2i, 2 —* 


. (40) 
2p, A? P1 


The quantities d, and «(?* have been calculated (Bardeen et al 1978; Buras 1980; 
Duke et a/ 1981) and are listed for 4 flavours for i= 2 and 3 for the first few moments 


>- intable 1. The effective scale in this case is i i 
Aet, = A exp (af? JD), (4) 


atn 


which increases with n for all the structure functions. Thus the uncertainty in the 
second-order predictions will increase with n for all the structure functions. 


To second order Ro and 94? satisfy (25). This equation can be easily inte- 
grated (see § 3.3) to get the following prediction for the moments: 


M (Q?) = M" (QD exp[— df? (F1? (Q*) — F™ (09H, (42) 


avv VOR AN s Neon 2d 


where Fí" satisfies the transcendental equation 


exp (F) — FM — 1 = Ag (43) 


p? From (42) and (43) we find that the moments satisfy the equation 
n b 
In [Mf" (QJ M1" (Q*! 4 + — In (Q*/ QD) 
t 0 i ] Opi ee Ki” (44) 
[Mt" (DIMP (gy — 1 


where K(" is constant independent of Q. 


Table 1. Numerical values of the quantities d, and a,” (= 2, 3) for the first few 


moments. 
EEE EE EEE 
n d, ag” aj" 
2 0:427 2-768 1-467 
3 0-667 3:476 2-892 
4 0-837 3-964 3-606 
5 0-970 4:334 4-082 
6 1:080 4-628 4:438 
7) 1:173 4:875 4-722 
8 1-255 5-082 4:956 
9 1:327 5-265 5-159 
10 1-392 5-425 5:333 
11 1-451 5-570 5-490 
12 1:505 5-700 5-629 


*alm can be obtained from RWS’s given in table 1 of Buras (1980) by using oj? = 
+ c, and ot = (RNS / Adj) + ci. . : 
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Equation (44) involves only experimentally measurable quantities and can be tested 
directly using the data on the moments. Knowledge of A or the second-order co- 
efficients, «(?, is not required to carry out this test. Deviation of K(? from a 
constant value, as Q? is varied, is a measure of the higher order corrections. Pro- 
vided (44) is satisfied one can obtain the value of A from a measurement of K™ by 
using the following relation 


A? = Qiexp[ — P (k? — m Kt — 1 + at /p,)). (45) 
0 b i i i 1 


We have carried out this novel test on the moments of xF, and Fs?" using the 
moments computed by Duke et al (1982) from the cpus and sLAc data*. Tables 2 
and 3 give the values of K{ for different Q?, using n = 4, 5 and Q? = 90 (GeV)? 
for xF, and n = 5, 6 and Q2 = 22-5 (GeV)? for FP ^". We see that the data satis- 
fies (44) fairly well down to low Q? values. There seems to be no indication of large 
higher order corrections or any other effects like higher twist. This fair constancy 
of K(? with respect to Q? encourages us to evaluate A using (45). In table 4 we 
have listed tthe best values of K(? and the corresponding values of A for the four 
cases studied here. All the data are consistent with a value of A of 450-500 MeV. 
A more detailed and complete analysis of the data using (44) is in progress and will 
be reported elsewhere. 


Table 2. Values of xQ for the fourth and fifth moments of the structure function 
xF; for Q* < 28:4 (GeV)*, with Q} = 90 (GeV)?, obtained from the moments of the 
CDHS data computed by Duke et al (1982). Data at higher Q? were not used because 
the errors on K” becomes too large as Q? approaches Q3. 


(Gevy KP KÖ 
so siR soti 
aoan aea 
9:0 9-709 * 2191 Sa RR 
11:3 8:996 $ 1:894 8:392 * 1168 
ma wei o ceti 
18:0 sede * 215 — 73 * js 

225 TI a UES 
28-4... 8490.1 21270 73199-5501 


*We are grateful to D P Roy for getting the moments computed by Duke et a/ (1982) for us. 
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Table 3. Values of K{™ for the fifth and sixth moments of the structure function 
F$P-*^ for Q? < 9-0 (GeV)?, with Q3 = 22:5 (GeV)? obtained from the moments of 2 
the SLAC data computed by Duke et al (1982). Data at Q* = 12-5 (GeV)? were not rds 
used for the same reason as in table 2. j 


a 


(Ge): Ki n 
M 25 6430 * 0272 6313: 5,0 228 
b s oa EBB} cetus 
| 4-5 5924 E 0579 STRIS 
| 55 6:250 + 3:167 en T 
65 5.644 + 1322 5-595. 006 
TS 5.668 * 2001 5466 ^ Diet ee 
9-0 5:548 See amc eae AM . 


Table 4. The best values of Kj” obtained from tables 2 and 3, and the correspond- 


[ ing values of A obtained using (45). 
j Kim Best ae of A (MeV) 
i 
K® — $866 + 0470 489 + 81 | - 
KČ 8-146 + 0:318 SEN £ 
K" 6232-0285 am EE — 


Ki —— 60902-0177. 464 t 26 


^ 
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Table 5. Numerical values of A(x) and g(x) for 0-4 t x <0:9. The approximate 
analytic forms given by Bardeen and Buras (1979) have been used. 


x h (x) g (x) 
0:40 1-249 © 1-186 


0:45 1:342 1:087 

0:50 1:422 1:047 

0:55 1-490 1-061 

0:60 1-545 1-127 

0:65 1-588 1-240 

0-70 1:618 i 1:401 

0-75 1:636 1:607 

0:80 - 41:641 1:861 

0-85 1:634 2-163 

0:90 1:613 2:523 
This is an example of the case with p — — 1. So, to second order, the physical 

quantity 
Ro GO} | 47 
ew- Te a2 7 œ œ)| , ( ) 
th A 2) — 5 hE 48 
wit po (x, Q?) = — [In — — g(x)]. (48) 
2p A? 


satisfies (25). 

Tests mentioned in § 3.1 to 3.3 can be carried out in this case. Particularly 
interesting from a practical point of view is the average value test. In this case, (35) 
gives 


G Fl, 9» — [2h (x) In coon ( È Fj (x, op 


- ante op] - 79. (49 


A simple way of testing the above prediction would be to study its x dependence. If 
the data satisfy (49) then a value of A can be obtained by using the experimental data 
in (25), (47) and (48). Alternatively, in the absence of precise data, given A one can 
theoretically calculate the right side of (49) using (25). As an illustration the predic- 


l ELIT. 
tion for es z> as a function of x is given in figure 3 or A = 0:2 and 0-4 GeV 
a 


with Q? = 5 (GeV)? and Q3 = 20 (GeV). Clearly the curve for A = 0-2 GeV lies 
much above the curve for A = 0:4 GeV for all x. Thus a precise measurement of 


<a FY » may provide a good indication of the magnitude of A. 
a 
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Figure 3. The x dependence of < 4 F (x, > (equation (49)) for A = 0:2 


and 0:4 GeV. The average is taken for Qi = 5 (GeV)? and Qf = 20 (GeV)*. 
EA : T 


In the present case the effective scale picked up by py is a function of x and is given — 
by ce 


Age ©) = A exp [g @)/I. 


This decreases from 1:81 A to 1:69 A as x goes from 0-4 to 0: 5 ES 
to 3:53 A at x = 0-9. RES. 


5.3 et e- Annihilation 


c (e+ e- > hadrons) T 
z Ge m e 
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The second-order QCD calculations give (Dine and Sapirstein 1979; Chetyrkin et al 
1979; Celmaster and Gonsalves 1980) 


R (Q9) = a (Q) [1 + (1.986 — 0-115 f) a (Q) + ...]. (52) 


To this order then 


R (0?) = p, R (Q9), (53) 
and 8, (2°) = >In 2 — (1986 — 0-115 f)/p (54) 
Po 2p M 1» 
satisfy (25). 
In the present case p = 1. So we get from (35) 
: 2 Ro [2 (05) — # (03)] 
R 2 E 0 1 2 
SNC bp, In (03/03) [A (QD) — Ro] [22 (O2 — Ro 
it 2 
{1 — —] R 55 
AF ( =) o (55) 


Experimentally, % is found to be constant within errors for c.m. energies between 
14 and 37 GeV with an average value of A = 4-01 + 0-03 + 0-20 (Lüke 1982). The 
difference [22 (O2) — A (Q3)] in this range of Q is less than the systematic uncertainty 
of about 5%. Consequently it is not possible to test (55) meaningfully at present. 


5.4 Heavy quark-antiquark systems 


Calculations upto second order now exist for a number of processes in the J// and 
Y systems. We shall consider here only two examples, namely, Y-decay and the 
hyperfine splitting in the J/ system. 


5.4a T-decay: The widths I,, L, and I, for T decaying into gluons, a direct photon 
plus gluons and y+ p- pair respectively have been calculated upto the second order 
(Mackenzie and Lepage 1981). The quantities predictable in perturbative QCD are 
the ratios 


Lr, = ELT @ (My) [+ 91a (My) + «1, (56) 
and rr, = —Ó (Mi) [1 + 37a (My) + 1. (57) 


Here a is the fine structure constant. We have here examples of physical quantities 
with p=3 and p=2 respectively. Thus the quantities which should satisfy (25) are 


^ 9a? us obe My 303, 
Be Perrier » Pog =- N— — —; (58) 
Re ht (a (n? — 9)7* i ? E UA Pi 
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^ 9a 1/2 b, My 1-85 
and Rs = py. | ———_—— IT JE sse = Sr 59 
n y PL p 99m yl 3 po. Y P, n A P, (59) 


The 5, 's are given for 4 flavours. 

Experimentally, the sum T/T, + I,/T', can be determined by using the measured 
values for the leptonic branching ratio B, for the T-decay and the et e- ratio A in 
the relation 


Lorp + TE p = B2 —(Q 4 30 (60) 


Taking B, = (3:3 + 0:05) % (Alam et al 1981; Mueller et al 1981), @ = 3:5 for 4 
light quarks and using (58) and (59) in (60) we get 


10 (m? — 9) r? ^ 8 (x? —9)7 pe 


23.8!53 — R? + 2, (61) 


9 a? p? 9 ap? 
Equation (61) involves only one unknown, the scale A. Given a value of A, one can 
obtain R, and R, from (25), (58) and (59). The right side of (61) can be then evalua- 
ted. In this way one can fit a value of A to (61). We find for My = 9-46 GeV 


and 4 flavours that 
A = 10578 MeV. (62) 


For this value of A, 99, = 102 +08 (1,/I, = 232) and po, = 110408 
T, n = 0.6) are both large. Higher order corrections are therefore not expected 
to change it appreciably. 


5.4b. Hyperfine splitting in the Jj} system: The physical observable calculable in 
perturbative QCD in this case is the ratio of the hyperfine splitting to the leptonic 
width (Buchmuller et al 1981) 


AEQ) _ 2m call 63 
esate SU E c Gl eua) + ] (63) 


This calculation has been done for 3 flavours. The quantities that should satisfy 
(25) in this case are 


fedis E us eU. (64) 
2m CAT —ntu) ^" m À nm 


The experimental value for the ratio AE/T is 0-21 + 0-03 (Berkelman 1981). There- 
fore, R — 0-37 + 0:05 and the corresponding value of Po from figure 1 is 


^ __ 1.39+0°33 
po = 1-397 33. 
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For m, = M,/2 = 1:55 GeV and 3 flavours this implies 
A= 230124 MeV. (66) 


Because of the very small value of $, in this case, higher order corrections could 
appreciably change the value of A obtained above. This number is therefore not 
expected to be very reliable. 


6. Discussion and summary 


In this paper we have given second-order RESIPE predictions for (i) moments of the 
nonsinglet structure functions, (ii) photon structure function, (iii) cross-section ratio 
in e+e- annihilation, (iv) gluonic width of T and (v) hyperfine splitting in the J/j 
system. Some of these predictions remarkably do not involve the unknown scheme- 
dependent QCD scale parameter A. Consequently they can be directly confronted 
with experiments. Any deviations from them would indicate the magnitude of the 


~ neglected higher order corrections which can thus be probed by these tests. We 


have carried out such a test, equation (44), for the moments of the nonsinglet struc- 


ture functions xF, and FP ^". The data satisfy (44) fairly well within errors, indi- 
cating that higher order corrections are small. One can therefore consider the value 


of A — 450-500 MeV obtained in this case as quite reliable. Such tests can be, 


carried out for the cases (ii) and (iii) also when more accurate data, then at present, 
become available. In the case of (iv) and (v) the data consist of only one number 
each. As such, one can only extract A in these cases. The values we obtain are 
A = 10575: MeV from the gluonic width of the Y and A = 2322? MeV from the 
hyperfine splitting in the Jj% system. In the former case p, is large and so higher 
order corrections are not expected to appreciably change the value of A obtained. 
However, in the latter case the extracted value of A is not expected to be reliable 


because of the smallness of py. The values of A quoted above are in the Ms-scheme .. 


which was used as the base scheme throughout this work. It is clear that A is much 
smaller for the heavy quark systems than for the moments of the structure functions. 
At the level of the present analysis it does not seem possible to reconcile the two 
values and give a definite value of A. This is a serious problem, in our view, which 
deserves further careful and detailed study. 

Finally, a word about RESIPE and the central role of pọ in it. The basic equation of 
RESIPE, equation (1), can be approximated to any given order to get a scheme-inde- 
pendent approximation for the physical quantity R which satisfies it. The magni- 
tude of p, for the process then provides a guide to the convergence of such a pertur- 
bation series for R. Through the In Q? term, pg gives the basic energy dependence 
for R. Actually, for processes with only one external energy scale, Q, po alone 
depends on Q, all the other invariants being constants. The new second order tests 
(8 3) are a consequence of the In Q? dependence of pọ and essentially test this. More- 
over, py is instrumental in automatically defining a scheme-independent scale Aef 
(equation (23)) for each process. This Agg depends on the other dimensionless 
kinematic variables (e.g. x for the structure functions) in precisely the way pheno- 
menology and other theoretical considerations seem to require. 
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Clearly further work is required to extend the RESIPE ideas to massive theories and 
also theories with more than one coupling constant. This is necessary for treating 
quark mass effects in QcD. It would also open up applications to electroweak gauge 
theories and grand unified theories. 
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He II spectra of La, Ce and Yb: Novel features in the 
valence band region* 
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Abstract. He II photoelectron spectra of La, Ce and Yb show features which cannot 
be explained in terms of single electron excitations. It is proposed that these are due 
to formation of electron-hole pairs. 


Keywords. UPS; valence fluctuation; valence band; rare earth metals. 


We have been interested in the investigation of electron states in rare earth materials 
for some time (Rao and Sarma 1980). During the course of these investigations, we 
have observed unusual features in the valence bands of La, Ce and Yb which cannot 
be accounted for by the known electronic configurations of these metals. These 
features appear as sharp peaks in the valence band region and seem to represent an 
electronic process occurring in the bulk of the metal and not due to a surface effect. 
Such structures have been noticed at times (Steiner et al 1977; Baer et al 1981; Gudat 
et al 1981; Alvarado et al 1980), though with poor resolution (Steiner et al 1977; 
Baer et al 1981; Gudat et al 1981), and attributed to surface states (Gudat et al 1981; 
Alvarado et al 1980). We have investigated these features in the valence band region 
to understand their nature and origin and their possible relevance to the problem of 
Spontaneous valence fluctuation. 

In figure 1, we have shown the He II spectra of La, Ce and Yb. Lanthanum with 
the 4f? (6s, 5d)? configuration is expected to show a single peak (marked 1 in figure 1) 
near the Ep originating mainly from 5d-states, but we see two additional peaks at 2:1 
and 3:5 eV (marked 2 and 3 respectively) in the spectrum. These features of La have 
not been described hitherto in the literature. Cerium is expected to exhibit a 
single structure due to 4f emission, besides an emission at Er due to the conduction 
band (peak 1 in figure 1); we however see two peaks (2 and 3) besides peak 1. Peak 
2 which appears distinctly in the spectrum shown in figure 1 has been noticed 
as a shoulder or an asymmetry on the higher binding energy side of the 
conduction band in earlier studies (Steiner et al 1977; Baer et al 1981). Ytterbium 
Shows a weak feature due to the conduction band near Epin Hell spectra; in addition 
it shows four peaks (marked 1, 2, 3 and 4 in figure 1) due to 4f-emission instead of the 
expected doublet due to the spin-orbit split structure. 
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Figure 1. uv photoelectron spectra of La, Ce and Yb usin iation; vari 
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Figure 2. uv photoelectron spectra of Yb using He II radiation at various angles of 
acceptance into the analyzer. In the inset, the intensity ratio of peaks 2 and 4 to that 
of peaks 1 and 3 is plotted against the acceptance angle, 8, measured from the normal 
_. to the sample surface; the solid curve indicates the expected trend of the ratio if peaks 
2 and 4 were due to surface states. 


To investigate whether the additional features found in the valence band region 
could arise from surface states, we recorded the spectra of Yb inclined at various 
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angles of acceptance, 0 (figure 2). We see that the relative intensities of the various 
peaks remain constant over the entire range of 0. The ratio of the combined areas 
of peaks 2 and 4 to that of peaks 1 and 3 have been measured by fitting the back- 
ground subtracted spectra with four gaussians and the result is plotted against 0 
(figure 2, inset). 

Alvarado et al (1980) have observed marked changes in the relative intensities of the 
peaks of Yb with the energy of the radiation and have therefore attributed peaks 2 
and 4 to surface states. Our measurements with He I and He TI radiations, however, 
gave unity as the value of K, where K is defined as K — In (1-+R®/In (1 + Rb, with 
RI (using He I) and R"! (using He II) representing the relative intensities of peaks 2 
and 4 compared to that of peaks 1 and 3, indicating that all the peaks arise due to the 
bulk state. The angle dependence of relative intensities of the peak is probably 
more diagnostic of a surface state than variation of the relative intensities with the 
energies of radiations. This is because the photoejected electrons with low kinetic 
energies feel the effect of reorganisation of the residual electrons and decay of the 
final states considerably (Fuggle 1981). 

In Ce, while peak | (figure 1) is due to conduction band emission, there is some 
doubt (Allen et al 1981; Croft et al 1981; Steiner et al 1977; Baer et al 1981) whether 
peaks 2 or 3 (in figure 1) is due to 4f emission. When the surface of Ce is oxidized 
to form Ce O; with the (6s, 54)? 4f1 configuration of Ce, both peaks 1 and 2 vanish, 
but peak 3 is unaffected, showing unambiguously that peak 3 is due to 4f1 state. This 
observation suggests that peak 2 is in some way connected with the conduction band. 
Furthermore, peak 2 exhibits resonance photoemission (Gudat ef al 1981) characteris- 
tic of the f-state and we therefore suggest that this feature represents the formation 
of an electron-hole pair where the hole in the 4f level following the photoemission is 
screened by localizing a conduction electron. This kind of screening is indeed known 
for deep core levels (Fuggle et al 1980). According to our assignment, the energy 
difference between peaks 2 and 3 (~1-5 eV) represents the binding energy of the 
electron-hole pair. Interestingly, peak 2 has a low FWHM compared to peak 3 which 
is due to unscreened 4f emission (table 1). In Yb, peaks 1 and 3 are sharp while 2 
and 4 are relatively broad (table 1). The energy separation (1:3 eV) between 1 and 3 
is the same as that between 2 and 4, which is equal to the spin-orbit splitting of the 
4f" final state. By analogy with Ce, we can assign peaks 2 and 4 to the unscreened 


Table 1. Positions and FWHM (in eV) of valence band structures in La, Ceand Yb. 


Ls a 
Binding 
Metal Peak No. energy FWHM 
La 1 0-4 = 
2 2-1 0:5 
3 3:5 0:7 
Ce 1 0:3 — 
2) 0:7 0:5 
3 22 0-9 
Yb I 12 0:3 
2 r8 0:8 
3 2-4 0:3 
74 3:1 . 08 4 
p a 
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4f7;. and 4f;;, states respectively while peak 1 (or peak 3) corresponds to electron-hole 
pair formation with the hole in the 4f;/, (or 4f;/.) state. The binding energy of the 
electron-hole pair in Yb is the energy difference (0-7 eV) between peaks | and 2 (or 
between 3 and 4). As in Ce, we find that the state representing electron-hole pair 
formation has a smaller FWHM. 

The assignment of peak 2 of Ce and of peaks | and 3 of Yb as due to electron-hole 
pair seems quite reasonable as we can rule out the possibility of shake-up processes 
or surface states. One of the difficulties of attributing peak 3 in the spectrum of Ce 
(figure 1) to the 4f1 emission has been that it would be impossible for Ce to manifest 
valence fluctuation with such a large energy (~2:1 eV) of the 4f level within the 
promotional mode. A similar difficulty will arise with Yb as well if peaks 2 and 4 
are assigned to the 4f level. However, since the electron-hole pair formation is an 
integral part of 4f hole creation, the binding energy of this pair to a large extent 
compensates for the large excitation energy required for promoting a 4f electron. 

The case of La is somewhat different from Ce and Yb in that there is no 4f population 
in the ground state, the empty 4f level lying ~4 eV above E p. As mentioned earlier, 
peak 1 in the spectrum of La (figure 1) is due to the conduction band. Peak 3 is 
3:5 eV below Er; this prompts us to speculate that peak 3 may arise from the promo- 
tion of a conduction band electron to the 4f level akin to a shake-up satellite ac- 
companying the photoemission from the conduction band. Peak 2 which is narrower 
than peak 3 (see table 1) can be assigned to electron-hole pair formation with the 
electron in the 4f level; the binding energy of such a pair will then be 1:4 eV. 

It is noteworthy that an extra feature has been noticed in the valence band of Eu 
in EuPd;Si, which the authors have attributed to a surface state (Martensson et al 
1982). It is possible that the valence band features of Eu may as well be due to 
electron-hole pair accompanying the unscreened 4f emission indicating the presence 
of a broad 4f level. Uranium, with its broad 5f level, also seems to exhibit an extra 
peak in the valence band region (Iwan et al 1981). On the basis of theoretical consider- 
ations, Liu and Ho (1982) have pointed out that such an electron hole pair formation 
is indeed possible in Ce. However, the model proposed by these authors is some- 
what different. We believe that unscreened 4f emission is more probable if the 4f 
level is not highly localized. 
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Abstract. The observed dependence of the yield of high py particles on the atomic i 
number A of the target and the incident energy, in p-a, a-a and p-nucleus collisions, LU 
is explained in a coherent tube model. * 
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1. Introduction i 


Large py reactions have been studied extensively (Jacob and Landschoff 1978; Antrea- 
syn et al 1979; Cronin et al 1975; Bromberg et al 1979) using both nucleons and 
heavy nuclei as targets. The latter, however, have been used until quite recently 
more for convenience rather than for any particular merit in their use to yield new 
physics of intrinsic value. Now there has come a shift in our understanding of the 
importance of p-nucleus and nucleus-nucleus collisions due to two factors. Firstly, 
the few existing results in such collisions have shown rather anomalous features 


and Goldman 1981; Anishetty et a/ 1980) about the production of exotic forms of 
nuclear matter or dense quark-gluon plasmas in heavy ion collisions at highly rela- 
tivistic energies and a possible similarity of these states with conditions that existed 
during the first few seconds after the ‘big bang’ which created the universe. 

The purpose of this paper is to present a model for large py reactions involving 
heavy nuclei and to explain the data on p-nucleus collisions at Fermilab (Antreasyn 
et al 1979; Cronin et al 1975) and the recent Isr data (Karabarbounis et al 1981; Bell 
et al 1982; Angelis et al 1982) on p-a and a-a collisions. A gratifying feature of the 
model is that experimental results which look anomalous or mutually conflicting are — 
Seen to be, in fact, consistent with the model and that the differences are due to 


different kinematical situations. 
: 4 


2. Description of the model 


^ 


The model deos here is an elaboration of the model, Sem 
(1976) to explain the data of Chicago-Princeton collaboratio (em) ! 
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1979) on p-nucleus collisions. The essential idea of the model is that in a p-nucleus 
collision, a large fraction of the target nucleons, lying in a tube along the straight line 
path of the projectile through the target nucleus, acts collectively and coherently in 
the interaction. An immediate conseqence of this assumption is that the N-N C. M. 
energy Vs gets enhanced to an effective value (Sem)? = (v(A) sÈ, where v(A) is the 
average number of nucleons in the tube which interact collectively. The model is 
often referred to as a coherent tube model (CTM) (Bergstrom et al 1983). Narayan 
and Sarma (1964) had invoked the model several years ago to explain the features of 
deuteron production in 25 GeV P-A collisions. 

All the struck nucleons in the tube presumably form a localized hot-dense quark- 
gluon composite which interacts with the projectile. It is assumed that the com- 
posite remains in the environment of the residual nucleus (nucleons outside the tube) 
during hadronization. A consequence of this assumption is that the particles, 
emitted at large angles and hence with large pr, can undergo secondary collisions in 
traversing nuclear matter and suffer an attenuation in the yield of particles at higher 
py values. This consideration is particularly important in the CP experiments where 
the targets are relatively heavy nuclei and the particles are detected at 90° in the C. M. 


system. In ISR experiments, the internuclear cascade would be negligible as the 
nuclei are light a-particles. 


a 
z 


3. p-nucleus collisions | 


To implement the CTM for p-nucleus collisions, we need to make two changes in 
relation to p-p collisions. One expects that p-nucleus cross-section would be larger 
than the p-p cross-section by a factor like A3, with a ‘geometrical’ value of 8 — 2/3. 
So we first multiply the p-p cross-section by a factor “Ae: Secondly the N-N C. M. 
energy 4/5 is replaced, as mentioned earlier, by (Seg)? These changes can be made 
in the conventional formulation of any model for large pz reactions. In the present 
work, we merely use a parametrized form of the inclusive large py cross-sections and 


make the necessary changes, as was done by Fredriksson (1976). 
The large py inclusive cross-sections for p + N >r- + X have been parametrized 


(Busser et al 1973) as 


—— 


Z (pp) = E (d o (pp)|d? p) = (Kipp) exp (— Bpri v5); B = 26. (1) 
In the light of our remarks, one can parametrize the inclusive p-nucleus collisions as 
3 (PA) = E (d o (PA)|d? p) = (Kl) 4 exp [= Bz! G1 Q) 


From (1) and (2), we have 


R (PA) = Z (PAZ (pp) = exp (log A [8 + B Priv RA) — 


3 (PA)/E (PA) = exp Át- (Pp) logA} E 
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where 


o (s, PT) = ô + (Berl V5) fi (Ay) + (Bpri v5) [A (4o) — f (4A) 
[log A] [log 49/4], (5) 


Jn = [log A} (1 — D CI"), (6) 


one can write v(4) = AA!? where A is a constant which is treated as a free 
parameter. In CTM, A = (ri dry, where rj, is the ‘interaction radius’ and ry is 
the ‘radius’ of the nucleon. The last term on the right side of (5) is an A-dependent 
correction to «5;-, which is, as we shall see, quite small for most nuclei. From (5), 
one finds that az- (s, p p) increases linearly with py and decreases inversely as V/s. 


4. Nucleus-nucleus Collisions 


To calculate the yield of large py particles in a-a collisions, we need to make an 
appropriate extension of our model to deal with collisions between heavy nuclei. 
One trivial change is that 4° gets replaced by A A®, where A; and A, are the nucleon 
numbers of the colliding nuclei. A new ingredient is the occurrence of tube-tube (t-t) 
collisions, i.e. the interactions between massive composites formed out of tubes, 
aligned opposite to each other in the target and the projectile. In a t-t collision, the 
available C. M. energy is further augmented to (si [v(A3)(43)5] i The other new 
ingredient is the occurrence of more than one t-t collision. To make an estimate of 
this number, we draw an analogy between the collision of two heavy nuclei and the 
collision between two bunches in a linear collider, by regarding a nucleus as a bunch. 
Due to differences in the dimensions and the densities involved, the former results in 
t-t interactions and the latter in particle-particle (P,-P,) interactions. The number of 
P,-P, interactions in a single head-on collision between two bunches would be 
Ap = nno|F where n, and n, are the numbers of particles in the two bunches, F is 
the cross section of a bunch and o is the p,-p, cross-section. We formally take the 
same expression to give the number of t-t interactions. For a head-on collision 
between two identical nuclei, we take n, —7,—4 and F—4zrA 4*5, and o=rr y For 
a collision which is not head-on, we have to find 7, na and F for a given impact 
parameter, find the number of t-t interactions and finally average its value over all 
impact parameters. One can show that for identical nuclei, the average number A , 


of the t-t interactions is 
A4 = CrA4/3 [1 — (84)-U3]-?, s (7) 


where C is a slowly varying function of A, C—0:165. as A->oo. In individual events, 
the number of t-t interactions would have a Poisson distribution. The quantity of 
interest is not A 4 but the average number N4 for events in which there has been at 


least one t=t interaction, which is needed to trigger the Švent. This number N 4 is 


simply N ASA AKI — exp (— A). The number N, enters as a multiplying factor in E 
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the inclusive cross-section for nucleus-nucleus collisions. Incorporating the new 
ingredients in the parametrization of the inclusive cross-section for nucleus-nucleus 
collisions, the ratio R(AA) can be written as: 


R(AA) = Z(AA)| (pp) = N4 exp {log A[28 + B(pprlv/s))/()- — (8) 


The Chicago-Princeton (cP) data (Antreasyn et al 1979) on p + nucleus-47 (P) + X 
has been parametrized as in (4), where Ap is the nucleon number of some reference 
target. A significant result of this parametrization is that the exponent a, (pr) is 
independent of A. Secondly, the values of a, (pr) are larger than unity for values of 
Pr > 2 GeV/c. The values of a, versus pr for 7 and p are shown in figure 1. For 77, the 
value of a,- increases linearly with pz. upto pp~3 GeV/c. For values of pp>3 GeV/c, 
the rate of increase slows down until it actually decreases with pz. On the other 
hand, the value of a- shows a continuous increase upto the highest measured value 
of pp=6:15 GeV/c. The Isr results (Karabarbounis et al 1981) on the reactions 
p+ a>r’ + X and a + o — s? -- X have been presented as the ratios R(pa) and 
R(ac). The values of R(pa) and R(aa) are shown in figure 2. One would expect 


that the values of R(pa) to be greater than 4 and those of R(aa) to be greater than 16, 
in the light of cP data on the values of a. Surprisingly, the measured values of 
R(pa) are consistently less than 4 except at one point, while the values of R(aa) are 
considerably greater than 16. If the observed values of Raa are parametrized as 


2 4 6 


6 o0 
P,(Gev/) 


Figure 1. (a) a= versus Pr for m at E,= 400 GeV. (b) Same’ as in (a) for p. 
Data from Anishetty et al (1980). Dashed and continuous curves: calculated values 
before and after correction, i . AE, a 
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400 GeV. The calculated values are in agreement with data for pr« 3 GeV/c but in 
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Rpa " Raa h 
J/$-44Gev T i 
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P- (Gev/c) g 
Figure 2. (a) R(pa) versus p;. (b) R(aa) versus py. Data from Karabarbounis i 
et al (1981) and rapporteur talk by H G Fisher at the Int. Nat. Conf, on High Energy ri 
Physics, Lisloon 9-15 July 1981. Curves give predictions. 
(AHe)®™", the value of a o Shows a linear increase with py, in apparent contradic- 
tion with cp data on 7-, but in agreement with the data on p. 
5. Comparison with experiment 
The values of 8 and A in the present model, chosen to reproduce the initial linear $ 


rise of a, ., are 8—0:83 and A=0-73. With these parameters, the values of a,.- have 
been calculated for some typical nuclei at pr = 3 GeV/c and lab-energy Ey = 400 
(sz 2ME,), taking tungsten (as per CP data) as the reference nucleus. The calculated 


values of ar- for tungsten, titanium, aluminium and beryllium are 1-11, 1-08, 1-11 
and 1-12 respectively. These values of a „~ can be regarded as almost independent of 


A. The solid line in figure la shows the calculated values of a,- at lab-energy Er = 


SEDET esM 


Mx. 


disagreement for pr>3 GeV/c, as the experimental values start deviating from the 
predicted linear rise. One may be inclined to regard this discrepancy as a failure of 
the model but the recent ISR data brings in a see-saw change in the results which 
necessitates a closer examination of them vis-a-vis the model. 

The decrease of a - (py) at higher p;-values in the Fermilab experiment shows that 
the pions at higher py values are attenuated relative to the pions at lower Pr Values. 
But the same thing does not happen for 7° in the Isr experiment. A meaningful way 
(there does not seem to be any other) by which one can understand the attenuation of 
7- and lack of attenuation for 7°, is to postulate that particles created in primary . 
collisions inside a heavy nucleus, as in the Fermilab experiment, undergo secondary 
interactions and BEE an attenuation at higher p-values. The absence of attention 


ww id 5 - 
DS 14 el 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ET 


e 
yes 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


238 D S Narayan 


aD) does not show a decrease at high py values, even though the measurements were 
made with the same set-up as for zc. We argue that this is due to an extra feature 
present in the case of p but not m~. It is known experimentally that there is a strong 
threshold effect in the production of p as a function of the C. M. energy. In the 
context of CTM, the effective (Sen)? which is larger than the actual VS lifts the C. M. 
energy into the range where the threshold effects become important. This results in 
an enhancement in the yield of high pr antiprotons, which compensates more than the 
attenuation due to secondary collisions. It is interesting to note that the general trend 
of ag- (pr) for K- particles, which are created particles as m~ and which exhibit a 
mild threshold effect, is similar to that of p. 


6. Effect of Inter-nuclear cascade 


In the absence of a realistic treatment of the inter-nuclear cascade, we intend to 
proceed heuristically and try to show a consistency in the behaviour of a,- (pr) and 
«x(Pr) by invoking both attenuation due to secondary collisions and an enhancement 
due to threshold effects. Since there is no threshold in the production of pions (at 
these energies), we may take the degree of attenuation for m~ as simply the amount of 
deviation from the predicted linear rise. In the case of p, both attenuation and en- 
hancement are present. We can calculate the amount of enhancement in our model 
but one does not know the attenuation. We assume that the degree of attenuation for 
particles of a given type is proportional to its inelastic cross-section on nucleons. 
We would then be able to obtain ax Pr) using the data on a, (pr). 

According to the cp data (Antreasyn et al 1979), the ratio of p to «- in p-p collisions 
and hence the ratio of their inclusive cross-sections, can be parametrized as 


(i - 2j 


AY 


with n = 0:27 + 1-7 and b=4:29+ 1-9. Using this information the p inclusive 
cross-section in p-A collisions can be parametrized as (normalization to a proton 
target, this differs only slightly from the original normalization) 


2(P + A>p + X)|Z(P + P >p + X) = exp [a;(s,p7) log 4], ©) 


where 
a- (s, Pr) = « = (s, Pr) + log A log z ü J ( ) 


v = 2p, |Vs and £ = (AA). 


Taking b=6, which is consistent with experiment, we calculate a; according to (10). 
The calculated values are shown in figure 1b as a dotted curve. This curve has to be 
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corrected for attenuation. To this end, we define an ‘attenuation factor’ at each pr 
value, which is the ratio of the calculated inclusive cross-sections before and after 
correction for attenuation. For m~, the corrected value of a, are identified with the 
experimental values. We assume, as stated earlier, that the ratio of the attenuation 
factors for m~ and p- would be equal to the ratio of their inelastic cross-sections on 
nucleons. With this assumption, we have the relation 


ooN. 
cal corr _ ne ( cal exp) 
ep Gg aN \ Cam eee 
Zinel 


! refer to values before attenuation. The values of Ge calculated in this 


manner, are shown in figure lb. The corrected values are now in satisfactory agree- 
ment with experiment. The slight disagreement at two or three points can perhaps 
be improved by a better choice of the parameters. The present set of parameters 
have been chosen to get an over all agreement with results of p-nucleus as well as 
p-a and a-a collisions. As the results of p-a and a-a collisions have large errors 
and cannot be regarded as final, it would not be worthwhile to look for close agree- 
ment on one set of data. 


where af? 


7. Results on p — oc and oc — cc collisions 


Coming to IsR results, the calculated values of R(pa) are shown by the curve in 
figure 2a. The calculated and experimental values agree within errors which are 
rather large. The unexpectedly small values of R(pa) are due to Ag, (Age = 4) 
being small and the equivalent lab-energy Ey (S —2ME]) being large, Ey ~ 1000 
GeV. The curve in figure (2b) shows the calculated values of R(aa) versus pr 
according to (8). The calculated curve, besides being in agreement with data, 
reproduces the observed increase with pp. The factors which cause R(aa) to have 
a larger magnitude and a faster increase with py, in contrast to R (pa), are a lower - 
value of E, (Ey — 512 GeV) and the occurrence of t-t interactions. The model . 
presented here is fairly well defined and it can be applied to any p-nucleus and 
nucleus-nucleus collision of equal or unequal masses. For instance, the model 
predicts that the ratio R(AA) for the collision of two nitrogen ions at pz = 6 GeV/c 
and a C. M. energy of 16 GeV per nucleon would be around 4000, a factor 20 
larger than the naively expected value (14) while for aluminium the value of 
R (A44) would be ~ 2:9 x 10! a factor 400 larger than (28).? 
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Baryon magnetic moments in quark-diquark model 
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Abstract. The baryon magnetic moments in quark-diquark model are studied and it 
is found that the diquark (spin 1 and 0) mixing which may arise as a result of quark- 
gluon interaction inside a hadron, leads to a good agreement of theory with experi- 
ment. 


Keywords. Baryon magnetic moments; quark. 


1. Introduction 


Spurred by recent improved measurements of hyperon magnetic moments, a number 
of new calculations (Kamal 1978, Bohm and Teese 1979; Tomozawa 1978; Franklin 
1979, 1980; Geffen and Wilson 1980; Isgur and Karl 1980; Verma 1980; Lichtenberg 
1981; Bohm et al 1982) of these moments have been made within the framework of the 
quark model. With the quark mass ratio determined from baryon masses, the simple 
quark model (De Rujula et al 1975) gave (A) = — 0°61 in excellent agreement with 
experiment. But the measurements of other hyperon magnetic moments (Cox ef al 
1981) have clearly demonstrated that these cannot be fitted within the simple quark 
model. Asa matter of fact the simple SU(6) approach is unable to explain some other 
properties like the neutron charge radius, g ,/gy ratio as well. All these observations 
indicate SU(6) violation. Due to the lack of complete knowledge of hadron dynamics, 
such effects at low energy can at best be treated phenomenologically guided by 
quantum chromodynamics. 

In the present investigation we study the effects of baryon wavefunction modi- 
fication on the magnetic moments. We work in the framework of quark-diquark 
model for baryons. This model has been used to study some properties of the 
baryons. For example Zralek et al (1979) observed that SU(6) broken diquark 
model explains well the SU(6) violation in several static and dynamic properties like 
the total and differential cross-sections for a large body of quasi two-body reactions, 
neutron charge radius, neutron-proton structure functions etc: In the diquark model, 
a baryon is assumed to be made up of a diquark and a quark. The diquark can be in 
spin one or spin zero states. The SU(6) symmetry of the wavefunction can be broken 
by assigning different probabilities to these two types of diquarks which can be 
controlled through a mixing angle. We find that such a SU(6) breaking in the 
wavefunction leads to a good agreement between theory and experiment for the 
baryon magnetic moments. 
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2. Baryon wavefunction due to quark-quark interaction 


The diquark model assumes that a baryon is made up of a diquark belonging to the 
symmetric 21 representation of SU(6) and a quark. A diquark can be in spin one or 
spin zero states. A diquark with two identical constituents cxists only in spin one 
state while that made up of two different quarks can appear in both spin | and spin 
Q multiplets. In the limit of exact SU(6) symmetry the probability amplitude for a 
diquark in a baryon to be in spin zero or spin one state will be governed by the CG 
coefficients involved. But due to SU(6) breaking caused by quark-gluon interaction, 
we may expect mixing between spin 1 and spin O states of a diquark in a baryon to 
become different from that given by the cG coefficient of SU(6). As we cannot 


calculate the coefficients in the wavefunction, we parametrize through a mixing 
angle in the following manner, 


| ab», = | ab», cos $a, + | ab», sin du, 
| ab», = | ab», cos $a, — | ab), sin das, 


where the subscript denotes the spin of the diquark made up of two different quarks 
a and b and the parameter $a contains the whole of dynamics. For the octet baryons, 
we have three types of diquarks containing wd, us and ds pairs and they would require 


three angles pua, $4, and das in the baryon wavefunction. 


Invoking isospin invariance 
we get 


Pus = dus (= $) 


and we fix ¢,a=0 to preserve the successful results of SU(6) namely the ratio 


p/n = — 3/2 in the nonstrange sector. This may be due to the fact that u and d have 
same mass and hence are identical with respect to strong interaction, so we demand 
the complete symmetry of the wavefunction while u and s being quarks with 
different masses, the symmetry may not be required. 


' Jn SU(6) symmetry, the wavefunction for the Z+ hyperon, for example, is given by 
xem oe vivi | sss) — (VE sf up — stud 
| = ag S S(t cg ul 


1 
shut 


where ` 


= ut ut, 


$= ut uh + d ut), 


st = 5j" st + st ut), 
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s3 = } (ut sb +u} st + st ub +s} ut), - 

t2 = 4 (ut s} — ut s} — st uy + sẹ ut). 


As a result of spin 1 and spin 0 mixing due to hadron dynamics, the wavefunctions 
for Z* now becomes 


1 sin $ 
qp ut (cos 6 — f 
V2” V3 
The wavefunctions for all the baryons are given in the appendix. 3 ; 


3. Magnetic moments 


Taking the expectation value of the magnetic moment operator 


go = ODB — 144 
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in the baryon state expressed by the wavefunction given in the appendix, we obtain the 
corresponding value of the magnetic moment. 

All the baryon magnetic moments are then expressed in terms of y i.e. m,/m, mass 
ratio and the diquark mixing angle as displayed in table 1. We compute the values 


“of magnetic moment for different values of angle ¢ starting from the conventional 


SU(6) value of $ = 0 to $ nax = 30° required by (A) in the limit of SU(3) symmetry 
(y= 1). The magnetic moments specially of X+, =° and E- are in good agreement 
for the value of ¢ lying between 20° and 30°. 4(27-) is not affected much and stays 
around — 1 in better agreement with a recent value — 0:89 + 0-14 obtained by 
Ramieka (1981). The 2° — A? transition moment is lowered as in any other 
model incorporating SU(3) breaking only. Q- is also calculated for different cases. It 
appears that the wavefunction modification due to presence of gluons inside the 
baryons, helps to bring the magnetic moment values closer to the experimental 
values. 

Appendix 

Diquark states SU(3) x SU(2) c SU(6) 


(i) (6,3)c21. 


+ 
s = utut, a= 


5 (utul + uțut) 


= Qut +dtut), s§$= (utd) + ud + dtu} + diu), 


st = dtdt, sf = LL + did), 


= AOR +stut), ` s9 = Eus + ubst + stu} + stut), 
st = = (dst +stdt), $= 4 (dts) + dust + stä} + stat), 


sp = $154; A zes + syst). 


(ii) = DEA 
=ż (utay — di — duy + dvut), 
t = 4 (utsy — At = stul + stut), 
= tsi — dist — std) + siat). 
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Baryon wave functions 
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Mass spectra of light and heavy mesons in the Dirac equation 1 
with power-law potential 3 
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Abstract. The mass spectra of both light and heavy mesons are studied in the Dirac 
equation with an equally mixed 4-vector and scalar power-law potential model. This 
potential provides an excellent fit not only to the mass spectra of p^, à, Y and T 
families but also to those of D, Fand B mesons. The light quark masses in p? and ¢ 
as well as in atom-like mesons are very close to the current quark masses. 


Keywords. Dirac bound state mass; mass spectra; meson; quark; atom-like meson; 
current quark mass; power-law potential. 


1. Introduction 

A number of theoretical and phenomenological interquark potential models (Appel- 
quist et al 1978; Eichten et al 1980; Krammer and Krasemann 1979; Gottfried 1981) : 
have been suggested and investigated in the spectroscopy of ¥ and T families. Most 
of these potentials are quantum chromodynamics (QCD) motivated in the sense that 
they exhibit asymptotic freedom at small radii and linear confinement at large radii. | 
Recently a simple non-QcD based potential of the form - E 


Vir) = Vo + Ar” | (1) 


with v zz 0-1 and A470 has been found (Martin 1980; Barik and Jena 1980; Khare 
1981) to be quite proficient in reproducing the most up-to-date data on the Y and T 
Spectroscopies. Although this phenomenological potential gives quark confinement 
(A, v>0) at long distances, its short distance non-singular behaviour is in apparent 
contradiction with what one expects from Qcb. However, such non-Coulombic 
short-distance behaviour of this potential does not pose any problem in understanding 
the fine-hyperfine splittings (Barik and Jena 1980) of the charmonium and upsilon 
spectra, where it is expected to play an important role. It has been found that this 
potential can successfully explain the fine-hyperfine levels of light and heavy mesons 
in a unified manner (Barik and Jena 1982a), if the spin dependence of the confining 
potential is assumed to be generated in the form of an approximately equal admixture 
of scalar and vector interactions. In spite of such quantitative success in under- 
standing the experimental data on meson spectra through non-relativistic Schrödinger- 
type approach, it is also observed that this potential can realize (Magyari 1980 a,b) 
relativistic quark confinement to yield quark-antiquark bound states in the Dirac - 
equation. Magyari (19802) showed that the power-law potential considered as the 
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confinement of quarks, if it is assumed that the surrounding gluon field generates 
simultaneously an accompanying scalar interaction V, (r), which in the rest frame of 
the hadron is formally identical to V (r). Following such an idea, it has been shown 
recently (Barik and Jena 1982b; Barik and Barik 1981) that an equally mixed 4-vector 
and scalar power-law potential (1), when used appropriately in the Dirac equation is 
able to generate relativistic QQ bound states of cc and bb systems in exact agreement 
with the corresponding experimental data. Now, considering flavour independence 
as a guiding factor, one may be tempted to extend these considerations (Barik and 
Jena 1982b) of QQ systems to the lighter gq and Qq systems in order to generate their 
relativistic bound states. The qq system is composed of a light quark q and its anti- 
quark q whereas the Qq system consists of a heavy quark Q and a light anti-quark 
q similar to a hydrogen atom. 

In the present paper we aim to obtain the Dirac bound state masses for the light 
mesons of qd and Qq systems along with those for the heavy mesons of QQ systems 
with an equally mixed four vector and scalar power-law potential (1). Our main 
interest in this piece of work is to understand how this potential is able to describe 
the Dirac mass spectra of both light and heavy mesons in a unified manner. Here 
we are interested only in the gross-level structure but not in the detailed fitting to data 
including fine-hyperfine splittings. 

Following our previous work (Barik and Jena 1982b) we decide to use the Dirac 
equation in an independent particle approach for finding the bound states of Q0 and 
qq systems. On the other hand we use the same equation for finding the relativistic 
energy levels of the Qq systems in the same spirit as is done in the hydrogen atom 
problem. In fact the use of Dirac equation for the atom-like Qq systems to find out 
their bound states is quite appropriate and meaningful. In the present work we 
obtain the Dirac bound state masses of the heavy mesons of QQ systems such as 


Y (cc) and Y (bb) and also those of the light mesons of qq systems such as p? 
E (uu — dd) and ¢ (ss). We also obtain the relativistic mass spectra of atom-like 


mesons Qq such as D (cz) or D (cd), F (cs), B (bū) or B (bd), G (bs) and H (bc). 
Out of these atom-like mesons, the D and F mesons have been observed experi- 
mentally only in ground states with their hyperfine mass splittings whereas the 
b-flavoured masons are expected to be found in the near future. 

This work is organized as follows. In § 2 we briefly sketch how to solve the Dirac 
equation with an equally mixed 4-vector and scalar power-law potential to obtain the 
expressions for bound state masses of QO, qq and Q4 systems. These results are 
shown to be true for any power v>0 of confining potentials, The potential parameters 
and quark masses are uniquely determined in $3. In this section we compute the 
Dirac mass levels of 'Y, Y, $ and p® mesons along with those of charmed and 
b-flavoured mesons in a unified way with the flavour-independent power-law 
potential. In § 4 concluding remarks are given. 


2. Dirac bound states 


In this section we would like to generate the bound states of qq, QQ and Qg systems 
in the Dirac equation with an equally mixed 4-vector and scalar power-law potential 
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energy by solving the Dirac equation. a 
With the scalar and vector interactions V,(r) and V,(r) simultaneously present, the p 
Dirac equation for a quark of mass m, can be written as (h —c—1) as z, 


(«* p + m, B) Y (1r) = [E — V; (r) — V, (r) B) Y ©), (2) 


where E refers to the Dirac quark-binding energy. Now with an equally mixed E 
scalar and 4-vector power-law potential (V,(r)=V,(r)=V/(r)) we can obtain from (2) 

an equation satisfied by the reduced radial part of the ‘large’ component of the Dirac 

spinor ¥ (r) in the form (Magyari 1980a) 


d’ U(r) 
dr? 


E [e Lm)4GG-m = Ve | T(r) = 0G) 


Taking V(r) as given in (1) and introducing a dimensionless variable p—(r[rg) with 
the scale factor 


ro = [XE + mp] tem () 


equation (3) would reduce to the Schrödinger form . 


d? U(p) 2 YE) E ; ! 
KO [c-r - CEP] ve) =0 © 


where 
e = (E — m, — 2V0) KE + m) 2A) 


The solution of (5) for v>0 would yield a positive definite value of e= ej; correspon: 
ing to the confined bound states of quarks. If we take A=a’+, 


(Ent uM. 2Vo) = Xn, 


and TTE 
2(m, aD V.)=ab, : a eerie 


(6) would be converted to the form AE 


DEO 3) DAE (Xni + b) = 22/v ev, 


Then usinge én from exact numerical solutions of (5) 
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Now in the framework of our relativistic independent particle model the mass levels 
of qq system can be expressed as 


Mi (qq) = 2 Em = 2 m + 4Vo + 2axnı. (11) 


A similar line of approach for 00 system would also lead to the formula for 
relativistic bound state masses as 


My (QQ)—2mp + 4Vy + 2axyi, (12) 


where mg is the mass of heavy quark Q. 


Now for an atom-like Qq meson where a light quark q is moving with a high 
speed around an almost fixed heavy quark Q similar to a hydrogen atom, the Dirac 
bound state mass can be easily obtained from the expression of quark binding 
energy (10) as 


M,(Qq) = mg + En = mg + m, + 2V, + axu- (13) 


Here, of course, we do not consider the recoil effects of the heavy quark Q. 


In this way we obtain the expressions for Dirac bound state masses of QQ, qq and 
Qq systems. These results are independent of any particular v>0. Hence for any 
confining potential, logarithmic, linear or harmonic with an equally mixed vector- 
scalar Lorentz structure, these expressions are true. 


3. Fixation of parameters, results and discussion 


First of all, we fix the parameter »—0-1 in close agreement with the findings of Martin 
(1980) and Barik and Jena (1980) and solve numerically (5) to obtain en values for 
different quark-antiquark bound states. Now using the observed masses of the 1S 
state of cc, J/W (3097) and of the 2S state; W^ (3686) as inputs we solve (9) by one of 
the standard iterative methods to obtain unique positive root x,,. For this purpose 
we take the help of (8) and (12). This process fixes the potential parameters a, Vo 
and the quark mass m, as 


(a, Vy, m.) = (1:6923, — 1-99, 1:5974; GeV). =- (14) 


With these values of potential parameters a and V, we repeat the above procedure by 


taking the experimental masses of the LS state of bb, T (9434) and of the 1S state of 
ss, $ (1020) as inputs respectively in (12) and [6 1) and we obtain the b-and s-quark 
masses as 


- (m, nes = ¢ ‘9707, 0:295; GeV). s 115) 


Moreover, for the light : meson 1p? (770) considered to be a gq configuration such as 
(uit — dd)|4/2, we similarly fit its experimental mass to obtain the CCIE quark 
mass m, = 0-041 GeV. gius = 
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Now with the help of the potential parameters and the quark masses thus obtained, 
we can find out the unique positive root x,, of (9) for each quark-antiquark 
bound state. Then using the corresponding extracted roots x, in (12) for Y 
and T systems and in (11) for p? and $ systems, we can obtain the Dirac mass 
spectra of , T, o? and ¢ systems. These results in comparison with the corresponding 
experimental masses are presented in tables 1 and 2. We find that particularly for 
Y and T systems, for which numerous and convincing experimental data are available, 
the agreement with our computed values is excellent. For the light meson ¢, some 
new experimental material has come out. The first radial excitation of ¢ called $’ 
has been discovered by the Orsay group at DCI with a mass around 1:65 GeV 
(Bizot 1980). The second radial excitation 9" is experimentally obscure, with 
a possible candidate at — 1-9 GeV (Aston et al 1980). A mew evidence for 
the old E meson (Baillon et a/ 1967) has been obtained both in hadron collisions 
(Dionisi et al 1980; Bromberg et al 1980) and in radiative decay of the J/¥ 
(Feldman 1980; Ashman 1980), with a mass 1-44 GeV. From our calculation 


Table 1. Dirac mass spectrum for and Y systems. 


1-3731 . 41-4590 Za ^o 17775. e) 
1:3544 1:3608 zm 1:6725 : 


d ! Ent Theos C imet Theory VL UHR 

l S — '.1-2364 3-097 3-097 + 0-002 9-4336 9-4336 + 0:0002 
2 S 1-3347 3-686 3-686 + 0-003 10-0147 9:9944 + 0:00004 
3 S 1:3923 4-0303 4-030 + 0-005 10-3547 10-3231 + 0:00004 
4 S 1-4335 4-2761 — 10-5976 10-5476 + 0:00011 
5 S 1:4657 4-4680 4:417 + 0-01 10-7872 = 

1 P 1-3071 3-5208 3:521 9-8517 = 

2 P 1-3731 3-9156 — 10:24i4 E 

1 D 1-3544 3-8038 3-772 10-1310 = 

Table 2. -Dirac mass spectrum for p? and ¢ systems. _ 

5 i ent OS (on Ca rien 6a GWE 

1 S 1:2364 0-770 0.770 + 0-005 1:0196 1-0196 + 0:0001 

2 S 1:3347 1-2584 1-25 (p^?) : 1:5622 1-65 

3 S 1-3923 1-5608 1-60 (p^?) 1-8857 ~ 1:90 

4 S 1:4335 ` 1-7819 iT 21189 --— = 
14657 1:0568 - x Qr m 

1O P 3o- er) 131) 14084 — 144000 
3 p : 2, z : 

1 D 


^ 

g E 
3 
pg 
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we find the 2S, 3S, and 1P levels for$ at mass values 1-56, 1-89 and 1-41 GeV respective- 
ly. For the radially excited states of the light meson p°, the experimental situation is 
also not clear yet. There have been several experiments (Becker et al 1979; Delcourt 
et al 1979; Atiya et al 1979; Kaufman and Jacob 1974; Sidrov 1979) in favour of a p’ 
(1600), whereas some other experiments (Ballam et al 1974; Bartlucci et al 1978; 
Barter et al 1980; Renard 1971; Aston et al 1980) at the same time claim good 
evidence for a p' (1250) as the 2S excited states of p°. But from our calculation we 
find the 25 and 3S levels for p? at mass values 1258 and 1561 MeV respectively. 
However, we would not like to attach too much quantitative significance to these 
results, since for the excited states of these light mesons, convincing experimental 
data are not yet available. 

Finally we find out the Dirac bound state masses of atom like mesons Q4 using the 
same set of potential parameters and quark masses as obtained in (14) and (15). 
We can determine the light quark masses m,(m,) by making a fit to the energy level of 


of D(cū or cd) meson. Itis noted that the D meson level we want to fit corresponds 
to the spin-average of D and D* ie. (D) = (3D* + D)/4, because the hyperfine 
splitting is not taken into account in our calculation. From such a fit to the observed 
mass of (DY, we see that the u or d quark mass is extremely light in D meson, having 
a value comparable to the so-called current quark mass (Fritzsch 1979). It is very 
interesting to note that the light quark masses m, or ma, m, and as well as the effective 
quark mass in p? which we obtain in our calculation, are very light and that their 
values are close to the current quark masses (Fritzsch 1979) rather than the pheno- 
menological constituent quark masses (Rujula et al 1975). We are not going to 
discuss the relation between current and constituent quark masses from theoretical 
point of view. However, this point has been discussed in the frame-work of acp by 
Kaburagi et al (1981). 

Now it is interesting to take current quark mass values for u or d quarks to describe 
the Dirac mass spetra of atom-like meson Qg. Taking the values (Fritzsch 1979). 


m, ~m = 0:01 GeV (16) 


for u and d quark masses along with the same set of potential parameters and quark 
masses as in (14) and (15), we obtain from (9) and (13), the spin-averaged ground 


state mass values of D(cà) or D(cd), F(cs) and B(bit) or B(bd) mesons as follows: 
M; s (ci). = 1-972 GeV; Ms (cÑ)exp = 1:970 GeV, 
Mis (Sa = 2:107 GeV; Mis (cs)exp = 2:113 GeV, (17) 
M; s (bà), = 5:346 GeV; M] (b). = 516 ~ 5:27 GeV 

Our calculated results are in excellent agreement with the corresponding experimental 

spin-averaged mass values (Rapidis ef al 1977; Brandelik er al 1977, 1979; Bebek 


et al 1981; Chadwick et al 1981; Monti 1980) written to the right of each result in (17). 
Lastly with the same parameters fixed as in (14), (15) and (16), we generate some 


higher spin-averaged mass levels of c& or cd, c$ systems along with all such levels of 
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Table 3. Spin-averaged Dirac mass spectrum for the atom-like mesons of D(ciz), 
F(cs), B(bi), G(bs) and H(bc) families. 


ze o "OD TES EN CE | 
1 S 1:9722 2.1071 5.3455 5-4805 6:5192 : 
2 S 2:2110 2-3784 5:5843 5:7518 6:8187 ; 
ou S 2-3602 2:5402 5:7335 5:9135 6:9858 1 
4 S 2:4696 2:6568 5:8429 6:0301 7-1087 

5 S 2:5563 2:7483 5:9297 6:1216 7:2047 

1 P. 2-1415 2-3016 5:5148 5-6749 67311 j 
2 R 2:3099 2:4861 5:6832 5:8594 ` 6:9284 i 
1 D 2:2614 2-4336 5-6348 5:8069 6-8726 is 


bii or bd, b$ and bc systems. The calculated values of the spin-averaged Dirac bound 
state masses of D(ci), F(cs), B(bi), G(bs) and H(bc) mesons are displayed in table 3. 
All these predictions will shortly be tested in future experiments at CERN and FNAL. 
We find that our potential unlike the QCD based ones is non-singular at the origin 
having a finite bottom of the order of ~ 1:99 GeV. It does not possess the short 
distance Coulombic part of the potential as given by QcD (i.e. r or r | log (r/ro) |). 
Therefore even if the non-singular behaviour of this potential does not conform to the 
expectations of QCD, it can successfully describe the Dirac mass spectra of both light 
and heavy mesons in a unified manner. We further find in this work that the power- 
law potential can realize relativisitc confinement of quarks to yield the bound states 
of light and heavy mesons in the Dirac equation, if the Lorentz structure of the 
confining potential is assumed to be generated in the form of an equal admixture of 
vector and scalar interactions. Here it must be pointed out that since our results 
obtained in § 2 are independent of any particular v>0, any confining potential 
(logarithmic, linear or harmonic) with the aforementioned Lorentz structure will 
also be consistent in giving relativistic quark confinement. In fact, Magyari (1980) 
has already shown that with the above prescription for the Lorentz structure the 
logarithmic potential, the linear potential and the oscillator-like potential are able 
to realize relativistic confinement of independent quarks. But it has been observed 
(Critchfield 1975) that the logarithmic potential as well as other conventional 
forms of the confining potentials of heavy quarks, if considered in the rest frame 
of the quarks as the time component of a four vector, cannot generate relativistic 
bound states of quarks in the Dirac equation. Again it has been shown that 
although a linear scalar potential realizes a relativistic confinement (Critchfield — 
1975; Gunion and Li 1975), the oscillator-like scalar potential does not generate — 
real eigenvalues of the Dirac equation (Ram and Halasa 1979) Thus an  - 
independent approach to realize the relativistic confinement of quarks with 
a confining potential assumed either as the fourth component of a four-vector - 
or as a pure scalar does not tas meet with. success. Therefore we e 
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states of light and heavy mesons is possible with an equally mixed vector-scalar 
Lorentz structure of the confining potential. Such a Lorentz structure was also 
a phenomenological requirement in the non-relativistic Schródinger type pertur- 
bative approach to explain the fine-hyperfine splittings of the light and heavy meson 
spectra (Barik and Jena 1982a). This observation about the Lorentz structure of the 
static confining potential is also in line with earlier phenomenological findings (Beavis 
et al 1979; Appelquist et al 1978) in the context of different potential models, which 
derives further support from a gauge-invariant formalism of Eichten and Feinberg 
(1979). However, recently Kaburagi et al (1981) used a purely scalar Lorentz 
structure for the power-law potential to generate bound states of atom-like Qq 
mesons in the Dirac equation. But it is found that if such a power-law potential 
generating spin dependence in the usual manner with its Lorentz structure as a scalar, 
is used in a non-relativistic perturbative approach for the system, it would be impos- 
sible in this case to explain the observed fine-hyperfine splittings (Barik and Jena 
1980). Therefore we believe that, for a power-law potential model, a more consistent 
and unified approach in realizing fine-hyperfine spectra of light and heavy mesons in 
a non-relativistic formalism (Barik and Jena 1982), which at the same time guarantees 
relativistic quark confinement to generate successfully the Dirac bound states of QQ, 
qq and Qq systems, is mainly based on the formal assumption of an equally mixed 
scalar-vector Lorentz structure of the static potential. 


4. Concluding remarks 


`a 
In this work we have made a unified study of the mass spectra of bound light and 
heavy-quark systems with an equally mixed 4-vector and scalar power-law potential. 
This potential has been found to provide an excellent fit not only to the mass spectra of 
p°, $, V and Y families but also to those of D, F and B mesons. Flavour-independence 
has been strictly maintained by taking the same set of potential parameters and quark i 
masses to generate the Dirac bound states of all systems. We have found the re- 
markable result that the light quark masses in p?, and atom-like mesons are very 
close to the current quark masses rather than the phenomenological constiutent quark 
masses. 

In conclusion, we point out that with an equally mixed 4-vector and scalar power- 
law potential it is possible to describe the Dirac mass spectra of both light and heavy 
mesons in a unified manner. 

= | 
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Abstract. The expansion of the modified two-particle Ursell function U(r) of a hard- 
sphere quantal fluid is obtained in terms of a series of derivatives of 5-function. This 
expansion has been used to expand the second virial co-efficient B; of the fluid. The 
expansion is correct up to the fourth power in thermal, wavelength and the terms of 
the order of à? and A‘ in the first expansion are new. 


Keywords. Ursell function; thermal wavelength; second virial co-efficient. 


1. Introduction 


The expansion of any function in terms of Dirac 8-function and its derivatives is some 
times convenient if the function is to be used in an integral. In this paper we shall 
expand U(r) in terms of 8-function and its derivatives correct up to the fourth power 
in thermal wavelength A. The coefficients of A? and X in the expansion are new but 
those of À and X? were first suggested by others (Hemmer 1968; Gibson 1975). 

To test that the expansion is right we use it to obtain the expansion of B, up to 
the order M. This expansion has also been derived by others (Handelsmann and 
Keller 1966; Hemmer and Mork 1967) after making lengthy calculations. 

In 82, we outline the calculation for the expansion of U(r). An alternative method 
for obtaining the expansion of B, is presented in $3. 


2. Expansion of U (r) 
The expansion of U (r) is: 


3 


U (r) = 5: fi (q) + higher terms, 
i=0 - 


where f, (q)’s are given by (Gibson and Byrnes 1975) 


fo (a) = — exp (— 4°), 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


258 N Ansari and B Kumar 
f,(@) = wae q? erfo q, O 
faq) = OD q* [U + q?) exp (— 4?) — G + 4?) v7 q erfcg] (4) 
and 
e l —3/2 -—— 1 ac gm pay + 
fs (4) = QA 3/2 (A/a)? q? [ — (16 + 26 q° + 4 q*) exp ( — à?) 
+ (39 + 28 q? + 4 q*) 4/7 q erfc q] (5) 
Here DEDE (r — a), (6) 
erfc g = E J exp (— t°) dt (7) 


and a is the hard-sphere diameter. 
The expansion of any one of the integrable functions f;(q) in terms of a series of 
derivatives of 5-function is given by (Messel and Green 1952; Kim 1969) 


xt (—1)*f(K)99(g) 
f@= >» COLIT) (8) 
k=0 
where the moment f(k) = f q'? fi(q) dq (9) 
0 


and the superscript in (8) and in any other equations after (8) represents the number 
of differentiations with respect to the argument of the function. .. 

We can calculate the moments of any f;(q) from (9) and its expansion given in one 
of the equations (2) to (5). The calculations are lengthy but straightforward. We 
quote here the relevant results: 


AO = — Y* i KO) =O = — 12: KO) = — vi^, (10) 
AO) = AJ3 2m a; fi(1) = 3416 V2 a; fi) = 2A[5 /2m a, (11) 
J0) = — X12 7 a; fo(1) = — 1329/1707 a’, (12) 
f.) = 828/45 V2 13 a8. 2 (3) 
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8-function of a hard-sphere fluid = 
We can also see from (6) that : 


869g) = (zx) 8*9 (r — a). | (14) - : 


T 


The explicit expansion of fi(q)’s can be easily written using (8) and (10) to. D 
If we substitute these expansions in (1) we find 


U(r) = — 2-9? A &(r — a) + ol [2 8(r—a) + 3a 8(r — a)] 
3 12r a , 


P 
A NE ; [85(r — a) + 9a” (r — a) ar 6a? (r — c 
M $ 
t agaa [SNC — a) + 46805 (r — a) + 25225809 (r — a) 
+ 105038 (r — a)] + 6(A°) i (15) 


3. Expansion of B, 


At constant density number p and absolute temperature T the quantal pressure pa 
of the quantal hard-sphere fluid in terms of its classical pressure P, its classical 
radial distribution function g(r) and U(r) is given by (Hemmer 1968; Jancovici I! 
Gibson 1975; Sinha and Singh 1977; Kumar and Giri 1980)  . 


BP* = AP — 2np* f g(r) UG) rè dr + 69), 


where 8 = (KT)-, K being the Boltzmann constant. — — ^. 
We also know (Hill 1956) that pone 


g(r) = 1 + 6), ifr >a, E zs s E i 

=0 ipa Se 
BP* = p + ph By + 66%), 
PEED e Be + 6(99), 
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We have evaluated the quadrature in (21) with the aid of (15) and a formula given 
below: ; 


+0 
f F(r) 8®(r — a) dr = (— 1y* FX). (22) 


—00 


Finally we obtain the well known expansion of B, correct up to A: 


2nd? S) ffoN a oe l AV 1 [AM Gy] 

— —— | — Tf CT j| —__ — - 6 - . 
Bs 3 | EAE :) 3 vU) s) i a 

(23) 


This verifies that (15) is correct. 


4. Conclusion 


The expansion of U(r) in (15) might be conveniently used for calculating the quantal 
corrections to the equilibrium thermodynamic quantities of the fluid. 
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Abstract. Velocity and attenuation of ultrasonic waves have been measured in com- Lg 
plex binary mixtures of benzene and multicomponent coconut oil near the critical KA 
temperature in the low MHz region. The experimental results are analysed in terms m 
of theories developed by Kawasaki and Mistura. The characteristic frequency and bz 
amplitude parameter determined by fitting the data in the relations proposed by 
Kawasaki-Mistura are scaled at reduced temperature and these agree with scaling 

exponents. A small velocity dispersion is also observed. 


Keywords. Ultrasonic attenuation; amplitude parameter; reduced temperature; 
scaling exponent. 


1. Introduction 


The anomalous increase of ultrasonic attenuation near the critical point has been a ji 
subject of intensive research. The present paper reports the absorption and velocity 
measurements in mixtures of benzene and coconut oil near the plait point. This 
mixture behaves like a complex binary system. Coconut oil is a multicomponent 
organic compound composed of esters of saturated and unsaturated fatty acids. 
The physical and chemical properties of coconut oil have been extensively studied. 
Bhattacharya and Deo (1981) reported the ultrasonic behaviour of coconut oil near 
the liquid-solid phase transition. Benzene has also been studied ultrasonically. The 
coexistence curve for phase separation in mixtures of benzene and coconut oil can be 
obtained by a very simple method. -To our knowledge, ultrasonic behaviour of such 
a complex binary system which throws light on the nature of acoustic response in the 
ES range near the critical point has not been studied so far (Bhattacharya 
] 

The mode-mode coupling theory en by Kawasaki (1970) and Mistura (1971) 
has been applied in pure fluids and binary liquid mixtures (Garland and Lai 1978) 
to explain the behaviour of ultrasonic propagation in the critical region. : 

In critical binary liquid mixtures, as the critical temperature is approached the 
fluctuations of the order parameter greatly increase due to the divergence of the 
generalised susceptibility of the system. This brings about an anomalous increase 
of ultrasonic absorption in the low MHz region. The concentration fluctuations are 
supposed to cause mode-mode couplings between the various modes of liquid. mixtures. — — 
As the consolute temperature isapproached, ultrasound attenuation gets increasingly 
coupled to the mass diffusion mode. This is reflected in the mode-mode coi 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


262 A C Bhattacharya and B B Deo 


theory of Kawasaki and Mistura predicting the behaviour of ultrasonic propagation 
in the critical systems near the critical temperature. The critical divergence of ultra- 
sonic attenuation in complex binary mixtures of benzene and coconut oil near the 
critical region can be explained in terms of the mode-mode coupling theory which is 
yet to be rigorously tested in complex binary mixtures. In the present paper, we have 
analysed the experimental results in the light of the mode coupling theory. 


2. Theory 


The total ultrasonic absorption of critical binary mixtures can be represented by 
three terms (Harada 1979) 


$ (e w) = borit (© W) + dpe (s W) + óus (6, w), (1) 
where e is the reduced temperature given by 
Cae (gr TIT. 


T, being the critical temperature. The first term pit (e, W) denotes the critical 
absorption of sound. The second term ope (e, w) is the background relaxation and 
the third term $ws (e, w) is the classical Navier-Stokes absorption given by 


ay TW 
, w) = — NS 5 
$Ns (e, w) i (NS) pi 


E Po + «| + A(G!-— c; (2) 
where a) = aA is the absorption per wavelength, uis the acoustic velocity, d is the 
shear viscosity, €o is the relaxing bulk viscosity, A is the thermal conductivity, C, is 
the specific heat at constant volume and C, is the specific heat at constant pressure. 
$pg (e, w) refers to a variety of non-classical and non-critical relaxation processes. 

The Kawasaki-Mistura mode-mode coupling theory connects absorption and 
velocity with frequency. The relevant expressions are 


a SIWT 
26 w= melo) 09) +a 2 DE Je dE ce) Q) 
uw? (0) — r 09) = c (9 J (wW*) + > rur — (4) 


The first term in (3) and (4) represents contributions from critical behaviour. The 
term containing the sum refers to set of instantancous simple relaxations with relax- 


ation times r, and strengths Sı. I(w*) and J (w*) are 


z x? dx wt K (x) : (5) 


10707 Ja p xoi rg) pw? 
E ; 0 ; ` ^ one T pi 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Ultrasonic studies in benzene and coconut oil mixture 


[v9] 


e xdv we 6j 28 
J (w*) J cU ee © 


where K (x) = 3{(1 + x) + Q3 — x) arctanx}, 
and xX = Ko &. 


ky is the wavenumber and € is the correlation length of the order parameter 
fluctuation. w* is the reduced frequency given by 


w* = whwp = ffp» 


J is the frequency of ultrasonic waves and f pis the characteristic frequency of ultra- 
sonic propagation. In binary fluids, fp is defined as 


TOS 2 g 


where D is the diffusion coefficient. 
Equation (4) is the velocity dispersion formula, u(0) being the static limiting velocity _ 
and equals 1/(pk, )? where p is the density and k, is the adiabatic compressibility. 
` The critical relaxation strength or the amplitude parameter c(e) is given by the - «e 
Kawasaki version of the mode-mode coupling theory for a binary fluid as 


«GI (2 = ys er C, cL OPIOT), x ( 2 3 k' (0k oT), 


where k is the Boltzmann constant and k’ = é. ¢ is the critical exponent 
from the Fisher correction to the Ornstein-Zernike correlation functio 
Mistura version of the theory gives c(«) as 3 


un ps 4 GPjaTy; (: x Ji k' (ok'/aT). 


3. Experiment 
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€ COEXISTENCE CURVE 


zel € ATTENUATION (X /f*) vs. 
CONCENTRATION CURVE 
AT 3MH; ANO AT 28*c 


2 


0.1 o2 O3 , OS . ý O. 0.9 1.0 


Figure 1. Coexistence curve i.e. concentration () versus miscibility temperature 
(T) curye for benzene-coconut oil mixture giving critical concentration and consolute 
temperature. 


or transition temperature is detected by visual method when the mixtures become 
opalescent (milky-white) under the equilibrium conditions. Benzene used is of Analar 
Grade. Coconut oil used is of ‘Expressed’ type and 1A Grade according to standard 
specifications (Ist 1973). The ultrasonic interferometer has a measuring cell provi- 
ded with inlet and outlet attached with a constant temperature bath and a motor- 
pump system. 

The temperature can be controlled and kept constant to an accuracy of + 0:1^C. 
The velocity measurements are accurate to within 0:5%. The error in attenuation 
measurement is within + 5%. The velocity and attenuation were measured at 
temperatures ranging from 25:7 to 30°C and at frequencies of 1, 2, 3 and 5 MHz by 
the continuous wave. interferrometric technique (Bhattacharya 1981). The lower 
curve of figure 1 represents the composition dependence of ultrasonic attenuation 
(ajf?) at 3 MHz and 28°C. The peak of attenuation curve corresponds to the 
peak of coexistence curve giving critical temperature at critical concentration. 


4. Results and analysis 


4.1 Absorption 


Figure 2 shows the temperature dependence of ultrasonic attenuation (alf?) in the 
phase T >T, for the binary mixture of benzene-coconut oil at various frequencies. 
Only at 2 MHz the temperature dependence of a/f? has been taken atT< T. At 
low frequencies ajf? falls rapidly with temperature while at (he higher frequencies it 
is almost temperature-independent for T> T,. The anomalous behayiour of ultra- 


sonic absorption near T; is within low MHz region. 
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Figure 2. Temperature dependence of ultrasonic absorption for the critica 
mixtures of benzene-coconut oil. 


near and above T,. It is observed that a/f? falls rapidly with frequency and is 
significant near T,. ism 
We have analysed our data in terms of mode-coupling theory of Kawasa 
We have fitted our data using (3) in which the set of “simple relaxation IS 
been excluded for the system benzene-coconut oil. Benzene is a non-polar « ri 
ciated liquid and coconut oil is composed of esters of saturated fatty acid 
and unsaturated fatty acids (9%) with the characteristic feature that w J 
origin its compositions are approximately the same (Anon 1950). — 
of coconut oil earlier has been determined = Anon aa $ 


ene-coconut oil. 


Therefore: 9 reduce 
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o 


«/ f^ x (o^ cm sec? 
o 


o 


3 
f in MHz 


Figure 3. Frequency dependence of ultrasonic absorption for the critical binary 
mixtures of benzene and coconut oil at various temperatures near and above T;. 


While considering the Navier-Stokes term $ys (e, w), we shall neglect the contribu- 


tion due to the thermal conductivity appearing in (2) since the viscosity term is very 
large compared to the thermal conductivity. Equation (2) becomes 


dns (69) = B ( o + «| = B,|u, (10) 
cse OH d b, (11) 
. | p 
7 | 


We can assume b as constant since it is roughly independent of T. But B is depend- 
ent on temperature because of p and u appearing at the denominator of (11). Equa- 
tion (9) can be written in the form of ET pd. 


(a,/u?)* = (aai!) — Br) 2m I6e*).- ES ut) (12) 


7 c (6) 
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In (12) (a«,/1?)* may be defined as the reduced absorption and a,/u? as the observed 
absorption. We have fitted our data in (12) and have determined the parameters 
fp, € (€) and B by a computer search program using least square minimisation 
technique (Flecher and Powell 1963). Figure 4 gives the reduced absorption at 
various reduced frequencies w* — w/wp = flfy. The solid curve has been drawn 
from the theoretical expression 7(w*) as mentioned in (5). The data points fit 
satisfactorily with the theoretical curve. Table 1 gives the computed values of 
the parameters namely f p» € (9 and B at various temperatures. 

According to the prediction of the mode-mode coupling theory, the mass diffusion 
near critical point in binary mixture scales as Dzz£-!. From Ising lattice gas calcu- 
lation, the correlation length scales as £ ~ e” where v is the critical exponent. 


Table 1. Parameters of the Kawasaki-Mistura Theories. 


y c(e)10-12 B 
Ico dads e UE sec?) (cm~! — sec?) 
25-7 0-061 1-964 0:93 x 10-3 
26:0 0-063 1-595 0:10 x 107? 
27:0 0-860 1:149 0:26 x 10-7 
28-0 2-434 1:048 0:69 x 10-5 
29-0 4-051 0:961 0:17 x 10-5 
30-0 8-942 1-125 0-11 x 107? 


10? 


10 
x 
3 
— 
10 
10° 
10! 10? 10! 10? 10? 
Co* 


Figure 4. Relation between reduced absorption and reduced frequency. The solid 
ape has been drawn from the theoretical expression 7(*) and as given in equation — 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


268 A C Bhattacharya and B B Deo 


Hence the scaling relation of the characteristic or reduced frequency fp is obtained as 


fp = (Dlr) €? 
or 


fp =h e à (13) 


where f, is a constant. 

Figure 5 which represents the relation between log fp and log « is a straight line 
and the intercept giving the value of 3v is determined as 1'9. Sov» = 0:63. This 
value of v is quite consistent with the theoretically predicted value (Swift 1968). 

We have also determined the scaling exponent for the critical relaxation strength 


c (e). Figure 6 shows the relation between log c (c) and log e following a power 
law as 


c (e) = Co ea. ; (14) 


1.0 


log fp 


-1.0 


-h6 48 -2.0 -22 -24 -26 .-28 -30 -32 
log € 
Figure 5. Plot of log fp versus log e. fp is in MHz. 
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The exponent a as determined from the slope of the line in figure 6 is 0-25. This 
value of the exponent is sufficiently large to satisfy the well-known hyper- 
scaling relation a=2 — 3v. From the Josephson (Stanley 1971) scaling inequality 
3v — 2 > — a, and the Ising lattice gas value for a=0-11, it is shown that c(e) should 
scale as c (e) zz e-* for a > 0:11 (Fenner and Bowen 1980). The exponent value of 
0:25 agrees with this inequality but not with equality. c(e) cannot be evaluated from 
(7) or (8) as some of the quantities are not known for our system. 

Table | indicates that B is a small quantity and it varies irregularly with temperature. 


. For all temperatures studied the Navier-Stokes term yg (e, w) is quite small 


compared with our observed a/u? values. The reason for the irregular variation 
of B with respect to temperature is.not clear, probably it is linked. with the com- 
plicacy of our system which is not a true binary fluid but a complex mixture of 
benzene and a multicomponent coconut oil. 


4.2 Velocity 


Figure 7 shows the variation of ultrasonic velocity with temperature for the critical 
mixtures of benzene-coconut oil at 3 MHz. The velocity behaves as a linearly 
decreasing function of temperature above the consolute temperature satisfying a 
relation u—mT--c. The mand c values are — 7:5 mt/sec?c and 1523 mt/sec respectively. 
A similar behaviour relating to velocity and temperature was reported by Fenner and 
Bowen (1980) in sulphur dioxide and carbon tetrachloride liquid mixtures and also 
by Arrigo and Sette (1968) in nitro-benzene-n-hexane. The critical mixtures of 
benzene-coconut oil exhibits a very small dispersion as shown in figure 8. This 
dispersion appears to be unreal and may be due to the large scatter in the velocity 
data. We have attempted to analyse our data in terms of velocity dispersion formula 


1.34 
1.33 
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3I 


V X IO? mt/sec 


1.29 
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Figure 7. Temperature dependence of ultrasonic velocity at 3 MHz. 
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Figure 8. Frequency dependence of ultrasonic velocity at various temperatures, 
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Figure 9. Relation between J(w*) and w* as shown in equation (6). Solid curve 
represents J(w*) as a function ot w*. Experimental data correspond to 1 MHz only. 


given by (4) excluding the non-critical relaxation terms which are not considered in 
connection with absorption. The relevant expression becomes 


TORTON J(w*). (15) 
c (e) 


Figure 9 is a solid curve drawn between J(w*) and w* taking the theoretical expres- 
sion J(w*) given by: (6); u(0) values have been extrapolated from figure 8 at different 
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Table 2. Experimental velocity at 1 MHz and the extrapolated. 
u(0) values at different temperatures. 


T u (1 MHz) u(0) £ 
(°c) (x 10? mt/sec) (x 10? mt/sec) į 
25-7 1-320 1:313 : P: 
26-0 1-313- — 1:307 3 
27-0 1-307 1-306 * 
28-0 1:304 1:303 ; 
29-0 1:299 1:298 
30:0 1-298 1:297 


temperatures as shown in table 2. The values of c(e) have been taken from table 1. 
It is observed that the experimental data corresponding to 1 MHz only can fit the 
theoretical curve in figure 9. At other higher frequencies our data do not fit to the 2 
curve obeying (15). This discrepancy may be due to negligible dispersion presumably | 
due to the large scatter in the velocity data. 


5. Conclusion 


The ultrasonic attenuation of the complex binary mixtures of benzene and coconut 
oil exhibits strong temperature and frequency dependences near T,. The experi- 
mental results have been analysed in terms of the mode-mode coupling theories develop- 
ed by Kawasaki and Mistura. Both the characteristic frequency and the amplitude 
parameters determined from (3) are consistent with scaling relations. There exists 
only a very small velocity dispersion in benzene-coconut oil system. The dispersion 
relation of the Kawasaki-Mistura theories cannot be properly analysed within the 
accuracies of our measurements. 
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Ultrasonic propagation in multicomponent system in the critical 
region 
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Abstract. Ultrasonic propagation in a system consisting of coconut oil and carbon 
tetrachloride has been considered as a function of temperature near T, in the low 
MHz region. A small velocity dispersion is seen in the system. The experimental 
results have been analysed with recent theories developed by Ferrell and Bhattacharjee. 
The data on attenuation per wavelength near 7, agree with the scaling relation 
developed by Kroll and Ruhland. 


Keywords. Multicomponent critical system; critical temperature; scaling relation; 
attenuation. 


1. Introduction 


In recent years ultrasonic propagation, particularly anomalous behaviour of ultra- 
sonic absorption in binary liquid mixtures near the critical temperature, has been 
widely studied. The theory of Fixman (1962) promoted the study of the critical 
phenomena of binary liquid mixtures using ultrasonic waves. There were also 
theories developed by Kawasaki (1970) and Mistura (1971). These were applied in 
many critical binary liquid mixtures but showed some inconsistencies. We have 
considered the theories developed by Ferrell and Bhattacharjee (1981) and Kroll and 
Ruhland (1981) to study the ultrasonic behaviour in critical systems. 

In the present paper, we report the measurements of absorption and velocity in a 
complex binary system composed of coconut oil and carbon tetrachloride. Coconut 
oil itself is a multicomponent mixture of esters of saturated and unsaturated fatty 
acids with the characteristic feature that irrespective of its origin the composition 
remains the same. The physical and chemical properties of coconut oil are well 
known. Bhattacharya and Deo (1981) earlier reported the ultrasonic behaviour of 
coconut oil near the liquid-solid phase transition. Recently the ultrasonic study 
of benzene and coconut oil near the critical region was reported in the light of 
some important theories (Bhattacharya 1981; Bhattacharya and Deo 1982). The 
ultrasonic behaviour of carbon tetrachloride is already known. The coexistence 
curve for phase separation in mixtures of coconut oil and carbon tetrachloride can be 
drawn by a simple method. Ultrasonic studies on multicomponent critical systems _ 
are rather few, probably because of the complexity of the system. It reveals the 
nature of acoustic response in the megacycle range during phase transition. We 
have analysed the experimental results in the light of the theory of Ferrell and Bhat- — 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ne ee ee a ee ae E 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


274 A C Bhattacharya and B B. Deo. 


tacharjee (hereafter abbreviated as FB) which relates the attenuation per wavelength 
at the critical point a, A, through the equation 


de Ae = — 2m (uafu) = (ng*u2A)|T.B* sin (grag/4) (yo[22Y^^ f", — (1) 


where acà. is the negative imaginary part of the complex critical velocity u, + ius. 
uc is the velocity at the critical temperature. g is the coupling constant. A and B 
are constants associated with the critical specific heat given by 


C, c = Ae~® + B, 


B is the constant-background specific heat. a, is the specific heat exponent. «is 
the reduced temperature given by 


e—(T — TJIT.. 


T; is the critical temperature and f the frequency. yọ is a constant involved in the 
characteristic temperature-dependent relaxation rate equation expressed as 


= e, 


where y is the characteristic relaxation rate of the system. Multiplying (1) by (ue f)” 
we obtain 


ae 7g uA . [-1-(a9/2)] 
— = 2 sin (mag/4) (yg[27)9/? J (2) 
aS 0/4) (vol2m)%0!2 f 

Our data on attenuation are also consistent with an expression derived by FB and 
is of the form 


udu u(i + u) 
(F a? + ue F 


a 


-2a«pao [f G 
J | 


(^ 


where ajas is the attenuation relative to the critical point, Vu corresponds to the 
wavenumber of a relaxing order-parameter fluctuation. p is a parameter in the 
relaxational factor of the integrand. p = 4 is taken for the three-dimensional fluid. 
Q is the reduced frequency given by 


: Q = w/y = 2nflye 


The real part of the complex critical velocity as obtained by FB is given by 


uo gue ARE ve (4) 
Uc 2T.B 2T.B* 
Or 
A gu? ag 
- a, c dine, (5) 
A constant + oT, B. 


Un , 
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Further, our experimental data on attenuation per wavelength (a) agree with the 


new scaling relations obtained from the theory developed by Kroll and Ruhland 
(1981) for ultrasonic propagation in critical binary mixtures. Our data close to 7; 
follow the power-law relation of the form b 


an(f) = Aof =e + Boy me 0) 


“vivian EL 


s A, and B, are constants. . v is the critical exponent of correlation length é= £, ev 
of the order-parameter fluctuation. Ze is the factor associated with the characteristic 
frequency of the ordzr-parameter fluctuation given by 


or 
Sc = Seo ec, 


where f, and f.g are constants. a 


2. Experiment 


The experiment relating to the coexistence curve for the binary mixtures of coconut 3i 
oil and carbon tetrachloride was performed taking one boiling tube fitted with a 
thermometer and stirrer placed inside the test liquids and an arrangement for cooling 
or heating. Phase separation or transition temperature for a particular concent- 
ration was determined by visual method as the mean of two temperatures at which | 
opalescence appears and disappears under the equilibrium conditions. Figure 1 af 


Ə ABSORPTION I&/f?) vs 
CONCENTRATION CURYE 
AT 3 MHz AND AT 28°C 


O COEXISTENCE CURVE 


Figure 1. Coexistence curve i.e. concentration (7) versus miscibility temperature { 
curve for coconut oil-carbon fetrachlangs mixtures s giving critical COR GEn uO a 
critical temperature. beds 
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gives the phase diagram drawn with miscibility temperature as a function of concen- 
tration for coconut oil and carbon tetrachloride mixtures. The 7; value for the 
system is approximately 22:2 + 0-1°C corresponding to the critical composition (7) 
of 0-732 by weight of carbon tetrachloride. Coconut oil used is of ‘Expressed’ type 
and IA grade according to the specifications (Ist 1973). Carbon tetrachloride is of 
Analar grade. Ultrasonic attenuation and velocity were measured at 1, 2, 3 and 5 
MHz using an ultrasonic interferometer and following the continuous wave inter- 
ferometric technique (Bhattacharya 1981). The temperature range of the measure- 
ments was 22:5 to 28°C. The measuring cell of the interferometer is provided with 
inlet and outlet attached with thermostatic device consisting of a constant temperature 
bath and a motor-pump system. The temperature can be regulated and kept constant 
with an accuracy of + 0-1°C. The absorption measurement is accurate to within 
+ 5% and that of velocity to within 0:577. Figure 1 also indicates the variation of 
ultrasonic absorption (a/f?) with concentration taken at 28°C and at 3 MHz. The 
absorption peak corresponds to the peak of the coexistence curve giving consolute 
temperature at the critical concentration. The strange shape of the coexistence curve 
may be due to coconut oil itself being a multicomponent system. The critical point 
observed in the carbon tetrachloride coconut oil system is actually a plait point in a 
multicomponent system (Mistura 1972). 


3. Results and analysis 


Figure 2 represents the variation of ultrasonic absorption (a/f?) with temperature for 
the critical system coconut oil and carbon tetrachloride. a/f? decreases rapidly with 
temperature at low frequencies, while at higher frequencies it is almost temperature 
independent. The frequency dependence of a/f? at various temperatures is shown in 


a/f? x 10  cm"'- sec? 
- 


1 = ee CENT a 737. 728 
T in °C 


Figure 2. Temperature dependence of ultrasonic absorption for the critical binary 
£ z ide-coconut oil. 
mixtures of EPR tetrachloride Gurukul Kangri Collection, Haridwar 
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figure 3 which indicates that «/f? falls rapidly with frequency. The frequency 
dependence of a/f? is remarkable when the critical temperature is approached. 
We have analysed our experimental results in terms of recent theories developed by 
FB on ultrasonic attenuation and velocity in critical binary mixtures of liquids. Our 
data on critical absorption (a,/f?) obey the relation expressed in (2) which can be 
written as 


a,[f* = (nC]T.) sin (mag[4) (9/20)? p U-1— C21, (7) 


where 


C — PAJB. 


The unknown parameters C, ag and y, have been determined by fitting our data in(7) 
by computer search program using the least square minimisation technique. (Flecher 
and Powell 1963). The optimized values are 


C = 0:42 x 10-4 K/cm sec; a4,— 0:121; y/27 = 1-1 GHz. 


The value of specific heat exponent (a),=0-121) agrees with the theoretical 
value (0:12) of FB. C is associated with the unknown parameters A, B, g and 
ue Which can be determined experimentally. A and B can be obtained from 
specific heat measurements, g from thermodynamic measurement, ue from Brillouin 
Scattering experiment and yọ from Rayleigh linewidth measurement (Burstyn 
et al 1980). Unfortunately, the experimental data on A, B, g, u, and yg for our 
system are lacking. Figure 4 shows the straight line fit between a,/f? and f 717/2 
according to (7). The background absorption as determined from the intercept of 


aft? x 10 cni! -sec? 


EMES uc pute. ESE 
Figure 3. Frequency dependence of a/f? for the critical mixtures vari : 
tures above Te. 5 zy Ee : eme. 
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Figure 4. Linear relation between a,/f? and f~}. Solid line is the theoretical 
curve. The intercept gives the background absorption. 
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figure 4 is 25 x 10-1" cm-* sec? and is due to the non-critical contributions. u is 
obtained by fitting our data in (1) since the optimized values of C, yy and o, are 
known. The estimated value of u,— D/JC—1095 mt/sec where D—g?u2A4/B?—4:6 K. 

Figure 5 represents the relation between the attenuation relative to that atthe 
critical point (a/a,) and the reduced frequency (Q) as mentioned in (3). Our data on 
attenuation at the studied frequencies follow the curve shown in figure 5. The 
theoretical curve is drawn taking p—1/2 in (3). rB used the experimental data of 
Harada ef al (1980) and Fenner (1981) to show the agreement with their theory. 
Identical behaviour asin figure 5 is exhibited by the critical binary system of 3-methyl 
pentane-nitroethane (Harada ef al 1980) for which yo/27 = 15 GHz and in 2, 2, 4- 
trimethyl-pentane-nitroethane (Fenner 1981) for which yo/27 = 2:67 GHz. 

The power-law frequency dependence as mentioned in (6) is shown in figure 6 in 
which the data of attenuation per wavelength have been displayed at 22-5 and 23°C, 
since (6) is valid only asymptofically close to T.. By fitting our data in (6) we obtain 
the exponent a9/vz, = 0:065 which agrees with the scaling relation ag[v = 0:2 and 
z, — 3:07 obtained for the critical binary mixtures as mentioned by Kroll and 
Ruhland (1981) and compared with the measurements of Harada et al (1980). Figure 
6 shows a rough agreement between (6) and our experimental results. 

Figure 7 represents the temperature dependence of ultrasonic velocity for the 
critical coconut oil-carbon tetrachloride system at various frequencies. . The velocity 
decreases with temperature. The system exhibits a very small velocity dispersion as 
shown in figure 7. This small dispersion is believed to be due to non-critical effects 

and is almost independent of AT or reduced temperature e. _ 
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Figure 5. "Variation of attenuation relative to the critical temperature with reduced 
frequency. Solid line is the theoretical curve corresponding to equation (1). 
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Figure 7. Temperature dependence of ultrasonic velocity at various frequencies. 


Regarding velocity of ultrasonic waves in a binary system in the vicinity of Te, it 
can be stated that there is no critical temperature dependence and this is contrary to 
the behaviour observed in the single-component fluids (Barmatz 1970; Garland and 
Williams 1974). FB developed a theory establishing quantitatively the existence of 
critical behaviour of sound velocity in binary liquids at sufficiently low but experi- 
mentally accessible frequencies. We have adopted a similar velocity analysis. 
Figure 8 indicates the frequency dependence of the real and imaginary parts of the 
fractional critical ultrasonic velocity at the critical point. The lower straight line in 
figure 8 is drawn by considering the critical variation given by 


— 2m I — a, A, = 0:0158 f-905, (8) 
Uc 


The coefficient 0:0158 is the computed value after substitution of values in (2) The 
éxperimental data on attenuation per wavelength at various frequencies have also 
been plotted in figure 8. The upper line is drawn by considering the real part of the 


complex velocity (u, + iuz) and is given by 


UE gue A (yo[27)99 cos (0:037) fo. (9) 
Uc s 2T. B © 3 
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Figure 8. Frequency dependence of the real and imaginary parts of the fractional 
critical velocity at T, with the data of coconut oil-carbon tetrachloride system. 


Substituting the values in (9) we obtain 
ulus = — 0:0266 f-0-8, 20) 


Replacing w by y to convert the upper line in figure 8 into the thermodynamic relation, - 
we obtain 


U,/Uc = — 0:0266 (yo/2m &3)-9-06 — — 0:00763 «0:1? 


or 


Mucio ca CAN 
- 


u,/u- œ constant + 0:00091 In e. 


velocity at T,. Itis observed that the critical temperature variation : 
MHz region is absent. In the MHz region the velocity var 
is independent of AT or e. Further, the critical temperatur 
. velocity should be determined at the lowest possible frequ 
l Be € in (5) is given by 
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4. Conclusion 


The ultrasonic attenuation (a/f?) of the complex binary mixture of coconut oil and 
carbon tetrachloride exhibits strong frequency and temperature dependence near T,. 
The experimental results satisfy FB theory connecting attenuation with frequency and 
temperature. 

Our experimental results on attenuation per wavelength very close to T, follow a 
power law of frequency. The exponents approximately conform with the model 
developed by Kroll and Ruhland (1981) for ultrasonic attenuation of binary mixtures 
near the critical region. 

There exists a small velocity dispersion in coconut oil-carbon tetrachloride system. 
This is due to non-critical effects and is almost independent of reduced temperature «. 
Further the analysis of our data in terms of the theory of FB on the critical sound 
velocity in a binary liquid leads us to the temperature variation of critical sound 
velocity which should be determined at the lowest possible frequency. 
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Abstract. The ır and Raman spectra of molybdenum trioxide—monohydrate are 
studied assuming an effective tetrahedral Mo-O coordination and isolated water 
molecules, although the crystallographic coordination is six-fold with two long Mo-O 
distances. Based on C; symmetry, the group theoretical analysis has been carried 
out and a vibrational assignment is proposed. The nature of hydrogen bonding and 
the librational modes of water molecules are discussed. The factor group splitting 


for v3, the asymmetric stretching mode of MoO* ion, is large indicating strong inter- 
chain coupling. 


Keywords. Raman spectra; molybdic acid; librational modes; infrared spectra. 


1. Introduction 


The structural investigation of the different forms of molybdic acids (molybdenum 
trioxide-hydrates) was started by Lindqvist (1950, 1956). Recent investigations 

(Guntur 1972; Oswald et al 1975) revealed three different forms of MoO,-H,0O— 3 
a white a-form, a white B-form and an yellow form. It has been established that the H 
a-form has the oxygens 6-fold coordinated around molybdenum, of which the oxygen ii 
of the water molecule being the one, forming octahedral double chains (Oswald ef al 
1975). Further, from the O..O distances of the water oxygen there is evidence for 
hydrogen bonding between the octahedral double chains. 

Guntur (1972) recorded the infrared spectra of MoO42H,O and MoO,-H,O 
(yellow form) to study the coordination of water molecules. Maricic and Smith 
(1958) reported the infrared spectra of MoO,:2H,O and MoO,:H40 and Krauss and 
Huber (1961) reported the spectrum of MoO;:2H,O. However, no mention about 
the forms was made. The infrared and Raman spectra studies of the a-form of 
molybdenum trioxide-monohydrate could throw light on the nature and strength of 
hydrogen bonding, the librational modes of water molecules and the wide range of 
molybdenum-oxygen distances present in it. 


2. Experimental 


White molybdic acid (Analar grade) was used for the investigation. The far infrared — 
spectrum (10-400 cm) (figure 1) was recorded in an FIR 30 Polytec. The infrared — — 
spectrum (400-4000 cm-!) using KBr pellet was recorded using spectiophotones ter Pg 
(Perkin Elmer). « = 
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The Raman spectrum (figure 2) was recorded using double monochromator, 
(Cary 82 and Spex Ramalog), both equipped with argon ion laser (Spectra Physics) 
operating at 4880 A. The sample was placed in 2 metal cone of diameter 4-5 mm and 
a capillary tube of diameter 1.1 mm for Spex Ramalog. 


3. Factor group analysis 


The a-form molybdenum trioxide-monohydrate belonged to the triclinic system with 
the space group PI (CI) (Oswald et al 1975). The oxygens are 6-fold coordinated 
around molybdenum forming an infinite double chain of edge-linked [MoO,;(H.O)] 
octahedra perpendicular to the b-axis. The Mo-O distances range between 1:66 and 
2:37 À. Hence as an approximation, if the two ligands with the largest Mo-O 
distances are neglected, the structure may be alternatively described as built up from 
chains (perpendicular to b-axis) of corner-linked distorted MoO,-tetrahedra and 
isolated water molecules. This approximation is similar to the one by Kihlborg 
(1963) to characterize the structure of MoO, as a transitional state between octahedral 
and tetrahedral coordination. Using a similar epproximation Blasse (1975) 
succeeded in explaining the vibrational spectra and the luminiscent properties of 
HgMoO,. 

The crystal has two formula units per unit cell and all atoms are located on the 
general positions. The symmetry of a free molybdate ion is Ta. However, in the 
crystal, it occupies a general site of C, symmetry. The anisotropic crystal field lifts 
the degeneracies of the normal modes. For such a configuration, the number of 
internals to be expected can be derived as indicated in iable 1. Coupling between 
the vibrating ions produces further splitting of each crystal mode into components 
equal to the number of ions in the primitive unit cell (Davydov 1969). 


4. Assignments 


The internal modes of the molybdate ion are expected to occur in the region 775-950 
em™ (stretching) 275-425 cm-! (bending) irrespective of its environment. For the 
external modes, the frequency strongly depends on the type of motion (translation or 
rotation) and on the nature of the cation. Further, interactions could occur between 
rotational, translational and low-lying internal modes. It is difficult to explain the 
observed spectra of powdered samples due to the complex nature of the metal-oxygen 


Table 1. Correlation table for the normal modes of the MoO, group with site 
symmetry C,. 


Ta symmetry Site symmetry natch ponen 
v, A (R) A Ag + Au 
‘Va E (R) 2A 2Ag zb 2A, 
Vs, V4 Fs (i. r, R) 3A 34, + 34, 
4 (R) — Raman active; (i. r.) — infrared active 
b g modes Raman active; u modes infrared active 
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linkages and the distortions present in the metal-oxygen polyhedra. However, it is 
possible to make symmetry assignments by comparison with the normal modes of free 
molecules. 


4.1 O-H vibrations 


The octahedral double chains are linked through possible hydrogen bonds. The 
distances from the water oxygen O(4) to oxygen atoms O(I'), O(3'), O(3%) of 
neighbouring octahedral double chain are respectively 2.76, 2.85 and 3.14A. These 
values indicate medium and weak strength for the hydrogen bonding. Oswald et al 
(1975) have assumed that if O(1'*) is definitely bonded it remains open which of the 
other two [O(3), O(3"")] contacts represents the second water hydrogen bridge 
and the most probable hydrogen bonds are indicated by them (figure 3). 

The strong bands at 3215, 3185, 3172 and 3155 cm-! in Raman, and the strong 
broad band centred around 3140 cm~! in infrared indicate hydrogen bonding of 
medium strength. Since the site symmetry of the water molecule is C,, the two 
O-H bonds should be of unequal strength and the presence of four lines in Raman 
indicates this. These are the symmetric and asymmetric stretching of the hydrogens 
bonded to the O(1'Y) and O(3') with O(4)-O(1') and O(4)-O(3') distance of 2-76 
and 2.85 À respectively. These O-H frequencies fall in the region of intermediate 
hydrogen bond strength (Novak 1979) and this clearly excludes the possibility of the 
hydrogen bonding with the O(3Y) with an O(4)-O(3"!)) distance of 3.14 A which is 
a distance indicative of a weak hydrogen bond. 

The HoH deformation (v2) of a free water molecule occurs around 1600 cm~ and 
will be strong in infrared and very weak in Raman. Usually the bending mode (v) 
of water increases in wavenumber with increased strength of hydrogen bonding. 
However, this correlation does not always hold (Scherer 1978). Pezerat (1979) 
reported the bending vibration at low frequencies from a study of hydrogen bonded 
biological systems. In yellow molybdic acid (MoO,.2H,O) Sreenivasan (1979) 


Asin Y 


Figure 3. Projection of crystal structure parallel to 
- probable hydrogen bonds (after Oswald et ql 1975). 


| 
| 
| 
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observed the bending frequency around 1400cm™ which shifts to ~ 1100 cm- on 
partial deuteration. In the present investigation, the infrared spectrum presents 
strong broad bands centred at 1600 and 1385 cm-1. In Raman spectrum there is 
only a weak band in the region 1390-1445 cm-* with distinct peaks at 1406 and 1436 
cm™ and no band could be observed around 1600 cm-1. These observed frequencies 
are perhaps not HOH modes but OHO ones, one of a strongly bonded and the other 
that of a weakly bonded. 


4.2 Molybdate ion 


The molybdate ions are in a crystal field of low symmetry. Hence a large splitting 
of the degeneiate vibrational modes is expected. Table 1 predicts four Raman active 
A, modes and four infrared active 4, modes for the Mo-O stretchings. The frequency 
observed at 960 cm~ in Raman and at 950 cm~} in infrared is assigned to the sym- 
metric stretching », of the molybdate ion. Such a high frequency for an Mo-O 
stretching is due to the Mo-O bond of 1:654 À which is the shortest ever found in 
molybdenum-oxygen compounds. The frequencies 883 and 792 cm~ correspond to 
two of the three predicted asymmetric frequencies of the molybdate ion. The third 
has split into a doublet (940 and 948 cm-?) due to vibrational interaction with the 
neighbouringions. The shoulder at 778 cm may also be due to this interaction. The 
splitting of about 150 cm~ for the triply degenerate v, mode is unusually large. The 
complementary infrared frequencies are found at 927, 875 cm~} and a broad band 
centred at 790 cm-! with peaks at 770 and 805 cm-1. Here again, the large splitting 
is maintained (~ 150 cm-?). A similar type of splitting observed in MgMoO, (Miller 
1971) and HgMoO, (Blasse 1975) is attributed to the strong interactions between the 
stretching motions of the tetrahedra and Mg-O, Hg-O interactions. The wide range 
of Mo-O distances present in the crystal can also give rise to such large splittings. 
Another possibility seems to be a strong interchain coupling. 

The intensity of the symmetric stretching v, is strong in Raman and weak in infra- 
red whereas v is strong in both. Also the intensity ratio of vj/v4 is < 1 in both 
infrared and Raman. For tetrahedral ions Wienstock et al (1973) have established 
that » is strong in Raman and weak in infrared whereas v, is strong in infrared and 
weak in Raman. It may be pointed out here that the above conclusion is based on 
the assumption that the crystal contains distorted MoO, tetrahedra and isolated 
water molecules. In the actual case, the oxygens are 6-fold coordinated with moly- 
bdenum and the Mo-O network is in an intermediate state between octahedral and 
tetrahedral coordination. The observed large splittings of v, and the departure 
from Wienstock et al’s (1973) intensity criteria may be due to this. 

The assignments of v, and v, of the molybdate ion showed discrepancies before 
the work of Wienstock et al (1973) who proved from intensity calculations that 
v4 > vz along with the Raman and infrared data of a variety of tetrahedral ions. The 
labelling of v, and v, as internal modes is only approximate as mixing is expected 
with the lattice modes. The frequencies observed at 414, 367, 350, 342 and 335 cm™ 
in Raman and at 400, 375, 360, 350 and 325 cm™ in infrared have been assigned to 
vy, and v, The assignments are tentative owing to powder data. 

The frequencies observed below 300 cm may be due to rotational and translational 
modes. The possibility that some of the lines are lattice modes cannot be excluded. 
Further, it is difficult to distinguish between translational and rotational modes, 
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Table 2. Vibrational assignments of a-molybdic acid. 


Infrared Raman 
frequencies frequencies à 
in cm~? in cm-! Assignments 


Ay, symmetry Ag symmetry 


3215 
3140 3185 OH stretching 
3172 t 
3155 
1765 
1655 Combinations 
1440-1360 1436 OHO bending 
(broad band) 1406 : 
950 960 Vy MoO, 
927 948 v3 MoO, 
940 
908 Combination 
875 883 v4 MoO, 
855 861 Combination 
846 Combination 
805 792 va MoO, 
770 778 
72:5 R,H;O 
700 R,H,0 
- 689 R,H:O 
t 675 R,H,0 
631 a 
610 a 
570 ie R,H,O 
. 530 R;H,O 
3 510 510 R:H,O 
: : ; 461 i R,H;O 
: > 441 RH:O - 
E. ... 400 44 — x,MoO, - 
] 375 367 v,MoO, 
- 360 350 v1;MoO4 


E : 350 342 »XMoO, —— 


Moe = 
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However, rotational modes in general have higher wavenumber and intensity than 
translational modes. A tentative assignment is shown in table 2. 


4.3 Librational modes of H,O 


The three librational movements of H,O are the wagging, twisting and rocking. 
Lutz et al (1979) tried to assign the librational modes of H,O molecules which are 
in an asymmetric force field and the sequence of Ywag > "twist > Yrock Within the 
region 300-775 cm~ was preferred. The different librational modes have recently 
been studied by Singh et al (1980). They assigned the bands in the region 900-500 cmt 
to these modes in the order v a. > Vwag > “twist: All these studies show that the 
assignments of the librational modes are ambiguous. However, the frequencies 
observed in the region 750-450 cm-! have been tentatively assigned. In infrared, 
the frequencies at 700 and 675 cm have been assigned to the wagging vibration. 
The strong band at 570 cm™ with a shoulder at 510 cm~ has been assigned to the 
twisting vibration. The very high intensity for this band is suggestive of the coupling 
of some other vibrational modes. In infrared it is reasonable to assume that the 
rocking vibrations are mixed up with v, and v, of the molybdate ion. The weak 
broad line observed at 727-5 and 689 cm and 441, 461 cm-* in Raman, assigned to 
the wagging and rocking vibrations respectively. The lines at 530 and 510 cm“ can 
be assigned to the twisting, since it has a higher intensity (Lutz 1979). 
The proposed vibrational assignments are shown in table 2. 


5. Conclusions 


The approximation that molybdenum trioxide-monohydrate contains distorted MoO, 
tetrahedra and isolated water molecules can fairly explain the observed vibrational 
spectra. The number of modes predicted by group theoretical analysis and mutual 
exclusion of frequencies to be-obeyed under C; point group have been observed 
(table 2). The large splitting of the Mo-O asymmetric stretching and the failure to 
obey the intensity criteria indicate that the molybdenum-oxygen coordination is in 
an intermediate state between tetrahedral and octahedral. The splitting of about 
150 cm for the v, asymmetric stretching vibrations is indicative of strong interchain 
coupling. The observed OH stretching frequency falls in the region of intermediate 
strength hydrogen bonding and hence it may be said that the hydrogen bridge is 
formed between O(4) and O(I'), O(3). Hence one can rule out the possibility 


of the hydrogen bonding with. 03%), 
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Abstract. The differential scattering cross-sections for e- - H (2S) elastic scattering 
are calculated at intermediate energies by using the two-potential eikonal approxima- 
tion. The results are compared with the recent theoretical data and the conventional 
Glauber cross-sections. 


* Keywords. Elastic scattering; electrons; hydrogen (2S state). 


» 


1. Introduction 


The study of electron scattering from the excited states of atoms has important appli- 
cations in various branches of physics, besides the intrinsic theoretical interest asso- 
ciated with it. Very little work has been reported on the electron scattering from the 
excited states of atoms as compared to the large amount of calculations involving 
the ground states. Motivated by the recent successful application of the two- 
potential eikonal approximation (Ishihara and Chen 1975) in various scattering 
phenomena (Tayal et al 1980), we have made a generalized application of the above 
approximation to study the electron scattering from any of the excited states of hydro- 
Ben atom. As a special case, we study the scattering from H(2S)—a fundamental 
process for which it is reasonable to expect that experimental data will become 
available in the near future. 

The Glauber approximation is known to be in appreciable error at all angles when 
applied to the elastic electron-atom. scattering at medium and lower energies. 
Ishihara and Chen (1975) have shown that this is mainly due to the inadequate 
semiclassical treatment of close-encounter collisions. The two-potential eikonal 
approximation provides an effective method to treat such collisions properly. 


2. Theory : 


The basic idea underlying this approximation is to.pull out an arbitrary potential V, 
» from the interaction potential V such that the rest of the interaction potential i.e. 
V, = V — V, satisfies the semiclassical conditions. Vp is treated in the Glauber 


approximation and the contribution of V, is calculated quantum-mechanically by 
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taking a few partial waves. For the scattering of an electron from a Z-electron atom, 
the interaction potential is given by 


VG ty esso > ao a) 


where r, Fis => rz are the incident and target electron co-ordinates. A short range 
central potential Vs which is the static potential of the target atom, is chosen for Vj. 


Now Va G, To = F2) = V Ç, To 5 Fz) Var). (2) 


In the two-potential eikonal approximation, the transition amplitude from the initial 
„state | i> of the target to the final state | f >is given by (Ishihara and Chen 1975). 


F; (0) = Xt [ab exp (qb) E; Ô — 1] 
3E g 2," + 1) P, (cos 0) exp (i8(?) sin. 3j? fao. (b7). (3) 


The notations are same as in Ishihara and Chen (1975). 
Here, D, (b) = < f| exp (ix) | i> (4) | 


where X—xo t^» | 


co 
chi o fazm (5) 
= . K; 
—00 
The correction AX to the Glauber phase function contributes very little for energies 
greater than 100 eV and hence can be neglected. 
To make use of (3) to study the electron-scattering from any of the excited states 


(nIm) of hydrogen, it is necessary to have the V;, and x, corresponding to those states. 
The general form of V, for elastic scattering is given by 


yu" — f dio, Yim Pam (— Mr + 1/| r — r |), (6) 
where the standard form of the wavefunction is given by 


Vain 2 no (t cM un 1]2}4 (2r,/n)! exp (—r,/n) 


Lj rl) Yim 0,4). = 2) 


Liai- 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Z 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


—H (2S) elastic scattering 295 


Using (6) and (7) 


co n—l—1 n—li—1 
mit > > » Cv 
p=0 m=0 j=0 


MBSE IS c 


n+l y nl BEL qu 


n--l—d1-—9 99959091 p 


(n —1— 9! / [n+ D] x [QI o 1} (2p + DJ/An]"? 


(52) (mo m) tos Strom 


— exp(—2r/n) > a E O zej + r? exp (—2r/n) 


S2 
k 
» P. me aab | | (8) 
k=0 
where Ss=p+2+m+j4+2/and | E EE é 
=l4+m+j+2—p e 


lc E ; are the usual Wigner notations. 


The general form of x?" 
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a 
Now [ V?" dz may be calculated from (8) using standard integration techniques. 
st 


—0 
Since this is a very lengthy expression, we take up the (ns) states. 


n—1 n—i 


[v9] 

=)! 

[ eee (= D" 
ni (n!) 

— o m=0 j=0 


$3 
n n n l 1 
(S —1— mn) (s =) E) Qin) m! j! 
k=0 


Sy! 
k! QSr 


o" 
QA 


(= y«( ) K, (bN) 


S;+1 


5 GED o eð 


where S= m +j- 1 and A=2/n. Using (10) and (11) we can find the general 


ns 


expression for x for any (ns) state. 


As a special case, we find Y, V,, and x, for H (2S) from (7), (8) and (10) 


1 


Yas = — — (2 — n) exp (— 14/2) (12) 
4 V 2n 
152823 ere Xy 
paccm tor 13 
i (titats) D 
2 2 Bea aic a 
De SD piss 2 OT A E 
md ^ w-cphlb-bbi-2|i-if.z.-. 2| 00 09 
where Aem dl 


I'(b) given by (4) may be easily evaluated now. 


The summation of partial waves is done similar to the procedure adopted by Jhan- 
war et al (1978). The exact and Born phase shifts are calculated for the potential V, 
and the / value is so chosen that beyond this / value, the phase shifts differ by less 
than 3%. The rest of the partial wave contribution is taken as described by Jhan- 
war et al (1978). Now the scattering amplitude and hence the pcs may be evaluated 


using (3). 
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3. Results and discussion 


The e—H (2S) elastic differential cross-sections are calculated at 200 eV and 400 eV 
when data are available for comparison (figures 1 and 2). The results are compared 
with eikonal-Born series (EBS), optical model (0M) and the Glauber (G) results along 
with the most recently reported two-potential results (Pundir et al 1982) and high 
energy higher order Born (HHOB) results (Rao and Desai 1983). In the absence of 
any experimental data at present, it is rather difficult to comment on the accuracy 
ofthe various approaches. In the study of electron-scattering from H, He and Li, 
two-potential eikonal approximation is in good agreement with the experimental 
data and the other sophisticated theories. The HHOB results are always overestimat- 
ing, especially in the large angle region (Rao and Desai 1981, 1983). Glauber approxi- 
mation is well-known for its shortcomings—appreciable under estimation of the 
cross-section except at small angles where it logarithmically diverges. The present 
results lie between the above two results and nearer the EBs results and are in good | 
agreement with experiments in other scattering processes. ‘4 


E 


2x10? 


20 60 100 
Scattering angle, © (deg) 


Figure 1. Differential scattering cross-sections for the elastic scattering of electro 
from H(2S) at 200 eV. s : | : 
Solid curve a.— present calculations, broken ER S calcul 


results (Rao and Desai 1983). -+ — 
* results (Joachain and Winters 1980). 
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DCS (o? sr") 


20 60 100 
Scattering angle, © (deg) 


Figure 2. Differential scattering cross-sections for the elastic scattering of electrons 
from H(2S) at 400 eV. References are same as in figure 1. 


As in é-H(1S) elastic scattering (Ishihara and Chen 1975), here also the two- 
potential eikonal approximation should improve the conventional Glauber results 
because of two reasons: (i) The singularity in interaction V,, is properly taken care of 
by partial wave analysis (ii) The semi-classical condition necessary for the Glauber 
approximation is better for the interaction V, than for V. This aspect is clearly 
brought out by the comparison of the eikonal phase function I'() for the potentials 
V and V, (figure 3). T(b) for V, is a smooth function of b while that for V oscillates 
for small b values. The first term of (14) is the usual Glauber phase for the scattering 
process considered here. The singularity of this term at b = 0 is cancelled by the 
second term. Hence, in contrast to Glauber approximation, I'(b) varies smoothly 
in the two-potential formulation. Similar behaviour is observed in electron scattering 
from H(1S), He and Li (Ishihara and Chen 1975; Tayal et al 1980). It may be 
noted that as in &-H(1S) scattering, here also Re [I'(5)] » Im [I(b)] everywhere. 
Hence I'(b) contains almost no scattering, but mostly absorption. 

The é-H(2S) scattering cross-section at 100 eV (not shown here) is compared with 
corresponding é-H(1S) cross-section and are found to approach each other for 
larger angles where the interaction between the incident electron and the target 
nucleus progressively dominates the scattering. Similar type of behaviour was 
observed in the EBS (Joachain et al 1977) and two-potential (Pundir et al 1982) 
calculations. The present approximation is good for lower energies also whereas 
others like HHOB are good for E > 200 eV only. In view of the simplicity of the 
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0.01 O41 1 10 
| b (au) 
Figure 3. Real and imaginary parts of (b) for the potential V, (solid curve) and 
for the total interaction V (dashed curve) for elastic £-H(2S) scattering at 100 eV. 3 
d Lm 
E present approach, we expect that it would provide reasonable description of the scat- ics 
tering process from the excited metastable states of hydrogen atom. vx 
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Abstract. The divalent ions in alkaline earth chalcogenides are viewed as compressi- 
ble objects and are treated within a purely ionic model. As in earlier studies on the 
alkali and ammonium halides, the ions are taken to be ia the form of space-filling 
polyhedral cells and the compression energy, which is the source of repulsion, is written 
as a surface integral over the cell faces. A simple method of computing the repulsion 
energy in any crystal lattice of arbitrary symmetry is proposed and the repulsion 
parameters B and c are refined for the divalent ions under study. The theory explains 
the predominant occurrence of the NaCl structure in the alkaline earth chalcogenides. 
Hard sphere radii are estimated for the tetravalent cations Ti**, Sn** and Pb® using : 
the repulsion parameters of O?- ion and the data on the corresponding rutile structure Í 
oxides. These radii are seen to be consistent with the measured interionic distances 
in several compounds occurring in the perovskite structure. The free transfer of 
repulsion parameters among seyeral structures, which is a key feature of the present 
approach to repulsion, is confirmed to be valid by the present study. 


Keywords. Divalent ions; compressible ion theory; repulsion parameters; hard 
sphere radii. 


1. Introduction 


In a series of papers, Narayan and Ramaseshan (1976, 1978, 1979a, b) developed a 
compressible ion model of repulsion in ionic crystals. The theory treats compressi- 
bility as an ionic property and associates the repulsion energy between two ions with 
the compression energies of the individual ions. An early version (Narayan and — 
Ramaseshan 1976, 1978), where the compression energy per bond was represented 
by a simple exponential function of the ionic radius, was later modified (Narayan and 
Ramaseshan 19792, b) to empirically include many-body interactions. In this latter — 
approach the ions are viewed as polyhedral, space-filling cells with the repulsion — 
arising from the increased compression at the cell faces. This theory explained for z 
the first time the structures of all the alkali halides and has, more recently, worked 
well in the ammonium halides (Raghurama and Narayan 1983b). — < 
In view of its successes, it appeared worthwhile to extend the theory to oth 
and crystals. In the present paper we study the alkaline earth chalcogenii 
: are generally considered to be amenable to an ionic theory. At room tei 
and pressure these compounds crystallize in the NaCl-type str 
Which occurs in the wurtzite structure. With a view to I. ‘ 
to more complicated structures, it was felt that a simpler form 
€ polyhedral cell theory would be welcome. Section 
which is then used in § 3 to derive the rep 
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divalent ions. A study of the structural stability of alkaline earth chalcogenides is 
carried out in § 4, where the theory is found to correctly predict the predominant 
occurrence of the NaCl structure. In § 5, the theory is extended to the noncubic 
rutile structure and hard sphere radii for tetravalent ions are derived. The radius of 
Ti£* ion is found to be consistent with the experimental electron density map. Also, 
the radii of Ti** and Sn‘* fit the lattice spacings of several perovskite type crystals. 


2. Simplified area theory 


In the compressible ion model (Narayan and Ramaseshan 1979 a, b) a radius is asso- 
ciated with an ion in the direction of each of its nearest and next nearest neighbours. 
The ion is then pictured to be in the form of a polyhedron whose faces are perpendi- 
cular to the interionic bonds at distances from the ion centre equal to the correspond- 
ingradii. For each bond the sum of the radii of the ions is taken to be equal to the 
bond length and so the whole crystal is made up of space-filling polyhedra. The 
compression energy at the face i of an ion of polyhedral shape is assumed to be of the 
form 


= al f exp (— r (s/o) ds, (1) 


Tepa 2 


where r'(s) is the distance from the centre of the cell to an area element ds on the face 
and the integral is over the face area. B and c are the repulsion parameters for the 
jon under consideration. The cell face can be approximated to a circle of equal area 
(Narayan and Ramaseshan 1979b) and we can then write the compression energy of 
the ith face as 
repris Bo [(r, + e) exp (— rilo) — (i + o) exp (— hilo), (2) 
where r; is the distance to the ith face from the ion centre (referred to as the * radius’ 
of the ion) and /, is the distance to the circumference of the corresponding circular 
cell face. The /,’s depend on the interionic distance r as well as the crystal structure. 
Detailed formulae are given by Narayan and Ramaseshan (1979b) for the NaCl, 
CsCl and ZnS structures. However, the labour involved in deriving exact formulae 
for the different /, can become quite excessive when one deals with other lower sym- 
metry structures and this would defeat the very purpose of the present approach 
which seeks to develop a simple semi-empirical theory of repulsion. We present 
here an alternative simplified approach, where /, is computed in terms of only the 
co-ordination number and ionic radii. 
If there are n faces symmetrically disposed at equal distances from the ion centre, 
the solid angle subtended by each face at the centre is $ = 4z/n. If the n faces are 
at different distances r; from the centre, we may define a weighted average distance 
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If r; < r,,, the solid angle subtended by such a face will be greater than 4z/n while 


av? 1 
the reverse will be true when r; > r,,. Motivated by this we approximately write 


$i = 4r (1n + K/2 [1 — Grilr )y. (9 


where we have written 4, in a form which ensures that X à; = 4z. K is a suitable 


constant which has to be determined. It can be easily shown that (4) leads to the 
following relation for /; 


Fi 


res K(rir,, — 1) 


(5) 


The constant K has been estimated to be 0:85 by a least squares fit to the known 
exact values of the /,;’s (Narayan and Ramaseshan 1979b) in the NaCl, CsCl and ZnS 
structures. 

The main advantage of relation (5) is that the only inputs required for the calcu- 
lation of /, are the number of nearest and next nearest neighbours and the correspond- 
ingradii. This formula, when applied to the alkali halides, reproduces the interionic 
distances and compressibilities with RMS deviations of only 0:23% and 0:47% res- 
pectively from the exact results of Narayan and Ramaseshan (1979b). 


3. Repulsion parameters for divalent ions ; | 


Using the experimental data on the lattice spacings and compressibilities of the alka- i 
line earth chalcogenides as a function of pressure, we have refined the parameters i 
B and o for all the constituent ions. 

The free energy per molecule of the crystal is given by 


"don ED 
W=- SS nit DE IY, (6) 


r r$ r8 


where r is the nearest neighbour distance, P the pressure and V the volume per mole- 
cule. The Madelung constant A is known for the structures of interest (Tosi 1964). 
The van der Waal's coefficients C and D can be calculated (Narayan and Ramaseshan 
1978) in terms of the polarisabilities of the ions and the effective number of partici- 
pating electrons (Kim and Gordon 1974). However, we have recently shown 
(Raghurama and Narayan 19832) that the polarisabilities of the chalcogen ions can- 
not be considered to be constants but must be taken to vary in the form 


tanion = 9o (7/3) 


where the n value is 0-9. The effect is quite considerable and has to be taken. to 
account. : z EEO a. 

In our calculations on the alkaline earth chalcogenides, the repuls 
. Computed using the simplified formulae (5). The actual procedure 
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the repulsion parameters B and c is explained elsewhere (Narayan and Ramaseshan 
1976, 1979b). In table 1 we give the refined parameters of the divalent ions. During 
the refinement, we included data on Pb, Sm, Eu and Yb chalcogenides and the para- 
meters of these ions are also given. The RMS error between the calculated and observ- 
ed interionic distances r in all the crystals included in the refinement is 0:76% while 
for d? W, jdr? it is ~ 17%. The comparatively large error in the second differential 
(which is essentially proportional to the bulk modulus) could perhaps imply that our 
purely ionic model of these crystals is an over simplification. 

Using the repulsive parameters of the chalcogen ions, we can determine repulsion 
parameters for other divalent cations. However, considering the low compressibi- 
lity of cations compared to anions, we can assume the cations to be hard spheres to a 
first approximation. Then we have only one parameter per ion, the hard sphere 
radius, which can be fitted to reproduce the experimental interionic distances of the 
corresponding chalcogenides. The results for Fe?*, CO?*, Ni?*, Mn?* and Cd?* 
are given in table 2. 


4. Structural stability studies 


The compressible ion theory. has been shown to satisfactorily explain the structures 
of the alkali and ammonium halides as well as the pressure and thermal transitions 


Table 1. Repulsion parameters of divalent ions. 


Ton B (ergs/cm?) c (À) 
Mg?* 9-832 x 10° 0-0750 
Ca?* 6:827 x 10 0-0784 
srt 2:271 x 1012 0-0900 
Ba?+ 9:110 x 10% 0-1050 
Pb?* 5-176 x 1019 0-1060 
Sm?+ 5-985 x 10%? 0-0769 
Eu?* 1:432 x 101 0-0662 
Yb** 3-840 x 1035 0-0556 

He: 9-672 x 10* 0-2179 
S?- 9-445 x 10° 0-2646 
Se?- 7:959 x 10$ 0:2867 
Teta 9-865 x 10° 0:2933 


Table 2. Hard sphere radii of some divalent ions. 


Hard sphere 
Ion radius (A) 
Cd?+ : 1:297 
Mn?* : 1:127 
- Fe?* 1:075 
Cot* -1:064 
Ni? 1:033 
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in these crystals, (Narayan and Ramaseshan 1979a,b; Raghurama and Narayan 
1983b). We have carried out a similar study on the alkaline earth chalcogenides. 

Experimentally, the most stable structure here happens to be the NaCl type, except 
for MgTe which exhibits a wurtzite type structure. The calculated free energies at 
0°K of the various dichalcogenides were compared with the NaCl, CsCl and ZnS 
structures. The results showed that all the chalcogenides prefer the NaCl structure 
—even MgTe is predicted to occur in this phase. Thus, while the theory correctly 
identifies the NaCl structure as being the most likely, it appears to overestimate the 
stability of this phase. We note that the energy differences between the three struc- 
tures is only about 1% of the total lattice energy. Apart from the Coulomb inter- 
action, the other contributions to the free energy have been calculated through empi- 
rical models which could be in error. For instance, an error in the evaluation of 
the van der Waal’s interaction cannot be ruled out. Also, we have completely neg- 
lected any possible covalency. At this stage, it is difficult to identify the precise 
source of the trouble. 


5, Extension to rutile structure 


One of the attractive features of the compressible ion theory is that the repulsion para- 
meters are structure-independent and depend only on the ions concerned. Once 
the parameters B and o of an ion have been determined from any set of experimental 
data the same parameters can be used for that ion in any other crystal in which it 
occurs. Thus, having obtained the parameters of the O?- ion, we are now in a posi- 
tion to use them in other oxides. An interesting class of crystals are dioxides in the 
rutile structure. Calculations with these crystals would be an ideal opportunity 
to test the theory in a non-cubic structure. 

Rutile has a tetragonal lattice with two molecules per cell (Wyckoff 1963). The 
atomic positions are (see figure 1) 


Ti+: (0,0,0) 
(0:5, 0-5, 0-5) 


O?- : -E(x,x,o) 
+(0-:5+ x, 0:5—x, 0:5) 


ES Q (ems 


Figure 1. The unit cell of the tetragonal crystal rutile. a 
bond types referred to in the text. re 
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_ The x value is ~ 0:305 in the oxides of interest to us. Each cation is held in a dis- 


torted oxygen octahedron, two oxygens being at a slightly different distance compared 
to the other four. The anion sites are non-centrosymmetric and thus the electric 
fields at these locations are non-zero. This leads to induced dipoles on the oxygen 
ions and thereby an additional polarisation energy. Though this contribution is 
not very significant (Bertaut 1978), for completeness we have included it in the free 
energy. Hence, we have per molecule 


Ae (C D 22 
UL cu 2f, — t «E. (9) 


where the first term is the Coulomb attraction which we have calculated by the 
method of non-overlapping charges (Bertaut 1978), the second and third terms repre- 
sent the van der Waal's attraction, and Weep is the compression energy per anion. 
We take the cation to be a hard sphere and hence there is no corresponding contribu- 
tion to Wep The last term in (9) represents the polarisation energy, where a is the 
anion polarisability [see equation (7)] and E is the magnitude of the electric field at 
the oxygen site. The factor of 2 accounts for two anions per molecule. The magni- 


tude of the electric field at the anion site can be written as 
E = Spel[r?, 


where Sp is a lattice sum which we have evaluated using the method of Bertaut (1978). 
To make the treatment simple, the position parameter x in (8) is fixed at 0-305 and the 
c[a ratios in the various crystals are taken to be the experimentally observed values. 
The coefficients C and D are given in terms of the appropriate lattices sums S; and Tij 
as 


C= Ch Sa + CE S + c-— jS 
D = dues TS 4 di Ty} + d_ qs (10) 


where c;; and dj, are ion-dependent coefficients. The lattice sums of interest could 
not be found in the literature and were computed by summing in direct space 
(table 3). 

We have studied three oxides viz TiO, PbO, and SnO,. The polarisabilities of 
the cations Tift, Pbt+ and Sn** were taken to be 0:185, 1-12 and 3:4 A® respectively 
(Tessman et al 1953; Shanker and Verma 1976). The repulsion energy associated 
with the anion compression was computed using (2) and (5). Each anion has 3 
surrounding cations. In TiO,, two of the Titt ions are at a shorter distance (Ti-O 
bonds marked 1 in figure 1) compared to the third (Ti-O bond, 2 in figure 1). The 
situation is reversed in SnO, and PbO;. There are a total of 11 next nearest neigh- 
bours around each O?- ion. These are distributed. in groups of 1, 8 and 2 ions (the 
corresponding O-O bonds are marked 3, 4 and 5 in the figure). Thus the compres- 


sion energy of each anion is 


W..—2W9 4 WO 4- W9 --8 WEE 2WS, a) ' 


rep 
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Table 3. Calculations on oxides in the rutile structure. 


TiO, SnO., PbO, 

Input Data 

a (A) 4:593 4-737 4:946 

c (A) 2-959 3-186 3:379 

r (À) 1-948 2-060 2-171 

A 49-099 19-129 19-025 

SE 0-736 0-428 0-320 

Sot 6:318 6-657 6:788 

Syt 0-230 0:238 0-241 

S__ 1:655 1-780 1-828 

T 5-861 6:272 6:435 

T 0-072 0-073 0-073 

qe. 0-725 0-804 0-835 
Results | 
Cation radius | l | 
r4 (A) 1:196 1:340 1:348 
d? W,/dr* 
(10° erg/cm?) 
Calculated 2:350 2:213 2:072 
Experimental 2:18 


where the superscripts describe which type of contact is involved (figure 1 gives the | 
code). Each term in (11) can be written in terms of B_ and o- using (2) and (5). The | 
total free energy (9) is minimised with respect to the shortest interionic distance r. 
. The equilibrium condition at temperature T is given by (Hildebrand 1931), 


SL NU) NG 91.5). ; (12) 
dr r 


where $ is the coefficient of thermal expansion and K is the compressibility. The 
experimental values of 8 and K were taken from Krishna Rao (1973), Ming and Man- 
ghnani (1979) and Hazen and Finger (1981). 

The radius of the tetravalent cation was optimised in each of the three dioxides 
studied so as to fit the experimentally observed interionic distance. The input data 
Are given in table 4 along with the results. The calculated radii are much larger than 
the standard values. For example, we obtain a radius of 1-2 A for Ti‘* ion which is 
almost double the value (0.76 A) quoted by Shannon (1976). From the available 
electron density map of TiO, (Baur 1956), we deduce the ‘ experimental” radius of 
Titt to be ~ 1-15 A. We consider this a strong experimental confirmation of our 
calculated radii. Moreover, our predicted compressibility of TiO, is within 8% 
of the measured value, again establishing the validity of our theory. 

Another way to check the tetravalent cation radii is to predict the interionic : 
ances in other structures where these ions may occur; e.g. the 
The results in table 4 show that the RMs error in the predicted 
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Table 4. Predictions on crystals in the perovskite structure. 


Cubic cell parameter (A) d? W,/dr* (10° ergs/cm?) 

Ue 

Calculated Experimental % error Calculated Experimental % error 
BaTiO,* 4-049 4:012 0:92 7:63 5-99 27-4 
CaTiO; 3-908 3-840 1:77 7-69 ve x. 
SrTiO; 3-958 3:904 1:38 7:75 6:34 22:0 
BaSnO; 4-155 4:117 0-92 6:99 2 
SrSnO; 4-089 4:033 1:39 6:81 


*at T — 474 K; other data are at 300 K. 


number of ABO, perovskites is only ~ 1:374. This again confirms that the radii 
of the tetravalent ions as well as the. B, c values of the divalent ions are reliable and 
meaningful parameters describing the properties of these ions quite adequately. 
The bulk modalus agrees to within ~25% in BaTiO, and SrTiO,, for which values 
could be traced (Huibregtse et al 1959; Okai and Yoshimoto 1975). This must be 
considered satisfactory in view of the long chain of calculations from the alkaline 
earth chalcogenides to rutile to the perovskites. 


6. Conclusion 


The compressible ion theory of repulsion has been applied to the alkaline earth chal- 
cogenides using a simplified formulation of the polyhedral cell approach. The theory 
correctly shows that most of the crystals should occur in the NaCl structure. The 
repulsion parameters of the chalcogen ions have been used to derive hard sphere 
radii for a few divalent ions. Also, the theory has been extended to the rutile and 
perovskite structures where the interionic distances and compressibilities are satis- 
factorily predicted. These results indicate that the theory, which is based on a purely 
ionic picture, is quite valid for divalent ions in crystals. However, there is a mild 
discrepancy in the matter of the relative stability of different crystal structures. The 
present approach appears to overestimate the stability of the NaCl structure and 
underestimate the binding energies of the competing ZnO (or ZnS) and CsCl struc- 
tures. The presence of covalency might possibly explain the discrepancy. 
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Abstract. The refractive indices of non-chopped and chopped films of cryolite, MgF; 
and mixed cryolite-MgF., which is higher than the bulk value, measured using spectro- x] t 
photometer, ellipsometer and Abelés method are observed to be higher than corres- d 
ponding bulk values. Chopped films show a higher refractive index than non-chopped ~ t 
films. The electron diffraction study shows a more amorphous structure for the 
chopped films. The major part played by chop-time seems to be in increasing the 
initial minute’s-scale aging rather than settling of ad-atoms during chop-time. The 
observed dispersion curve shows that some unknown material other than water gives 
an important aging effect. 


Keywords. Non-chopped optical films; chopped optical films; refractive index; aging. 
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1. Introduction 


Several workers have found the refractive index (Shklyarevskii et al 1972; Kinosita 
and Nishibori 1969; Heavens 1960) and studied the aging (Ogura et al 1975; Koch 
1965; Ritter et al 1969; Koppelmann et al 1961) of optical films and there exists a 
large variation in the values obtained by them. The technique of chopping the oa 1980) 


nee T v 


cient (T) changes. 
In this paper we report the refractive index values of both non-chopped and i ; 
ped films of cryolite, MgF, and mixed Sd as measured ei spēct ropi C 
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(3) 


Side view 


Figure 1. Schematic diagram of the shadowing arrangement for deposition of single 
and mixed films. (1) Projection for shadowing, (2) Side slots, (3) Central slot. 


MgF,) were deposited at one height and the mixed cryolite-MgF, film at a higher 
level so that the three films were simultaneously obtained and of roughly the same 
thickness (figure 1). The two sources were kept 22 cm from the substrate holder 
and were 4 cm apart, suitably shielded from each other. The position of the subs- 
trate holder was adjusted such that from the central slot both the filaments could be 
seen and from the side slots only one filament was seen. 

The films were deposited on Belgian glass substrates of suitable size at room tempe- 
rature. Unground glass was used for spectrophotometric measurements (Type 
VSU-2P) in the spectral range 4000-6500 A, whereas glass with one side ground was 
used for ellipsometer (at 6328 A) and Abelés method (at 5893 A) measurements. 
The transmission data and A, 4 ellipsometric data were converted to refractive index 
using value fitting method by proper computer programs. The films studied were 
in the thickness range 300-1400 À in general. The thickness was measured using the 
Fizeau fringe method and ellipsometer. All the measurements were carried out after 
removing the film from the vacuum chamber. The error in measurement of refractive 
index for the spectrophotometer is about + 0-1 as compared to + 0:002 for the 
ellipsometer and + 0:0001 for Abelés method. 


3. Results and discussion 


The wavelength dependence of the average (of about 100 films each) initial refractive 
indices of non-chopped and chopped films, obtained spectrophotometrically, is given 
in figure 2. Figure 3 gives the average (average of about 140 films each) experimental 
values of refractive indices and thickness as measured by ellipsometer along with 
the values of refractive index as obtained by Abelés method. It is evident from 
these figures that, in general, the values obtained by all the three methods are in 
sufficiently good agreement with each other for both non-chopped and chopped 
films. For comparison these data are given in figure 4 along with data obtained by 
other workers. There are of course many other spot readings (at certain A) available. 
It is observed in general that there is a spread in the reported values of refractive index 
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Wavelength ( A) 
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Figure 2. Wavelength dependance of the average, initial refractive index. @ cryolite, | 
O MgF,, X Mixed cryolite-MgF;, Thickness: — ~ 700 A, — — ~ 900 A, ---- i 
~ 1100 Å Temperature of substrate: Room temperature (27°C). 5 
| 
j 
Non-chopped Hd 
— — — Chopped H 
Values frorn 
144 X \ > | Abeles method 
x< 
$1.40 
i 
& 
24 
8 f 
5 
a 1:36 is 
bulk cryolite Sree 
1:32 
300 700 1100 
Thickness (A) 
Figure 3. Average initial refractive index versus thickness as measured by ellipso- 
meter at A = 6328 A, X cryolite, A MgF., © mixed cryolite-MgF,. Temperature of 
substrate: Room temperature (27°C). 2 


(a) from 1-40 to 1-31 for cryolite, (b) 1-41 to 1-34 for MgF, at A of about 6000 A. Our 
values lie in the same range. 


3.1 Electron diffraction studies 


The electron diffraction studies (figure 5) show full Debye rings for cryolite, MgF, and 
mixed cryolite-MgF, films indicating the polycrystalline nature of the films. It is seen 
that the rings of non-chopped films are sharper than chopped films. The measured 
interplanar distance (d))-values of non-chopped and chopped films are given _ 
in table 1, These were compared with AsTM data for bulk eryolite and MgF, z Al |— 
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(1) Our film Cryolite 


[ETT TET PAE 
N e. Cryolite (1) 
VES oeo ea d (2) Shklyarevskii et.al a,-820 A (1972) 
(3). Peltfer et.al. d; = 5000 A (1976) 


ec 
134 ^ (4) (4) Dispersion of water Housten (1947): 
n =- © Bulk value cryolite CRC -hond book (1978-79) 
f E. 4 (2 A  Koppelmann et.al. (1961) 
— x. x 
142 


? meee (1) (1) Our film MgF5 
140 = (2) Shklyarevskii et al dy=1300 A (1972) 
138 "E CN d (3) Peltier et. al. (1976) 
82g (4) Hal et.al, (1955) 
Ue 4) © Bulk value of MgF> CRC-hond book (1978-79) 
A Heavens et.al. (1957) 


Figure 4. Comparison of reported and our refractive index values. 


Table 1. Interplanar distance d, values for cryolite, MgF2, mixed cryolite-MgF; 
films both non-chopped (Nc) and chopped (c). 


Cryolite Mixed cryolite-MgF, MgF; 

NC Cc NC (o) NC Cc 
4-29 (F) (UI) 3-83 (E) (UI) 3:45 (B) (UD) 1:34 (B) 3:32 (F) em 
3-66 (F) (UI) 2:70 (B) 2:52 (B) (UI) 1:14 (F) 3-29 (B) . 2:21 (B) 
2:74 (B) 1:02 (F) 2:42 (B) 1:82 (F) (UI) 
2:28 (F) 2:26 (B) 2-28 (B) 0:93 (B) (UD 210 (F) 175 (B) 

2-07 (F) 0-86 (B) 1:84 (F) 1:49 (F) 
1:94 (B) 1:87 (F) 1:74 (B) 0-75 (B) 1:73 (B) 1:18 (F) 
1-72 (F) 1:68 (F) 1-50. (F) 1:69 (F). .0:99 (F) 
1:56 (B) 1:50 (F) 1:35 (F) 0:66 (F) (UD 1:54 (F) 
1:22 (F) 1:34 (F) 1:23 (F) 1:43 (F) 

1:13 (F) 


Error + 0:04 Å; F-faint; B-bright; Ul-unidentified. 
Besides these, there are a number of very faint lines which are not easily measurable by optical 
methods. : 


the bright rings (both chopped and non-chopped) match with the corresponding bulk 
values indicating that the stoichiometry of the films is being maintained. The table 
also shows that the mixed cryolite MgF, film contains both cryolite and MgF, as 
would be expected. The single and mixed films were.deposited in the same cycle. 
The rings are greater in number in mixed films as compared to single material films. 
In both single and mixed films there are some very faint lines which are not measur- 


able as well as some lines which are not identifiable with the bulk data (denoted as Ur 


in table 1). cm 
^ An interesting feature observed in the diffraction. pattern is that the dy-values of. 


non-chopped and chopped films are more often not the same although the film mate- 
rials deposited are the same. This is shown more drastically in the chopped mixed 
film where none of the chopped mixed film rings coincide with either chopped or non- 


chopped single films. 
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Figure 5. Electron diffraction pattern. al, bl, cl Non-chopped cryolite, MgF, and 
mixed cryolite-MgF. respectively. a2, b2, c2 chopped cryolite, MgF, and mixed 
cryolite-MgF, respectively. 
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The fact that the diffraction rings of non-chopped films are sharper than those of 
chopped films suggest a more amorphous (i.e. less polycrystalline) film growth for 
chopped films. But the absence of some of the rings in chopped films as compared 
to non-chopped films might indicate some reorientation of crystallite due to chopping, 
whereby the diffraction intensity is reduced, sometimes even to the extent that they 
are not visible. This effect is seen to be highly predominant in mixed chopped 
films. 


3.2 Single material films 


From figures 2 and 3, it is evident that the refractive indices of films of single cryolite d 
and MgF, taken separately are greater than the corresponding bulk values. It is id 
also seen that for films of cryolite and MgF,, chopped films have higher refractive 
index than non-chopped films. 

The refractive index of material proper should not change, really, even if its thick- 
ness is low (down upto 300 A). But the film consists of a combination of known and 
unknown materials, as is reported (Koch 1965; Oliver 1970; Pulkar and Jung 1969; 
Pulkar and Zaminer 1970) and also as seen from our electron diffraction rings (UI). 
These materials have their own refractive indices and their own dispersion curves, - 
which will affect the resultant refractive index and dispersion of the film. As the law d 
to be followed is Lorentz-Lorenz theory only, there are three possible major factors E 
(reactions) which may produce the changes in refractive index. (i) replacement e.g. 
vacuum (voids) to H,O; (ii) conversion e.g. MgF, to MgO; (iii) addition e.g. H,O 
layer added. Since the films studied are taken out of vacuum and then measured 
in air, the in situ aging (minute's-scale) is possible which might make the measured 
refractive index different from bulk values. 

The refractive indices of single cryolite and MgF, films (see figures 2 and 3) are 
greater than the bulk values (1-338 and 1-384 respectively) (CRC Handbook 1978-79). 
This can be due to the presence of oxide material due to conversion reaction taking 
place, an oxide with higher refractive index than the film being formed due to the 
reaction with water vapour, present in the vacuum chamber. Another conversion 
reaction possible is the formation of boundary layer as reported by Oliver (1970). 
Our single film index is midway between the reported boundary layer and the main 
film value. Also, as reported by many workers (Kinosita and Nishibori 1969; Ritter 
and Hoffmann 1969; Ogura et al 1975; Macleod and Richmond 1976), moisture 
absorption increases the refractive index of the film. This sort of replacement and 
addition reactions can occur during deposition even at the 1075 torr vacuum used 
by us and also during air inlet into the vacuum chamber. 

All these effects seem to be more prominent in thinner films as seen from figure 3 
which shows that the refractive index approaches the bulk value for higher thickness 
films. One would expect such thickness effects, if * the conversion reaction > takes 
Place predominantly during deposition and/or during air inlet. These ellipsometric - 
results do give larger spread in measurement at lower thicknesses. This is QU 


more scatter at lower thicknesses The chopped films show the same trend an 
reduced scatter, indicating reliability of the trends observed in mea 
in a way, indicates similarity in ‘inhomogeneity’ in non-chopped: and 
(later being more homogeneous as 2 A layers are produced). i 
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Table 2. Scatter values of refractive index at three thickness for non-chopped (Nc) 
and chopped (c) films. 


re 


Thickness Cryolite Mixed cryolite-MgF, MgF, 
NC c NC E NC [o 
300 1:46-1:35 1:44-1:38 1:45-1:37 1:46-1:41 1:47-1:40 1:48-1:44 
800 1:38-1:34 1:39-1:36 1:41-1:36 1-42-1:37 1:46-1:41 1:46-1:43 
1100 1:37-1:35 1:38-1:37 1:39-1:36 1:40-1:38 1:42-1:40 1:42-1-41 


The spectral response curve (figure 2) shows that due to the above types of 
reaction, the effective dispersion of the films is modified, the refractive index being 
higher throughout the spectral range. In addition, there are some small changes in 
relative spectral response. 


3.3 Packing fraction analysis 


The packing fraction analysis is the most convenient method for studying the single 
films. As suggested by many authors (Pulkar and Jung 1969; Guenther and Jung 
1976) the films of cryolite and MgF, possess columnar crystal growth in a more or 
less closely packed structure. This means that the films are composed of relatively 
well-developed crystalline aggregates, grain boundaries and vacant places such as 
intermediate gaps and pores. Due to the process of chopping these long columnar 
growth may be quenched during crystal growth, whereby a denser (less-void) struc- 
ture may be formed leading to the higher refractive index of chopped films as compared 
to non-chopped films. In our case the non-chopped and chopped films are two 
extreme limits of chopping speeds giving change in refractive index of about 0-01. 
The intermediate chopping speeds would show intermediate effects. This quenched 
crystal growth can be seen as more diffuse rings in the electron diffraction pattern. 
The growth can still be polycrystalline and somewhat columnar but more randomised 
(tending towards amorphous) and probably more closely packed due to the chop- 
time allowing for settling and aging. 

Using the columnar model of crystal growth (vertical cylinders) the theoretically 
predicted packing density as calculated by Pulkar and Jung (1969) is 0:9069. Accord- 
ing to Harris et al (1979) there exist situations in the columnar model where the 

_ packing density can be greater than 0:9069. This can be due to the columns expanding. 

Now as the refractive index of the chopped films is higher than non-chopped films, 
we expect the packing density of the film to be higher than non-chopped films. Dur- 
ing chopping of the films, the quenching of crystal growth may tend to produce 
randomised but somewhat expanding types of columns. This, it is felt, is a possible 
situation because chop-time aging effects give rise to more sites for adatoms as the 

Since we do not have any cross-sectional electron microscope data, we 


acking density of the chopped films. For 
ack- 


film grows. I 
cannot exactly calculate the theoretical p 
and as a comparison with non-chopped films we have assumed the p 


simplicity, 

us as 0-9069, also for chopped films. It may be noted that our films are 
sufficiently homogeneous whether chopped or non-chopped as chopping give 3À 
layer if at all, 
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Assuming this to be the ultimate attainable packing density under ideal conditions, 
we have tried to calculate the different fractions of the various materials that may be 
present in our films. The packing density formula given by Koch (1965) can be modi- 
fied to include the unknown material as follows: 


nz — 1 2—1 nz — 1 n&o-— | 
T THA fr x Fie E ie E2 Pu,o T 2 @ 
f n, u T "Ho "E 


where, My, nm Mu, "yy 4 are the refractive indices of film, bulk material, unknown 
material and water respectively, Pm, Pu Piz. ate the respective packing fractions 
and P, + P, + Py o = 1. 3 
Due to the growth geometry the films are porous and the pores (1 — 0-9069) can . 

be filled either with vacuum, air or water. We assume that the pores (0:0931) are filled 
with water and the remaining 0-9069 to be made up of m and u. Under this assump- 
tion we have calculated the different packing densities using data from our single 
films, which are given in table 3 along with the reported values. We have used the 
available data of oxides (CRC handbook 1978-79) and boundary layers (Oliver 1970) 
as the unknown materials. Besides, there are possibilities of other materials like 
Mg(OH), being present, but its refractive index is not known. The fraction of the 
unknown material indicates to what extent the effective refractive index can change 
from the bulk value. 


Table 3. Value for packing densities obtained from equation (1) for non-chopped 
(NC) and chopped (c) films of cryolite and MgF;. 


—————— 


Refractive index Packing densities 
; n btained 
Film Ny (bulk CRC n P, P Pm date o : ek 
(observed) handbook (assumed) A : by others A d 
1978-79) 
Cryolite NC 1:360 1:335 1:46 . 0:697 0:209 0:84 (Shklyarevskii et d s 
(boundary 1972) fre e 
C 1:370 layer, 0:615 0:291 ; 5A 
Oliver 0:89 (Koppel Mann eta — 
1970) 1961, Pulkar et al coe 
. 1969) 
MBF, NC 1:405 1:385 1:47 0:606- 0-300 0-80 (Ritter et al 1969) 
- (boundary ; : 
C 1:425 layer, .0:366 0:540 0:85 Koch 1965) 
Oliver 
1970) 
E NC 1-405 - 1-385 1-70 0-818 | 0088 ^. 
SS ." (MgO CRC i 
= C 1-425 : handbook 0:748 


pee 
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It is seen from table 3 that the percentage of the unknown material increases, in 
all the cases, in chopped films. The increase is about 9% for cryolite with reported 
boundary layer (Oliver 1970). But for MgF, the increase with the reported boundary 
layer (Oliver 1970) is about 24%, much higher than one would expect. It is also not 
shown by the electron diffraction pattern. But assuming MgO as the unknown gives 
an increase of just 7% which is within the expected limits. 

If packing were to be more dense for chopped films reducing P, o (0-0931), then the 

(m + u) fraction will increase, slightly reducing the percentage of u (as refractive 
index of water is less than the material (7r) used). The results thus indicate that 
chopping may reduce the reported ‘ day '—scale aging (Vijaya et al 1980) by increas- 
ing the initial * minute's '—scale aging (increasing * surface layer ° packing fraction). 
The major part played by chop-time seems to be this, rather than settling of adatoms 
during the chop-time. During the process of chopping about 3À of film gets depo- 
sited per cycle. Due to the presence of residual gases in the chamber even at 10-5 
torr vacuum, there is a possibility of some chemisorption/oxidation type of reaction 
occurring at the individual layers thereby increasing the surface layer packing frac- 
tion. Of course the percentage of this type of conversion is very low since it is not 
noticeable as a strong ring in the electron diffraction pattern. 


3.4 Spectral response tilt comparison 


Though in general the dispersion curve (n — A) can have any shape, for our materials 
and in the range of A we have used, the n-values fall practically linearly with A. Hence, 
as a simple ‘ measure’ of dispersion, we have defined here a quantity called the tilt ', 
as An,/AX A-1 where AX = (6500 — 4000) A, and An, is change in n, over this AÀ. 
As seen from figure 4 the dispersion curve obtained by us are quite similar to those by 
other workers, though there are some variations in the tilts. For convenience we 
consider MgF, films both non-chopped and chopped for discussion. The tilts of 
our MgF, films are: non-chopped 6 x 10-5 (with An, = 0-015), chopped 10 x 10-5 
(with An, = 0-025). These are to be compared with that of water with a tilt 4 x 10-5 
with An, = 0:01 (The dispersion curve of water is also given in figure 4). 

It is seen that the tilts of non-chopped and chopped films are more than that of 
water and tilt of chopped films is higher than non-chopped films. This difference in 
tilt indicates that water is not the only additional material in the films. There are un- 
known materials also present in the films, which gives support to our packing density 
calculations using equation (1). The tilt of chopped films being higher than that 
of non-chopped films iadicates that the chop-time aging effect which enhances the 
production of unknown material as seen from table 3. 


3.5 Co-deposited mixed cryolite-MgF, films 


As seen in figures 2 and 3, mixed cryolite-MgF, films for all thicknesses show a re- 

fractive index intermediate to our experimental single cryolite and MgF, films and 

as expected the refractive index of these co-deposited mixed films obeys the Lorentz- 

Lorenz relation as can be seen from data Due in table 4 for s DESEE 

films.. Apparently we can extend the assumption o minute's e- 

eur DOE mixed ens without much harm. There are definite indications of 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Y 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Chopped and non-chopped optical films 321 


Table 4. Refractive index of mixed cryolite-MgF, films both non-chopped (Nc) and’ 
chopped (C). Thickness of film 1000 A. 


Mixed 
MEO Type Pees £ measured Mixed cryolite- Mor 
Single cryolite Single MgF, gF» (Yadava et al 

1973) 
Spectro- 
photometer NC 1:370 1-405 1-395 1-388 
6200 A C 1:385 1:415 1:405 1:400 
Ellipsometer NC 1:368 - 1-404 1:378 . 1-382 
6328 À C 1:380 1:416 1-401 1-400 
Abelés NC 1-373 1:408 1-378 1:390 
5893 À C 1:387 1:419 1:397 1-403 


additional and different mixed phase boundary layers being formed, which are not 
observed in single films as indicated. by electron diffraction (The d, values of chopped 
mixed films being very much different). The spectral responses of the mixed films 
show that these films follow the Lorentz-Lorenz relation at all wavelengths (figure 2) 
for both non-chopped and chopped films indicating that this type of co-deposition 
technique is successful in producing homegeneous mixed film. 


4. Conclusions 


This paper reports a special chopping and mixing effects on refractive index of optical 
coatings. For both chopped and non-chopped films there seems to be a few specific 
unknown materials present other than the original material which change the effective 
refractive index and dispersion curve of the films. This change in refractive index 
as compared to bulk is greater for the thinner films. 

The effect of chopping, i.e. increase in the refractive index of the chopped film as 
compared to non-chopped film, tends to increase the initial minute’s-scale aging 
along with the settling of adatoms during the chop-time. 

The spectral tilts indicate that water is not the major constituent responsible for 
minute’s-scale aging of the optical films. Identification of such unknown material 
(whose spectral and other data are not available for comparison) and that too in 
small quantity, in the matrix of the original material seems to be difficult. Further, 
the unknown material may decompose easily. Probably IR spectra analysis may lead 
to some identification. 

The refractive index of mixed cryolite-MgF, films follow the Lorentz-Lorenz 
relation at all wavelengths, for both non-chopped and chopped films even using the 
co-deposition method, indicating homogeneity. 

The electron diffraction patterns of non-chopped and chopped cryolite, MgF, 
and mixed cryolite-MgF, (obtained by co-deposition) suggest a more amorphous. 


(less polycrystalline) film growth for chopped films and a crystallite reorientan e 
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Study of {$Ar ion tracks in cellulose nitrate 
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Abstract. Sample of cellulose nitrate (Russian) is exposed to igAr ions. The bulk 
etch rate has been studied at different etching temperatures and the activation energy 
for bulk etch rate has been calculated. The etched track lengths are measured for 
different etching times. The energy loss rate and range of 1 SAT i ions in CN(R) is also 
calculated: The critical threshold value for etchable track in CN(R) is determined 
by comparing the theoretical and experimental values of track length. The response 
curve of CN(R) is also presented. 


Keywords. Cellulose nitrate; chemical etching; activation energy; track length; 
response curve. 


1. Introduction 


In recent years, solid state nuclear track detectors (ssNIDs) have been used increas- 

ingly in various branches of science and technology (Fleischer et al 1975; Fleischer 

1977). Track etching technique has successfully been employed in many insulating 
materials for revealing the path of charged particles and for their identification. 
SSNTDS are currently being used in the study of heavy particles, search of super heavy” 
elements, fission fragments studies, cosmic ray studies etc. The cellulose nitrate 
(Russian) (CN(R)) is one of the most sensitive plastic track detectors available. The — 
various track parameters, which can be measured BE can poe for | 
particle identification. 


for bulk etch rate is calculated. We have also oan i 
the range of this ion in CN(R). We have calculated the t tal ener 
range of BAr i ions in CN(R) using the o f Mukherji 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


324 Subhash Chander et al 


90° and 10° to the plane of the samples. The exposed samples were etched in stirred 
6:25 N sodium hydroxide solution at (60 + 1)°C. The thickness difference method 
was preferred for measuring bulk etch rate V, over the weight-loss method. This was 
because the latter method is not applicable since water absorption by the plastic 
(= 4% by weight at 70°C, Blandford et al 1969) makes it difficult to measure the 
dissolved weight accurately. We have also measured bulk etch rate V, by the dia- 
meter measurement technique using fission fragment of ?9"Cf (Rao et al 1981). 
For V, > V, the average diameter D of fission fragment is obtained by the relation. 


D=27,t, (1) 


where V, is the bulk etch rate and t is the etching time. 

The etch pit diameter and length were measured with a transmitted light micro- 
scope ‘Olympus’ BH(Japan) having an eyepiece micrometer whose least count 
= 0:215 um at a magnification of 900 X. The V, value was calculated on the as- 
sumption that it remains constant for very small etching time during which a small 
segment of particle trajectory is etched (Fleischer et al 1975). The correlation bet- 
ween the V, and the track length for an etching time t, is given by relation 


t 
L= f V, dt, (2) 
0 


or 
V, =8L/8t, (3) 


where ôL is the small change of track length in small etching time ôt. 
3. Results and discussion 


Figure 1 shows the variation of log V, against 1/T, where T is the etching temperature 
in °K, to find out the activation energy E, for bulk etching which is found to be 


3.0 
Cellulose nitrate (Russian) 
Etchant - 6-25 N NaOH 


20 


10r 


log Vp, bulk etch rate (um/hr) 


E 


2.8 3:0 3:2 
1/T x 102 (C1) 


Plot of log V» vs 1/T x 10° QK-». ^ 
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Cellulose nitrate ( Russian) 

Tur with energy 7-5 MeV/N 
(impact angle 10?) Ea. 
Etchant 6:25 N NaOH (60°C) 
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Corrected track 
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Figure 2. Variation of a observed track length with etching time; b corrected track 
length with etching time; for #2Ar having the energy 7:5 MeV/N at an angle 10°. 
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this point the material is undamaged and is etched at the speed V,. Further etching 
causes a decrease in the observed track length due to over etching. Figures 2b and 3b 
show the variation of corrected track length with etching time for both the energies. 
The corrected track length (L) is determined by using the relation 


pon = QE (4) 


Cellulose nitrate (Russian) 
sAr with energy 7-5 Me 

(impact ange 10°) 

Etchant : 6-25N NaOH (60°C) 


Most probable 
length = <11821> um 


Frequency 


104 112 120 128 
Corrected track length ( pm) 


Figure 4. Corrected track length distribution of #8Ar ion track having the energy 
15 MeV/N. 


Cellulose nitrate ( Russian) 
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BAr with energy 4 22 MeV/N 
(impact angle 10°) 

Etchant: 6-25N NaOH (60°C) 
Most probable length< 61 + 1> pm 


80 


Frequency 
Is 
© 


54 58 62 66 
Corrected track length (pm) 


Figure 5. Corrected track length distribution of {Ar ion tracks having the energy 
4:22 MeV/N. 
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where / is the observed length and ¢ the angle of incidence to the detector surface. 
It is clear that the corrected track length first increases Bun then becomes constant 
beyond te. 

The corrected track length distribution was observed by plotting the frequcticn 
against the corrected track length as shown in figures 4 and 5 for an angle of 10° 
with energies 7-5 MeV/N and 4:22 MeV/N respectively. From these histogroni the 
most probable track length come out as (118 + 1) um and (61 + 1) um for Ar i ions 
of energy 7-5 MeV/N and 4-22 MeV/N respectively. 

Assuming the validity of Bragg's additive rule and using the Mukherji and Nayak 
(1979) range energy equations, we have calculated the energy loss rate dE/d X and 
range of BAr ions in CN(R), using the computer TDC 316. The value of range for 
this ion is found to be 121-4 um and 64-4 um for energies 7-5 MeV/N and 4-22 
MeV/N respectively. 

By comparing the theoretical values of range with the total etchable track length, 
we have calculated the critical threshold value (aEJ430. for CN(R). The (dE/d X); 
value for {?Ar comes out to be (3 + 1) MeV mg cm?. 

The V, SS were obtained from the values of corrected track length at different 
etching times. A plot of the track etch rate versus corresponding energy loss dE/d X 
in cellulose nitrate (Russian) is shown in figure 6. The dE/dX at which V, equals 
the V, is taken as the critical energy loss for etchable track and below this energy loss 
no *etchable track’ is produced. From this plot the value of critical energy loss 
(dE[d X). was found to be (2-8 + 0:5) MeV mg cm? for 40Ar ion tracks in cellulose 
nitrate (Russian). 
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Mesonic decays of r- lepton: Effects of neutrino mass and mass 
mixing 


MS received 23 October 1982; revised 21 July 1983 P. 
= L4 
Abstract. Experimentally established mesonic decays of 7- lepton have been re- 
examined with the inclusion of the effects of finite neutrino mass and the associated Ag 
mass mixing in the form of Kobayashi-Maskawa mixing matrix. A comparison with 

the experimentally predicted decay probabilities provides limits for the vy mass which M 
are finite in all decays except for the lower limit in mass mixing case of the decay j 
T- — K*- (892) + v. for which my, = (420 + 610) MeV. The large error in this { 


value is because of (i) large errors in the experimental values of life time and branch- 
ing ratio for this decay and (ii) the KM mixing used in the calculations. The ratio 
of parity-violating to parity-conserving terms in the differential decay probabilities of 
various decays differs slightly from their values corresponding to those with vanishing 
Vr mass. 


Keywords. 7- lepton; Kobayashi-Maskawa mixing matrix; Tau neutrino; neutrino 
mass; mass mixing. : 


1. Introduction à 


Massive neutrinos, their mixing and oscillations (Maki et al 1962; Bilenky and 
Pontecorvo 1978; Lyubimov and De Rujula 1981 and De Rujula and Lusignoli 1982) 
have become a field of immense current importance especially after the reporting 
of the finite electron neutrino mass by Lyubimoy et al 1980. Effects of inclusion 
of these have been calculated theoretically with predictions that could be tested 
in experiments in the near future. In particular, processes involving B-decays 
(Bergkvist 1972; De Rujula and Lusignoli 1982) and muon decay (Kalyaniak and a 
Ng 1981) have attracted maximum. attention because of their obvious importance CEA. 
and accessibility. 2 

In this paper we report the results of our calculations on the experimentally estab- 
lished mesonic decays of 7- lepton in the lowest order. The effects of finite neutrino 
mass and their associated mixing are included with the use of mixing mass matrix 
(Kobayashi and Maskawa 1973). Bilenky and Pontecorvo (1978), and Shrock (1980) - 
have emphasized that the effects of finite neutrino mass should be much mote D v 
nounced and detectable in two body mesonic decays involving a neutrino 
with those from three body decays like B-decays. Further, very rece 
and Ramachandran (1982) have argued extensively that it is s i 
Consideration the effects of dominant mass mixing term without osc 


= popidening the effects of finite neutrino mass and mass-mix 
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Table 1. v. mass values and the ratio (R) of parity non-conserving to parity-consery- 
ing terms in mesonic angular distribution of 7- lepton decays. 


v. mass v. mass R R R 
Se nod (MeV) (MeV) (with (without mass (with mass 
Y (without ^ (with mass 7, =0) mixing but mu 
mass mixing) mixing) T m, finite) m, finite) 
T T 

1. ta Y. '610 + 240 660 + 260 1 0-97 + 0-06 0:96 + 0:09 
LT > K- +v, 570 +210 570 + 270 1 0-99 + 0-03 0:99 + 0-05 
3. T- > po + ve 700 + 150 760 + 170 0-04 0:09 + 0-00 0:08 + 0:02 


4. T- — K* (892) + v. 460 + 440 420 + 610 0:64 0-62 + 0-02 0-62 + 0-01 


a i 
For the calculation of the parameters listed in this table, the values of physical constants have been 
used from Particle Data Group (1982), Sources for parameters not given in this booklet are referred 
to appropriately in the manuscript. Results, in the table, are of two-figure accuracy. 


calculations we have not given any consideration to time dependent oscillation terms. 
The decays considered are 7- — 7- +- vr; 7- > K- + vr; 7- — p- + vr andr > K*- 
(892) + vr. The mass limits obtained for vy mass are found to vary for various decays 
(table 1). The inclusion of experimental errors in various quantities involved in the 
decay probabilities contribute substantially to the statistical errors in the mass of the 
Tau neutrino. The theoretical predictions are not in agreement with the experimental 
upper limit my < 250 MeV (perhaps favoured) provided by DELCO group (Kirkby 
1979; Flügge 1979). This does not require any serious consideration at this stage 
as the experimental values including the errors are expected to undergo changes with 
future improvement in experimental techniques and statistics. 


2. Calculations of decay probability and R 
2.1 The decay T > 1- + v 
Following the procedure of Tsai (1971), and with the inclusion of the contribution - 


due to neutrino mass mixing (Barger et al 1980) treated as Dirac neutrino, we write 
the matrix element as (figure 1) 


"t M = -iF cosh |S, Yu i Hy; Y (l — v5) uq, (1) 


where U, are the elements of the eee (1973) mixing mass matrix 
for IEA and 6, is the mixing angle in Upp for quarks (Shrock and; Wang-1778), 
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: Figures 1-4. 1. Decay of the 7- into Tau neutrino (v ) and m~ meson. W- is the 
- intermediate boson, 9, is the mixing angle in Uy,. 2. Decay ofthe r- into Tau Neu- —— Ne 


trino and K- meson with the intermediate boson W-. 9, and 9; are mixing angles — - 
in Uj,. 3. Decay mode T- — v. + p- z 
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where m, denote non-degenerate neutrino masses. The total decay rate is obtained as 


G? cos? 6, | f, |? 


W (r >m + o) = Tem | Uzi l? mi 
i=] 
mj 3m? 
xr - y - 22), 6) 
m; mi 


where terms of the order of m3 .[m1, m?/m? etc. are neglected. The theoretical decay 
rate with zero neutrino mass in this order is calculated to be 


W(r--- + vz) = 3:6155 x 1014/sec. (4) 


The experimental value of this decay rate, with 7- decay time as (4-6 + 1:9) x 107? 
sec and the branching fraction equal to (10-7 + 1-6) x 10-?, (Particle Data Group 
1982) is found to be 


Woy T 7-4») = (23 + 0:98) x 10'/sec. 6) 


Attributing the difference in the theoretical and experimental values of the decay 
rate to the contribution due to the finite neutrino mass, we equate it to the theoretical 
expression ; 


3 
3G? cos? 8, | f, |? mz Z, U, m 


167 mi 


T 


We use the solution (A) of Barger (1980) in terms of the mixing mass matrix 


0-64 0-66 0:38 
Uy, =| — 0:72 069 0-01 (6) 


— 0:26 — 0:28 0:92 


where v denotes e, p, 7 in our approximations. 
L . phe RE . 2 2 
Assuming that m, = m; m, = m, and m, — ms, we retain only, m; |m; term 


as dominant contributing term because the contribution due to m, |m; and m; Im; 
will be negligible (Kalyniak and Ng 1981). This enables us to determine limits on v, 


mass which are given in table 1. 
Further the ratio (R) of parity-violating to parity-conserving terms, in (2), for this 
process is given by 


( ay E ue (fees s 
Spe 2 2 2 
Pel PUT a (1) 


Oo ee e E EE 

2 

(y ETUR LEN 
m? my 2m. m7 : 
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Using the vy mass as obtained earlier, the R value for finite neutrino mass without 
and with mass-mixing are calculated and are given in table 1. 


2.2 The decay T > K- + v, 


The process of calculations follow the same path as that for 7-— 7 + v, with 
Jfa > fu, Ma- > m,- and cos 0, > sin 0, cos 6, (figure 2), 0, is the mixing angle in Yim 
(Shrock and Wang 1978). 

The differential decay probability is given by 


3 
__ P | fx |? sin? 0, cos? 6, 2:259 _ m_\? | m 
Wee 2 | Srl a 


(spere opener 


2 m2 UM 
my m? mz 


and the total decay rate as 


Sein 


vo irt | arr 
T m T 


167 


Following the procedure of (2.1) with the use of experimental value for the 7- decay - 
time (Feldman et al 1981) T = (4:6 + 1-9) x 10- sec and the branching ratio 
& 0:5% (Perl 1979), the limits on v. mass and the ratio R have been calculated and 


tabulated in BAL i The values obtained for v mass SHOE gue case are va 
established (Particle Data Group 1982). x E 
2.3 The decay «- v, + p- | : 

SS uc. 


The calculations for this decay are slightly complica: te 


~_ — —SÓ———— must betRiib t 
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Taking 7- to be polarised and replacing the Breit-Wigner factor by a delta function, 
i.e., 


2 T 


1 
(qi + 43? — m +iT pp 


ô 2 2 — Lj E > 12 
Tm, (a: + qs) n°} (12) 


we get the following expression for the angular distribution of 77: 


dw _ 
da, (4r)? m2. m; ( —2 


3 
387», E | UJ? E 
m- + 2x 3 


mg 


w,— Ay —4m,.(w,—APD 
1 TN 


+ (mà. — mj + mi) CW, + (8 + Gy) 4m, iG m. Wi — 4m,w, A 


+ 4m, A? + : m2_m,+ Bm,— AC— D(w,— 24) Ies (4m, mè A 


DB C Wimax. 
+ m, AB + ie Dae a pt D) log Gv, + 5 ; 
VW; min. 
(13) 
where 
A= mi + m; — mjjm.; B= mp — 3m}- — mi; 
C= mp — Amk- + mi); Doré — mio; E-Qp- ri^ (14 
21/2 2 2 \1/2 
Wimax. — 4 (= 3r 1) ar (4 — z ( En ae ia ; 
mp 4 mg 
and 


21/2 2 2. 1/2 
imis. = A (7 i) - (4-7) (1 Lm) ; 


2 92 
Mp ms 


The decay rate is given by 


3 
G? cos? 0, m? 5 
WG: — on PVD) E D 
i=l 


x [m (1 — mmy (1+ 2m^|m?) — 3 m m7], (15) 


where g, = a cos 6, f 
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and f, (Tsai 1971) = m2 4/7) have been used. Using the experimental 7- decay time 
pt T = (46 + 1-9) x 10733 sec and the branching ratio equal to (21:6 + 3-6) 7; (Par- 
ticle Data Group 1982), we calculate vy mass and the ratio R for the process following ^f 
the procedure given in $ 2.1. The results are given in table 1. - en 
2.4 The decay 7- > K*- (892) + v. 
— > K-+ 49 


For this process calculations follow the same path as that for 7- > p^ + v, with the 
following replacements: 


Srv 7 Erk*v? Epa? > Ek*k-no Mp > Mga; M -> my; 
f, > f» and cos 0, > sin 0, cos 6, (figure 4). (16) 


We obtain for the angular distribution of K-, the expression 


3 
dw 3 Se pry P | Us 
do (4x)? m2 mi. (12 (mj- + m2) mix}? 


x |» (w,— Ay — 4 m, (w,—AP D 
+ (mÈ — má, + mj) CW, + ($.9,) 4m; (om w?— 4m, w, A 
ie Amz A? +$ m- mr + cs TE | 
- (amr m2_A + m, AB + m D + 22 E (ma t p) 


x log (n + EX} | 09, 
1 min. 


where A, B, C, D, E, W, max. and W, min. are identical to those gi 


use of the replacement (16). The decay rate is given by 


-n A il 


| 
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2 112 m2. Sim? 2 

where g7 g+ (Tsai 1971) = eae Sm. dp COS s X 

8z 
Using the experimental 7- decay time T = (4:6 + 1-9) x 10- sec and the branching 
ratio equal to (1-7 + 0-7) x 10-* (Particle Data Group 1982), we calculate the v, 
mass and the ratio R for this process following the procedure given in $ 2-1. The 
results are given in table 1. 

The values of v. mass obtained from this decay involve large errors so much so 
that when mixing is included, the lower limit becomes negative. This is because of 
(i) large errors in the experimental values of decay time and the branching ratio for 
this decay and (ii) type of mixing used. The values quoted in table 1 are with the use 
of KM mixing. Instead, if the hierarchical mixing is used (Kalyanik and Ng 1981), 
the v. mass limits are found to be (400 + 580) MeV. Further if one replaces cos 6, 
by cos 6, and sin 6, cos 0, by sin 6,, 0, being the Cabibbo angle (Cabibbo 1963), 
one finds these mass-limits as (500 + 480) MeV and (470 + 460) MeV for KM 
mixing and hierarchical mixing respectively. 


3. Conclusion 


The v. mass limits calculated for the four decays are not consistent with the experi- 
mental upper bound < 250 MeV (perhaps favoured) provided by DELCO group 
(Flügge 1979 and Kirkby 1979). But with the exclusion of errors, the finite masses 
are nearly consistent with the SLAC-LBL limit of 600 MeV (Perl et al 19776) and PLUTO 
limit of 540 MeV (Knies 1977). The large errors in v. mass values calculated are 
because of the large errors in the experimental parameters used in the calculations. 
In particular, the errors in lifetime, branching ratio and the mixing angles contribute 
substantially. These errors used along with KM mixing in the decay 7- > K*- (892) 4- v, 
renders the lower v, mass limit unphysical. The discussion following relation (18) 
shows that in this case the type of mixing used also plays a significant role. 

In view of the large uncertainties of the experimentally measured parameters, 
the agreement of the v, mass limit with the experimental upper bound may be con- 
sidered fortuitous. As such, the lack of agreement with the experimental upper 
bound of vy mass < 250 MeV, is no disaster for the theory. With the availability 
of more reliable experimental data and improved statistics, these limits will undergo 
changes. The main result of this work is essentially an upper limit on the mass of 
v, of the order of 700 MeV. 

The R values x 1, for the decays 7- >m- +», and 7- — K- t vrp show that 
these decays are purely of weak origin with maximal parity violation, the contribution 
from mass mixing being insignificant. For the decay r- > K*- (892) + vr reduction 
in the R value from one may be because of contribution from the strong decay K*- 
(892) > K- + 7°. The value R a 0 for the decay 7- > p- + v, is because of the 
kinematical factors, namely, the near zero difference in m- and 7° masses which is 
not the case with K- and 7° masses involved in the decay r-  K*- (892) + vy. 
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Abstract. Makrofol polycarbonate plastic track detectors have been exposed to 
ii? Xe -ions of energy 1-1 MeV/N from the cyclotron beam. The bulk etch rate and 
track etch rate are measured for different temperatures and the activation energies are 
calculated. The maximum etched track length is compared with the theoretically 
computed range. The critical energy loss is (dE/dx), = 5 MeV cm? mg- for this 
detector material. 


Keywords. Solid state nuclear track detector; activation energy; track registration 
sensitivity ; response curve; critical energy loss. 


1. Introduction $ 
I 


In recent years solid state nuclear track detectors (SSNTDS) have found widespread 
applications (Fleischer et a/ 1975). In these detectors paths of individual heavily 
ionizing charged particles are revealed by selective chemical etching of the radiation 
damaged material along the particle's trajectory. The maximum etched track length 
provides the particle range and its energy. The length is also a measure of the mass 
A and charge Z of the incident particles (Price and Fleischer 1971; Fleischer et al 
1965). In the present work we have tried to measure the range of 132Xe-ion by 
determining the maximum etched track length. Theoretical relations are used to 
compute the range of !32Xe-ion in Makrofol and the range is compared with maxi- 
mum etched track length. The response curve is plotted and the critical energy loss 
(dE/dx), is determined. The bulk and track etch rate are measured for different 
temperatures and the activation energy is calculated. 


2, Experimental details 


In the present study the bulk etch rate has been measured by the track diameter 
method (Enge et al 1975). In this method small areas of detectors are irradiated 
vertically in vacuum with fission fragments from ?9?Cf source and then etched in - 
NaOH solution at a constant temperature. The bulk etch rate V, is calculated by 


D — 2, t, 


where D is the diameter of fission fragment tracks and / is the et | 


CC-0. In Public Domain. Gurukul Kangri Collection, 


o Wr c er om a th i ks 


| 
h 
$ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


340 S M Farid and A P Sharma 


Samples of Makrofol-E (200 um thick) have been irradiated with !32Xe-ions of 
energy 1-1 MeV/N at an angle of 30° with respect to the detector surface from the 
cyclotron beam at the Joint Institute for Nuclear Research, Dubna, UssR. Conical 
tracks are observed after etching for a short time in the NaOH solution. The major 
and minor axis diameters are measured. The projected track length is measured from 
the centre of track ellipse at the etched surface to the end of the track tip. At least 
50 tracks are measured each time. The corrected projection length /, is determined 
by taking the geometry of tracks (Benton 1968). The true track length L (the length 
from the original surface to the terminal end of the track) is calculated by the 
relation (Dwivedi 1977; Dwivedi and Mukherji 1979). 


L qp ET, C= 1,), Q) 
cosé sind 


n— 


where ô is the dip angle and f, is the etching time required to etch the tracks upto 
the point where they stop. The track etch rate V, is calculated using the relation 
(Dwivedi 1977; Dwivedi and Mukherji 1979) 


V, = AL/At, (3) 


where AL is the track length increase in etching time At. 

After exposure the plastic samples are developed for convenient times in a NaOH 
(6 + 0:05) N stirred solution at a constant temperature of + 0:5*C. All measure- 
ments are made with an Olympus microscope having an eyepiece micrometer (least 
count = 0:215 pm) at a total magnification of 900 x . 


3. Results and discussion 
3.1 Effect of temperature on bulk etch rate 


The bulk etch rate V, is determined at 50, 60, 70, 80 and 90°C for NaOH solution, 
New solutions are used so that the etchant concentration remains constant through- 
out the experiment. The results are shown in figure la. It is obvious that in the 
temperature range applied in our experiments, the data can be well described by the 
Arrhenius correlation of the form 


V, = A exp (—E;[kT), : (4) 


where A is a constant, k is the Boltzmann constant, E, is the activation energy 
for the bulk etching and T is the temperature of etchant in °K. The activation 
energy is found to be E, = (0:72 + 0-06) eV which agrees with that reported by 
Enge et al (1975), 


3.2 Effect of temperature on track etch rate 
The variation of / with etching time when etched in 6N NaOH at 70°C is shown in 
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Makrofol -E 


24 E =1-1 MeV/N 
30° exposure 
6N NaOH 


| 
© 


- 2B 2.9 30 34 
4/T (10°/°K) 


Figure 1. Variation of (a) bulk etch rate and (b) track etch rate with etching 
temperature for Makrofol-E exposed to 1-1 MeV/N 7§}Xe-ions. x Ms 
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Makrofol - E 


E =1-1 MeV/N 


3O?exposure | 
6N NaOH, 7O?C 


Track etch rate V_ (pmZhr) 


8 12 16 20 24 
Track length ( L), (um) 


Figure 3. Variation of track etch rate with track length of !3Xe-ions in 
Makrofol-E. 


figure 2a for 30° exposure of Makrofol sample with 122Xe-ion of energy 1-1 MeV/N. 
| The variation of true track length with etching time is shown in figure 2b. The 
i projected track length starts decreasing after the etching time fe because the bulk 
j etching shortens the completely developed track after t.. When the bulk etching 
and over etching corrections are made (see equation (2)), the true track length re- 
mains constant beyond f, (figure 2b). Figure 3 shows the variation of V, with L for 
6N NaOH at 70°C. Clearly V, decreases with penetration depth and this can be 
explained if we consider the energy loss vs energy curve for 13%Xe-ion. The beam 
energy is 1-1 MeV/N in the present case. When the beam penetrates the detector 
with this energy the energy loss decreases with penetration depth. Since V, is a 
function of energy loss, the track etch rate also decreases with penetration depth. 

Plots of V, vs L (not shown) for etching at 50, 60, 80 and 90°C are similar to that 
shown in figure 3. From these plots the V, value corresponding to a particular track 
length (14 um in this case) is determined for different temperatures. The effect of 
etching temperatures on V, is shown in figure 1b. It is evident that the increase in the 
value of V, with etching temperature is exponential and can be expressed by the 
relation 


V, = B exp (— E,|kT). (5) 


The value of E, for track etching calculated from figure Ib is found to be E, — (0-70 

+ 0:04) eV. ; 
Using the relation V=V,/V, the values of V have been calculated for different É 

temperatures from the experimentally determined V, and V, values. 


3.3 Range of 13 Xe-ion in Makrofol-E 


Recently, Mukherji and Nayak (1979) have given a set of equations to calculate the 
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Figure 4. Variation of track etch rate with energy loss for 13{Xe-ion tracks in 
Makrofol-E. 


energy loss rate and range of heavy ions in complex media. The same procedure 
is followed by us to compute the range and energy loss of 13Xe-ion in Makrofol-E 
(CHO and p= 1-2 g/cm). The theoretical range of 1-1 MeV/N 13Xe-ion 
in Makrofol-E is found to be R—27-27 um. The average length of etched tracks is 
calculated using (2). About 300 tracks are measured to calculate the average value. 
The average value of maximum etched track length with its standard deviation is 
L—(25-75 + 1:02) um. 


3.4 The response curve 


Using computer output, the plot of energy loss dE/dx vs penetration depth i.e. track 
length has been drawn (not shown). The variation of V, with track length is shown 
in figure 3. Combining these two figures, the response curve [(dE/dx) vs V;] for etch- 
ing at 70°C is plotted on a double-logarithmic paper as shown in figure 4. The 
response curves for different etch bath temperatures are also presented in figure 4 
and it is clear that V, depends on dE/dx as well as on etch bath temperature. 

The experimental data are transformed into the normalized track etch rate (V,/V,) 
and in figure 5 these are plotted against (d.E/dx) on a linear diagram for four different 
temperatures. It can be seen that all our data normalized in this way belong to the 
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rate depends only on energy loss dE/dx and not on the etching temperatures. - 
solid curve is the best fit to the experimental points. This is done with th 
computer program which fits the curve of nth degree based on the princip. ; 
= Square polynomial approximation. The curve is extrapolated for mem cted vah 
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same curve within the accuracy of the measurements. Thus the normalized track etoh z 
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Makrofol - E 
ER i E =1-1 MeV/N 
3 e-ion, -1. e 


30? exposure 
6N NaOH 


(dE/dX) (MeV mg! cm?) 


dE - 
(Gx) 5.0 MeV mg cm? 
8 16 24 32 


Figure 5. Variation of normalized track etch rate with energy loss for 19:Xc-ion 
tracks in Makrofol-E. 


of (dE/dx) against V. The dE/dx at which the V, equals V, (i.e V,/V,=1) is taken 
as the critical energy loss (dE/dx), for track etching below whichno etchable track can 
be produced (Tanti-Wipawin 1975). The present value of (dE/dx),—5 MeV cm? mg” 
agrees with that reported in literature (Debeauvais et al 1967; Fleischer et al 1965). 

The relation between V and (dE/dx) can be expressed by the relation (Somogyi 
et al 1976; Enge et al 1975). 


V = 1 + A(dEJdx)P, (6) 


where A and B are fitting parameters. Using the computer program the A and B 
values are found to be A = 0:016 and B = 2:78. These values agree with those 
reported earlier (Somogyi et al 1976; Enge et al 1975). 


4. Concluding remarks 


The devendencs: of both V, and V, on etching temperature is exponential. The 
maximum etched track length can be regarded as the range of 122Xe-ion in Makrofol. 
The normalized track etch rate is independent of etching temperature. The critical 
energy loss for this detector material is relatively high as compared to other plastic 
detectors like CN and CR-39. 


^ 
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Abstract. IR intensity formulae can be derived in the form I = L’ A; I being square 
root of intensity Z°, has sign ambiguity. Equations like /^ I = A’ LL’ A = A' GA 
have been used to solve the sign ambiguity. There is only one equation for each 
species. This position has now been improved by introducing a new concept about 
this sign ambiguity and solved for electro-optical parameters taking a pair of mole- 
cules CHCl; and CDCI; for demonstration. This incidentally solves the sign ambi- 
guity problem of polar tensors which are calculated for these molecules. 


Keywords. Infrared intensities; polar tensors. 


1. Introduction 


It is well-known that @Po/@Q, change in the c component of dipole moment of a 
molecule during any oscillation Q, obtained from IR intensities can be related to 
electro-optical parameters by a formula 


I—L A, (1) 


I is written for @P/0Q, L’ is transpose of L matrix which connects the symmetry 
and normal coordinates and A contains the electro-optical parameters. Since is the 
square root of the intensities /?, it has a sign ambiguity. This leads to 2" sets, n 
being the number of frequencies in any species, and correspondingly so many sets of 
A elements. The L matrix elements derived from force constants are not generally 
reliable. Moreover the intensities cannot be determined with sufficient accuracy. 
The intensities of th&'strong lines can be obtained within an accuracy of 5%, and 
those of medium intensities to about 10%. But there is no limit to the inaccuracy 
of weak lines. 
According to Naik and Rajeswara Rao (1979) equation (1) can be written as 


I I— A'LL/A = A'GA (2) 


thus eliminating all the three defects mentioned above. But this gives only one equa- 
tion for each species. Therefore, we have taken similar equations from an isotopic 
molecule to have sufficient number of equations to solve for the eop's (Naik and 
Rajeswara Rao 1979). We have to admit, however, that the analysis is defective and 
requires improvement; we now demonstrate how it can be improved and in the 
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process try to throw light on the sign ambiguity problems. We shall take up a pair 
of molecules CHCl, and CDCI;. 


2. Intensity formulae 


The derivation of the intensity formulae was discussed at length in our earlier papers 
(Naik and Rajeswara Rao 1979). We shall only give them in the forms (1) and (2). 
In deriving these formulae we have used terms involving change in the dipole moment 
of a bond with the change in the length of the other bonds also. This is called the 
first order approximation. However, the dipole moment of a bond is assumed to be 
independent of angle changes. 


Ay 
A I, = AiLy + ALa + Agha; i = 1, 2, 3. (3) 
E 
= I, = Ay Lu + AgLg; + AgLgi; i = 4, 5, 6. (4) 
Here, 
A, = 0P,[0D = «; (5a) 
1 [P. P P € 
A, = -|Z So EA e 5b 
2 zu) V3 en 
2 
A; = Và Ia» (50) 
As Ea J (5d) 
4 (= p 
A (Dna (5e) 
v6 
2 
4 = (Zar +r]; (Sf) 


€ = (2S P. _ Px zo Zo 
: 8d, Qd, ôd 


p, q, r in (5) are given by 


p = 2 3V3 osb (a uoi — bag) Hey 
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P, ae 9 | 
q— = | 15/(2V 6) a?b*u? c (uc + pg) + AE &b ucu (a uc + 46 m) 


a 3 
r= 2|— Cb wa BGapotbuctbp |}: 
2V6 OS a ae 


n. 


Here A is the determinant of the G matrix and P, dipole moment of the molecule. 
a—l[d; b=1/D 
where d and D are the C-Cl and C-H bond lengths respectively. For the two mole- 


cules we can write the following equations in the form of (2). The I values = ðP/3 Q; 
are taken from table 1. 


A 
CHCI, 
= I? = 0:0744 = 0:6525 A? + 0:03373 42 + 0:09664 42 + 
3 2[— 0-029 A, Ay + 0-0656 A, 45 — 0:0379 A, A5] (6) 
B X I} = 1-8362 = 0:01398 e? + 0:8165 (0:0547 p, + 0:053 py) e 
; + 30:7879 (0:0547 p, + 0:053 py)? + 45:1754 (0:0526 py 
| + 0:0424 u4)? + 1-2891 (0-066 p, + 0:6795 p4)? 
+ 2 [— 28-3174 (0-0547 m, + 0-053 p4) (0:0526 p, + 0:0424 p) 
— 0:8359 (0-0547 p + 0-053 m4) (0:0662 w, + 0:6795 pa) 
— 0:5777 (0:0526 u; + 0:0424 p4) (0:0662 14, + 0:6795 pa)] @ > 
CDCI 


eS. NU 


Z Ij = 0:0793 = 0:3514 A? + 0:03373 42 + 0:0664 43 


+ 2 [— 0:029 A, A, + 0:0656 A, As — 0:0379 Ay A] — 
2 I? = 17441 = 0:01398 e? + 0:8165 (0:0547 p, + 0:053 py) « 

++ 31:3072 (0:0547 p, + 0:053 p4)? + 45-4298 (00526 
+ 0:0424 p4)? + 2-5138 (0 0662 ta + 0: 3709 y: 


TA EAE A A Leto m 
E EUER oes 
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The above equations contain 5 electro-optical parameters. 
Gi = aP,/aD 


X ; P, 
_ (dP. 4 OP: , ô z 


T 
Od, Od, Od; 


: ( OP. OPx a) 
56 — [2 =a roe ici 
Od, ôd, ôd 


pı (dipole moment of C-Cl) and u, (dipole moment of CH or CD). We can take 


the dipole moment of the whole molecule as derived from dielectric constant 
measurements as the fifth equation. 


P- = p lZ + pg 2z + pg 3z + p 4z. (10) 
This makes — 1:01 = — i, + p,. Here P, is the dipole moment of the molecule 
along z (CH or CD) direction. Since P, = P, = 0, P. is the value for the whole 


molecule (Weast 1969). We take p, = us = pa. 1z, 2z and 3z are direction cosines 
of d's and 4z of D. We can write equations similar to (10) for P, and P, also. Now, 


oP, ON OL OV OF 
x [Sene p ABI) pec CA I dL 
DD —- DE =D! aD! aD 


E771 Op 
zl 2 3z eA 11 
Det Z ur D (11) 


Here, Qp4[0 D is dipole moment of CH (or CD) with respect to D. This is called the 
Zero order term and Ov,/OD the first order term. The eop's we have to determine 
are groups like this. 


J, in equations (6)—(9) are taken from Morcillo et al (1969) and are given in table 1. 


3. Intensity analysis 


In equations (6) and (8) all terms except e? are common. Also, Z I? is almost the 


Table 1. Frequencies and IR intensities. 


z oP 

SES Frequency (cm?) 2Q 
CHCl, CDCI, CHCl, CDCl, 
Ay 3034 2259 0:0676 0:0293 
= 681 655 0:2505 0:2723 
366 362 0:0844 0:0654 
E - 1221 914 0:4732 0:7899 
769 744 1-2696 1-0582 
258 258 0:0189 0:0189 
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same, so that we have e, = 0. In the E type equations, substituting for uj, from (10) 
and subtracting (9) from (7) results in 


0:2414 u? + 0:3371 u, + 0-04006 = — 0-09207, (12) 


(four figures are used here for computational consistency). 

This makes w, imaginary and the analysis defective. The left side of (12) is mostly 
the contribution of the wagging mode to the intensity which is small. While the 
sum of the intensities is large, in both (7) and (9), the difference is very small and is 
of the same order of magnitude as error in their determination. Since the intensity 
of the wagging mode is small, the accuracy of its determination is very low. Hence, 
the right side of (12) can be very different from the value shown. This defect shows 
itself whenever difference equations like (12) are to be used for evaluation of eop’s. 
Now, we propose to solve the problem by trying to understand the sign ambiguity of 
I, One of the equations of (1) can be written as 


hA AL A4 ES (13) 


The vector (Lı Ls, L3,) which is obtained from force constants, can have a positive 
or a negative sign. If the sign of L,, changes, the sign of the other elements also 
have to change. Therefore, since A,, 4», A, are constants, the sign of J, is depen- 
dent on the sign of L, only. Table 2 gives the L matrices of A, species of CHCI, and 
CDCI, obtained by us from Raman intensity analysis. 

It can be easily seen that the G elements are independent of the signs of the L 
vectors (column triplets referring to frequencies). But we have arranged these 
vectors so that they have the same sign for the two molecules. Since we are assuming 
that the A’s are the same for the two molecules (as they have the same electronic 
configuration) for any frequency, if we take the L vectors of the same sign, the J’s 
also will be of the same sign, though the exact sign cannot be judged. 

Now, in A, species, J, is large in the two molecules, compared to J, or J;. There- 


fore, we shall take it that it is determined with reasonable accuracy. Writing these 
equations, we have 


+ 0:2505 = ALa + ALa for CHCls, (14) 


+ 0:2723 = AL's + AL's for CDCI. (15) 


Table 2. ZL matrices of A, species. 


L 
0:8708 0:0045 0 
CHCI, — 0:0367 0-1553 0:092 
0:0820 — 0:2803 0:0983 


0:5928 0:0021 0 
CDCl; — 0:0483 0:1539 0:0891 
0:1087 — 0:2693 0:1031 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


352 L D Wahegoankar and N Rajeswara Rao 


Since 4, = 0, it does not occur in these equations. Primes on Lo. and L} indicate 
that they are for CDCl,. In these equations the signs on the left are both positive 
or both negative. It is now possible to eliminate the intensities and get an eliminant 
equation 


0 = Ay (0:2723 Lo — 0:2505 Li) + Ag (0:2723 L4, — 0:2505 Lig). (16) 


This provides the third equation for A, species, and A, and A, can be evaluated. 
But often when we deal with isotopic molecules that are similar and have nearly 
equal L vectors also, so that the coefficients of A, and A, in (16), are very small, the 
equation becomes unreliable. This is particularly so because, the L vectors cannot 
be determined with great accuracy in spite of one using Coriolis interaction constants 
and rotation distortion constants. 

But (14) or (15) can be individually used with some advantage. Now using (14) 


and the eliminant of A, from (6) and (8), one can calculate : 
fy = + 0:6984; m, = 0:3116, (17) 

using (15) 
pa = + 0:7786; p, = 0:2314. (18) 


A negligibly small negative sign under square root in the evaluation of these values 
is neglected, as it is attributable to small errors in J, or Ls. 

Now, in (10) since p; (uc 44) is much smaller than p, (Lc. cp. #1 has to be 
positive which means it is in the C—Cl direction. Considering that there is some 
error in the determination of J, as well as L’s the closeness of the p, values is good. 
This enables us to determine 45. 

In the expanded forms, 


— m OM _ 9 
ðD əD ” 


€. 


CIT Oh y 20 be cuf 394 _ — 5:32 or — 5:79, 
dd, ôd ôd, 


OR OR EN 


3 = — 


ôd, 0d, 


In the expressions for e, and ez, Qus[0d, is the first order term. Seeing the closeness 
of e, and e, the first order terms are perhaps small. In e; this is not to be regarded 
as an equation between ôy, ðD and au,/0D since both of them are small and negli- 


ible. E 
g Another point of interest is that it is not possible to separately evaluate ô| ôd, 


| and Qu; 0d;, the zero order and first order terms. 
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py 
2 Vo ranean an 


4, Polar tensors 


IR intensity is analysed in another way. In the above method, we have started with 
a model. We have assumed that the dipole moment of a molecule is the vectorial 
sum of dipole moments of its bonds. Also, we have taken the dipole moment to be 
along the bond. It is not obvious that the electronic distribution should be 
symmetrical with respect to a bond. In fact, Sverdlov (1961, 1963) referred to by 
Allen Rupprecht (1981) has shown that the dipole moment need not be along the 
bond and it can have components perpendicular to it. Therefore, bond dipole 
moment theory may be too much of a simplification. 

Biarge et al (1961), referred to by Newton and Person (1976), have suggested a 
method of avoiding a specific model. They defined a tensor 


P, (a) = ee 


OP. OD; CBE; 
0x, TOV 02 


foreach atom a. The elements show how the dipole moment of the whole molecule 
changes as the atoms move in various directions. This can be obtained from 


Py = (P| X) = (0PJ0Q) (0Q/0S) (OSIOR) (ORJOX) 
= I' L^ UB (19) 


= A’ UB (19a) 


Table 4. Polar tensors. 


Cl, H EG 

Molecule Y Z Oy ee X Y Z 
CHCl, 

P. ^ — 0 0167 0 o  —06553 0 0 —48983 0 

Py 3:5354 0 1:5973 —0-6553 0 0 -—48983 0 0 

P; —1:7955 0 —0-2425 0 0 0 0 0 0:7274 — 
CDCI, EC 
Bi. 0 0:1923 0 0 —0654 0 0 —49339 0 : 
Py 3.5366 0 1:6084 —0-6594 0 0  —4:9339 0 05 


P; —1:7955 0 —0:2425 0 0. oO 0 
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T is transpose of J and using (1), L and L~ cancel off. Newton and Person (1976) 
have however used (19) and obtained P, for various atoms. Their procedure suffers 
from all the defects that the earlier workers experienced in evaluating the eop’s. 
(i) J, having sign ambiguity, means that we can have 2" sets of the row vector J’. 
(ii) Evaluation of L-! matrix from force constants which are uncertain and 
(iii) Inaccuracy in the determination of J elements will affect these results also. 

Our suggestion of using (19a) takes away all these defects, but we need a model. 
Therefore, we look at the polar tensor problem as a check on the model, so that one 
can improve the theory to make the polar tensors obtained by (19) and (19a) to be 
equal. In any case, this method dispenses with sign ambiguity trouble once for all. 
While choosing the signs of I's and L~ vectors, one can look for the values 
obtained from (19a). Then, the differences in the numerical values can be discussed 
to improve either the model or the methods of determining L-1 elements. 

We now give the polar tensors of CHC], and CDCl, using (19a) both in the form of 
expressions and in numbers. 

We are now not discussing a rotation correction that is necessary to get Py. This 


comes about because the B matrix is rectangular and rotation and translation of the 
molecule have to be added to make it, a square. These corrections have been worked 
out by Newton and Person (1976). They have to be added to (19) as well as (19a) 
to get the correct Py. But, for the purpose we have suggested, rotation correction 


need not be considered. 

In table 3, we have given expressions only for Cl, as those for Cl; and Cl, can be 
obtained by symmetry operations. Similarly in table 4, columns under Cl, and Cl; 
can be obtained by symmetry operation on Cl. 
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| Abstract. A new method to calculate the lattice contribution to electric field gradients 
| at a nuclear site in tetragonal crystals is developed. The crystal is regarded as an 
assembly of positive ions at lattice points embedded in a uniform background of 
negative charge (point charge model). The method uses Euler-Maclaurin formula 
and makes the plane-wise summation in the direct crystal space unlike most of the 
previous methods utilising Fourier transform to reciprocal space. The numerical 
values obtained using the above approach agree well with previous results. 


Keywords. Electric field gradient; lattice sum; convergence; tetragonal crystals; Eme 
Euler-Maclaurin formula. Diana: A 


1. Introduction 
Electric field gradients (EFG) have played an important role in providing insight of the 
electric charge distribution surrounding a nuclear site, shielding-antishielding mecha- 
nism, electron-phonon interactions etc. This quantity can be experimentally meas 
ed using Móssbauer effect, NQR, PAC etc techniques. A large numbe; 


review on the subject has been presented by Kaufman and Vianden (197€ 

The EFG in a metal is conventionally separated into ionic and electronii 
former being due to the positive ions of the lattice outside the atom 
nucleus of interest and the latter due to conduction electrons. The di 
otherwise spherical atomic core due to the electric field of lattice ions 


€4 = equa (1 — Yoo) + electron? 


= The lattice contribution eq), is represented b: 


e Dm 
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except the one containing origin and this is indicated by a * prime’ over the summa- 
tion. 

The interest in the lattice EFG has been greatly enhanced after the identification of 
the so called * universal correlation ° (Raghavan et al 1976) between the lattice and 
electronic parts of EFG. This correlation may be expressed as 


eq = equ« (l — Yo) (0. — K), (3) 


where K —2 ~5. Thus the complicated electronic contributions may be estimated 
from the knowledge of (2). This offers a great simplification as the first principle 
calculation of the electronic part needs a knowledge of electronic wavefunctions and 
crystal potentials, which are available for only relatively few metals. 

The sum in (2) is known to converge extremely slowly. Techniques have been 
developed to improve the convergence. The basic idea of the method developed by 
Simmons and Slichter (1961) is to divide the crystal into electrically neutral polyhedra 
and sum the contributions from the multipole moments of each external cell. Another 
rapidly converging procedure involving transformation to reciprocal lattice space 
was introduced by Ewald (1921) and was further developed by Nijboer and de Wette 
(1957, 1958). This method has since been widely applied to get the lattice EFG (de 
Wette 1961; Das and Pomerantz 1961; de Wette and Schacher 1965; Dickmann and 
Schacher 1967; etc.). We here report a new method to evaluate the sum in (2) in the 
direct lattice space itself for a simple tetragonal lattice. The results match with 
those given by de Wette (1961) employing the Fourier transform methods. 


2. Theoretical formulation 


The sum in (2) is conditionally convergent. It means that its value depends on the 
shape of the boundary of the infinite crystal (de Wette 1961). The EFG at a lattice 
point which receives contributions from positive charges as well as from negative 
background, however, is not an ambiguous quantity and is independent of the shape. 
This EFG may be written as 


ses opi m pen 
eq = | 29 3z? Es oy 32 — la (4) 


5 5 
Eo r 4r & r5 


Assuming a uniform negative background making the crystal electrically neutral, 
p (Œ) = Zejv, where vis the volume of the unit cell. Both the terms are conditionally 
convergent and the values of the terms depend on the order of summation inside 2” 
and the boundary shape of crystal in the integration. We can choose the order of 
summation that is most advantageous, but the integration has to be done accor dingly. 
We follow the order used by de Wette (1961), i.e. we choose the z axis along the c 
axis of the tetragonal crystal and make summation in the planes z — 0, + c, + 2c, 
etc. and then add these partial sums. This summation order means that we take the 
shape of the crystal to be a slab of infinite thickness with faces perpendicular to the c 
axis, - 
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The integration in (4) is 
IE a DERE (5) 
r9 


for such a slab-shaped crystal (de Wette 1961). The sum over the lattice is 


2n? a? — 22n ar — my ys — n, 
So = ime gi » S S (n de n +n I ENT EN PU : (6) 


Hy— —00  Hy— —00 N=—O 
(except origin) 


for a tetragonal crystal where a = c/a. The summations over n, and n, are to be 
carried out before summation over ng. 


2.1 Contribution of baseplane (z = 0) 


The contribution to 


from the baseplane is 


-5 X CERE ; : ET 


up cue Ed ; hired ar 3. 
(except ost) — ee 


oo co - 
zc x PEL errem = 
nm=1 = 
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(8) 


where ¢ (2) = «?/6 and ¢ (3) = 1-20205690.... are Riemann zeta functions at 
2 and 3 respectively and e (co) is the term involving integral in the expression of Ao. 


To estimate «e (co) we apply the above procedure to the finite sum 


N N 
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As will be discussed later, our results are expected to have an accuracy up to the fifth 
decimal place. The quantity | «(co)—«(N)| is discussed in the appendix and it is. 
shown that «(80) gives a good enough approximation of «(co) for the present calcula- x 
tions. Evaluating the right side of (9) with M = 80 we get «(80) = — 0:04976934 vada 
and using this for e(oo) in (8) we get E 


Ay = — 9-033619, : (10) 


which compares well with the corresponding value (— 9-033621) obtained by de Wette 
(1961). 


2.2 Contribution of plane z = nga = k oe 4 


3 SIE 
The contribution of plane z = nga = k to s) is eke 


p — (ni SE 2k? — (nt + 73) 
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The first and second series in this equation can be exactly summed using Cauchy 
formulae for contour integration 


œ 


» 1 E EE (ak) Ta cosech? = 4 1 
(k*--m) 4 k3 k? 2k4 


n= 


and, 


oo 

» ] _ l+ mk coth (rk) 
k? + n? 2k? : 

The third series of (13) can be expanded using the result (12) and then A, becomes 


A, = 27? cosech? (mk) + e, (o0) (14) 


oo 
= P, (x) x (x? — 4k?) 

where e, (00) — — 6f = 
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oo oo 
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Again to evaluate e, (oo) we apply the above procedure to the finite sum: 
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1 ert dee N? 


2 (k2 +n? + N3572 


(m Hm Nay (k? + =} 
2k? — N? | 2N QN? + 3k*) _ 2N (15) : 
(k? y N?) EEND ke y Nue | 


We evaluate e, (N) for N = 80 and substitute it for e, (oo) in (4) as we did to calcu- 
late the contribution due to base plane. 


— = Ww 


3. Results and discussion 


The different terms in (15) have different orders of magnitude. The largest order is 
for the third series of (15) and its value for k = 1 is — 10-46462 as given by computer 
in an eight digit mantissa calculation. Thus the accuracy of this term is 10-5. As the 
absolute errors add in addition or subtraction the values of «(&) thus obtained may 
be accurate only up to the fifth decimal place. We made calculations for three 
crystals with c/a = 1, 1-1 and 1-5. Contributions due to planes |z | > 4 are found 
to ‘zero ' within the mentioned error limits. 


Table 1. Lattice EFG in tetragonal crystals in units of Ze/(47 €o a’). 


rr I IaaaaaaaIaIaIIIIIIIIIMaŘŮĖĖŮĖŮĖA 


ek + 27? cosech? vk 


cla k = ns cla 27? cosec h? vk €k 
o E a 50 0000 0 00 
1 1 0-14800 0:17947 0:32747 
2 0-00028 0:00028 0:00056 
3 0:00000 0:00000 0-00000 
4 0-00000 0-00000 0:00000 y 
Bo = 0:32803 2B, = 0:65606 Ag + 2B, = 
— 8:37756 . PS. 
1-1 1-1 0:07882 0:09166 0:17048 : : 
21 0:00008 0:00008 0:00016 : : 
3:3 0-00000 0:00000 0-00000 E 
44 0-00000 0-00000 0:00000 : 
By = 0-17064 2B, = 0:34128 Ay + 2B, = 
— 8-69234 
1:5 1:5 -0:00637 0:00674 0:01311 
3:0 0:00000 0:00000 0:00000 
4:5 0-00000 0:00000 0:00000 
6:0 0-00000 0:00000 0-00000 
By = 0:01311 2B, — 0:02622 


respectively. 
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The contribution to (47re9a*/Ze) So from baseplane is A, = — 9-03362 (equation 
(10)) and from other planes is 2 B, where By is the sum of contribution from the plane 
z — c, 2c, 3c and 4c. These values are given in table 1 together with the values of 
de Wette (1961) for comparison. It is seen that the present values are in excellent 
agreement with the previous calculations. 

The EFG in point change model €dion İS obtained by adding the contribution of 
negative background to (A, + 2B). For c/a = 1, this EFG is zero. This is expected 
from symmetry as the crystal reduces to a simple cubic for this value of c/a. 


4. Conclusion 


Euler Maclaurin summation formula is used to sum the extremely slowly convergent 
lattice sum of electric field gradient at a nuclear site in simple tetragonal lattice. The 
summation is carried out in the direct lattice space itself, contrary to the popular 
methods employing Fourier transforms to work in reciprocal space. To reproduce 
the known results up to five decimal places it is sufficient to make numerical summa- 
tion of certain series up to N = 80. 
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Appendix 

Estimation of <(co) — «(N) 

The contribution from baseplane to the EFG is given by(8) containing «(oo). 
For computations, «(o0) was replaced by «(N). In this appendix, we estimate the 
error introduced by using a finite N and show that to get an accuracy up to the fifth 
decimal place, it is sufficient to take V = 80. 


Let f(x) — x[(n* + x?)V? and the prime denote differentiation with respect to x. 
Then, 


n=1 0 


o © N N 
«(o0) — e(N) = 12 (x f beoe dx — 9 [ P. 00/69 dx.) (A1) 
à n=1 0 : 


The Bernaulli's polynomials P, (x) have the following properties, 


B 
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where Bə are the Bernoulli's numbers and £(x) is the Riemann zeta function. In 
particular P,(0) = 1/12 and | P369 < 1/100. Using thess properties, we have for 
aand f integers, 


J A9 SO dx = (AC) A J ROO dx 


£ 


zh 
= 5 UO — QI f res Od — 


Also f(0) = f(co) = 0. 


Hence, 
e(oo) = e(N) 
N 3 * 
Se N | > | 
= > xat > f POFO oe 
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— 12 P3 Q9 (94 dx 
- : 4 M E P 
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In 25, f" (x) is always positive. Hence, 


N o ad 

4 N* —p 
X < A n" A X 
| E J ^ eu Q) dx « w 2, Ge ASym 


alen D. acie 
20 (n? + N?y? 100 (n? + Nt) 
n=] n=] 


Using method same as that to estimate Z}, we get, 


|< o o, 
20N* 60V2 100N 64/2N3 " | 100N 
= H + ——— with 0 < q; < ——— (A4 
FS So 1th q 
400 V2Nt ^ DON dE NETS i 


In Z5, f" (x) is negative for 0 < x < V3 n[2 and is positive for V3 n/2 < x < co. 
Hence, 


co v3 n[2 


lal<a » tI ros- joe) 


MNE V3 n2 


œo 
1 f 512 1 0:004 
peels (ack | > a A5 

100 343 VT np — Ni eo) | 

n=N+1 | 

| 

Using (A3), (A4) and (A5) in (A2), 
2 


e (0) — e (N) 2 — -r 


6 V2 N3 
or, 


| e (co) — e (80) | < 1:15 x 10€ + 49 x 10-5 
< 1:2 x 10* 


Thus for calculations up to the fifth decimal place it is sufficient to take N = 80. The 
nature of expressions e; (00)—«, (N) are also similar and in view of the small contri- 
butions A, from planes nz >0, N = 80 will set an appropriate limit OE the present 
calculations. 
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Electrical conductivity in undoped and Mn?* -doped NaNO, 
single crystals 
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Abstract. Electrical conductivity studies in NaNO, single crystals with inherent 
impurities and also in crystals with added Mn?* impurities have been reported. The 
heating conductivity runs of undoped and doped NaNO, crystals have been compared. 
The decrease in conductivity in cooling following a heating run has been attributed 
to the oxidation during heating leading to the bulk precipitation of impurities in the 
host. Above 170?C however the intrinsic defects are responsible for conduction. 
An anomaly is noticed in both the heating and cooling conductivity runs of the sample 
at about the Curie temperatures and has been found to show thermal hysteresis. 


Keywords. Electrical conductivity ; NaNO, single crystals; intrinsic defects ; thermal 
hysteresis. 


1. Introduction 


Various physical properties of NaNO, have been extensively studied since its ferro- 
electricity was discovered by Sawada et al (1958). NaNO, undergoes a phase transi- 
tion of first order from the ferroelectric to the sinusoidal-anti-ferroelectric or incom- 
mensurate phase at 164°C (T,: called the Curie temperature) followed by a second 
order phase transition to the paraelectric phase at ~ 165°C (Ty: called the Néel 
temperature), the phase transitions being of an order-disorder type. 

The electrical resistivity in pure sodium nitrite single crystals has been measured 
by Asao et al (1962) and Takagi and Gesi (1967). Their studies, however, did not 
throw any light on the nature of defects responsible for the observed conduction 
in this system. The electrical conductivity measurements in undoped and doped 
alkali halides ‘and some low symmetry crystals (Barr and Lidiard 1970; Ramasastry 


and Murti 1968; Radhakrishna and Pande 1973) have nevertheless been proved to 


be fruitful in establishing the defect nature in corresponding crystal systems. To 


. the best of our knowledge such measurements have not been reported in NaNO, 


erystals containing aliovalent impurities, though some EPR studies have been made in 

Mn*+-doped NaNO, single crystals (Pandey and Upreti 1970 a, b; 1971). In this 
paper, we report the electrical conductivity measurements in undoped and Mn?+- 
doped NaNO, single crystals. 


: 2. Experimental 


Single crystals of undoped NaNO, were grown from melt while those of Mn**-doped 


NaNO, by a solution method (Jain 1977) using GR grade (M/s Sarabhai M. CHE 
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cals, India) sodium nitrite as the starting material. It was not possible to grow crys- 
stals of Mn?+-doped NaNO, from melt as no stable dopant suitable for this purpose 
was available. The manganese concentration in our doped samples as determined 
by atomic absorption analysis was 140 ppm. The crystals were cut into platelets of 
approximate size 5 x 5x 2mm. The smallest dimension of the platelet was along 
the crystal b-axis so that conductivity measurements could be made for current flow 
along this axis. 

The bc conductivity was measured in the temperature range 85-253?C with an 
electrometer amplifier (ECcIL EA 815). In order to get a good electrical contact, the 
opposite faces of the crystal specimen were coated with a thin layer of silver paint. 
A chromel/alumel thermocouple was kept just touching the crystal specimen to 
measure the temperature of the crystal for each observation. During observations, 
the heating/cooling rate was kept as small as half a degree per minute to allow the 
specimen to attain thermal equilibrium at any temperature. All the conductivity 
measurements were made in air and the maximum error in the measurement of tem- 
perature was + 0-:S5°C. The polarization effects inherent in the DC conductivity 
measurements of ionic crystals were avoided by applying the electric field across 
the crystal only for a short duration of time (less than 20 sec) and noting the 
temporary pause of the meter needle. 


3. Results 


The results of the electrical conductivity measurements in single crystals of undoped 
and Mn*+-doped NaNO, have been presented in figure 1 where the logarithm of 
conductivity c is plotted as a function of reciprocal temperature in the temperature 
range 85-253°C. The graphs show conductivity results during heating and cooling 
runs for both types of crystals. The figure also shows the corresponding heating 
run plot obtained by using the data of Takagi and Gesi (1967) for their melt 
grown NaNO, single crystal. This plot is henceforth referred to as the “TG plot”. 


4. Discussion 


The conduction process in sodium nitrite is evidently ionic (Zheludev 1971) and could 
thus occur either via vacancy jumps and/or through interstitial jumps of Nat ions. 
In the ferroelectric phase (below the Curie temperature) the conductivity values in 
the heating run of Mn?*-doped NaNO, crystal are large as compared to those in the 
corresponding plot of undoped NaNO,. This increase of conductivity shows that 
additional charge carriers participate towards conductivity in Mn?*-doped NaNO). 
To derive such a conclusion by comparing the conductivity values in the heating run 
plots of undoped and doped crystals, grown by two different techniques (melt and 
solution) may normally appear ambiguous. The conductivity in a solution-grown 
crystal of an undoped material has been reported to be less than that of the corres- 
ponding melt-grown crystal (Ramasastry and Murti 1968; Mansingh and Smith 
1971). But in the present case the situation is reversed because the solution grown 
Mn?+-doped NaNO, crystal has a higher conductivity compared to the melt grown 
crystal of undoped NaNO,. Thus in our doped NaNO, crystals the role of Mn?* 
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-2.0 NaNO; (GR) heating 
NaNO; (GR) cooling 
NaNO: Mat heating 


2+ ^ 
-3.0 NaNO, Mn cooling 


TG plot 


Lise Vy 23 OA 
10/1 (CK!) 


Figure 1. The temperature dependence of electrical conductivity o for the undoped 
and Mn**-doped NaNO, single crystals in heating and cooling runs. 


impurities towards increased electrical conduction is quite evident. Through EPR 
studies, it has been reported (Jain 1977) that when a divalent cation impurity (Mn*+) 
is introduced in sodium nitrite, it replaces the sodium ion and a sodium ion vacancy 
is created to fulfil the charge neutrality requirement. Thus the additional charge 
carriers (extrinsic conduction) responsible for electrical conduction in Mn**-doped 
NaNO,, are the sodium ion vacancies which move through the lattice with Na* ion 
jumps. 

A comparison of the conductivity values in the heating run plot of undoped NaNO, 
with the TG plot, similarly shows that even in undoped NaNO, crystal there are 
appreciable number of charge carriers similar to those in Mn*+-doped NaNO,. This 
may be understood if it is considered that the starting host material has been reported 
to contain some aliovalent impurities: (Ca ~35 ppm), (Fe ~12 ppm), (Pb ~ 3 ppm) 
and (SO, ~ 36 ppm). Thus une undoped NaNO, crystal may consist of divalent 
and trivalent impurities. 

The appreciably large values of conductivity in the heating runs below 170°C for 
both undoped and Mn?+-doped NaNO,, as compared to the corresponding cooling 
run values, may further be explained if it is presumed that divalent cation impurities 
imbedded in the crystal get oxidized and thus precipitated during the heating process 
(above 164°C). The oxygen for such an oxidation may probably be made available - 
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by nitrite ions with simultaneous creation of NO. In our studies the liberation of NO 
appeared quite imminent as the silver paint-crystal interface turned brown after each 
heating run. This liberation of NO also seems to establish that the precipitation of 
impurities in this system is irreversible. The crystal was also found turbid after 

measurements and it appears that this turbidity is due to microcracks created within 

the crystal as a consequence of escaping gas. These microcracks do not cause any 
detachment of electrodes because this would have resulted in decreased conductivity 

even in the intrinsic region contrary to our observations. The precipitation of im- 

purity ions envisaged as above would cause the depletion of associated sodium ion 

vacancies from the crystal and thus result in a decrease in conductivity in cooling 
following heating. This phenomenon could also be explained on the basis of expul- 
sion of impurities from the bulk of the crystal to its faces similar to what has been 
reported by Yacaman et al (1976) in alkali halide crystals doped with divalent impuri- 
ties. The expelled metallic ions should get oxidized at the surface and one would 
thus observe blackening of Mn?* -doped NaNO, crystal surface due to MnO forma- 
tion. In the present case, however, the crystal did not appear blackened at the sur- 
face after heating. This accordingly shows that bulk precipitation mechanism domi- 
nates over that of expulsion. The depletion of charge carriers during heating can 
also explain the observed similarity in the cooling-run conductivity plots of undoped 
and Mn**-doped NaNO, crystals because a major portion ‘of impurities in these 
crystals is made ineffective by bulk precipitation. 

It is worthwhile to note that at temperatures above 170°C the conductivity plots in 
the heating and cooling runs match to a large extent for both undoped and Mn?* 

-doped NaNO, crystals. These plots also match the “ TG plot ". The matching for 

Mn” -doped crystal, however, starts at a somewhat higher temperature with the 

observation of an additional anomaly close to 177°C. The matching of all conducti- 

vity plots at temperatures exceeding 170°C indicates that the impurity ions are no 
longer responsible for conduction and that the conduction in this region may be 
due to the dominant intrinsic defects. The prominent intrinsic defects in this system 
are probably the interstitial sodium ions (Frenkel defects) because NO,- cannot be 
easily moved from their lattice sites due to their bigger size. The predominance of 

Frenkel defects over the Schottky defects in a similar system (NaNO,) has been estab- 
lished. by Murti (1967) through his theoretical investigation. The conduction in the 
paraelectric phase of NaNO, may thus be due to the motion of interstitial sodium 
ions and vacancies. The mobilities of these high temperature defects may not be 
equal and further vary differently with temperature explaining the high temperature 
curvature in the conductivity plots. 

— Finally, the cooling run plots of the two crystals do not exactly match the ‘TG plot’ 
indicating that some impurities with associated vacancies do remain in these crystals 
even after heating. The sharp fall in conductivity in the TG plot at low temperatures 
is further due to the fact that interstitials are eliminated at such temperatures leaving 
only a few impurity-generated vacancies. 

In the cooling runs of both undoped and Mn?+-doped NaNO, an anomalous peak 
in the conductivity plot is observed at 159-5"C. In the heating run of undoped 
NaNO,, however, the anomaly is indicated at 162°C and for the sample with added 
Mn% impurities it is at 164°C. -An anomaly is thus observed in the heating and cool- 
ing runs of both the samples at about the Curie Le mper abun: The observed thermal 
hysteresis of-2-5"C in undoped NaNO, crystals and of 4-5"C in the corresp onding 
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doped crystal probably reflects the first order nature of the phase transition in NaNO2 
in concurrence with Sawada eż al (1961), Hamano (1964) and Bohm and Hoffmann 
(1978). 

A second anomaly has been observed at 177°C in Mn?+-doped NaNO, crystal in 
its heating run.. However, this has not been found in the undoped crystal with less 
impurities. It thus seems that the impurities have a role to make the anomalous 
behaviour detectable at 177°C. It would, however, be worthwhile to report that an 
anomaly at 178°C was for the first time reported by Hoshino and Shibuya (1961) and 
later by a number of other workers (Takagi and Gesi 1967; Sawada et al 1961). 
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Raman spectra for MnF, crystal 


TSUTOMU SATO 
Department of Physics, Faculty of Science, Hirosaki University, Hirosaki 036, Japan 


MS received 19 July 1983; revised 24 October 1983 


Abstract. The first-order Raman spectra of Eg and Ag modes in-MnF, crystal 
were measured at temperatures from 4-2 to 563 K, and the values of the linewidths 
obtained. The temperature dependence of the linewidths was analyzed by the phonon 
dispersion curves based on the rigid ion model, and the result showed that it was 
caused approximately by the cubic anharmonic term in crystal potential energy. 


Keywords. Raman spectra; linewidth; temperature dependence; anharmonic term; 
phonon dispersion curves; two phonon density of states; rigid ion model. 


1. Introduction 


Measurements in regard to the temperature dependence of linewidths and frequen- 
cies of normal vibrations of a lattice have been carried out for a long time. Early 
investigations in this branch were carried out mainly for alkali halides with simple 
crystal structure (Heilmann 1958; Hass 1960) and for ionic crystals (Jones et al 1961; 
Jasperse et al 1966). Since 1970, investigations have been carried out not only for 
crystals (Borer et a/ 1971; Change and Mitra 1972; Skryabinskii and Ukhanov 1973; 
Stolen 1975; Bairamov et al 1975) with a simple structure but also for more complex 
molecular crystals (Sakurai and Sato 1971; Gervais et al 1972, 1975b; Sood et al 1981). 
In these investigations, the temperature dependence of linewidth and frequency has 
been discussed by considering the cubic and quartic anharmonic terms of the crystal 
potential energy. 

On the other hand, a theoretical investigation of crystal dynamics on the basis of 
anharmonicity of the lattice was first carried out by Born and Huang (1954). Later 
Ipatova et al (1967) performed detailed theoretical calculations in regard to the line- 
width and frequency of the lattice vibration of NaCl and LiF considering the cubic 
and quartic anharmonic terms and a fair agreement with the experimental data was 
obtained (Heilmann 1958; Hass 1960). Furthermore, the theoretical calculations for 
various crystals with CaF, structure have been performed by Elliott et al (1978) and 
are in good agreement with experimental results. More recently, Sato and Tateyama 
(19822, b) performed the theoretical calculations and experiments for two crystals with 
CaF, structure. However, theoretical calculations of the temperature dependence of 
the linewidth and frequency for crystals with more complex structure have been 
hardly performed. While experimental investigation has shown that linewidth of 
GaSb (Skryabinskii and Ukhanov 1973) with the ZnS structure is caused only by the 
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cubic anharmonic term, the linewidth of GaP (Bairamov et al 1975) with the same 
structure is caused by the cubic and quartic terms. The same result has been found 
for crystals MgO (Jasperse et a/ 1966), LiF (Heilmann 1958), and NaF (Chang and 
Mitra 1972) with the NaCl structure. Furthermore, in many experimental investi- 
gations (Jasperse et al 1966; Borer et al 1971; Chang and Mitra 1972; Skryabinskii 
and Ukhanoy 1973; Stolen 1975; Bairamov et al 1975; Gervais et al 1972; Gervais 
and Piriou 1974, 1975a ; Sakurai and Sato (1971); Ohsaka 1980; Sood et al 1981) the 
frequencies used to analyze the linewidth do not relate to the phonon dispersion 
curves and have almost no physical foundation. No clear conclusion is presently 
available regarding the relative importance of the contribution to linewidth arising 
from cubic and quartic terms. As seen from the calculations of the linewidths for 
relatively simple crystals (Ipatova et al 1967; Monga et al 1979; Elliott et al 1978; 
Sato and Tateyama (1982a, b) until now, those for more complex crystals would be 
very complex and tedious. Recently Gervais et al (1975b) investigated the tempera- 
ture dependence of the linewidth of TO and LO A, modes in quartz and reported 
that the dependence of the linewidth has been interpreted by considering the actual 
effect of temperature on the one-phonon density of state. Also the linewidth of 
phonons in TiO; was measured by Gervais and Piriou (1974). They showed that 
the phonon lifetimes in TiO, are limited by the cubic anharmonic term. From the 
above standpoint, the purpose.of the present work is to study the temperature de- 
pendence of the Raman linewidth for MnF, crystal belonging to the TiO, structure, 
(which until now has not been investigated in detail, Sauvajol et al 1977), in order 
to confirm if it can be explained only by the cubic anharmonic term as indicated by 
Gervais and Piriou (1974) and by the phonon density of state as indicated by 
Gervais et al (1975b). - 


2. Experiment 


As already mentioned MnF, belongs to the space group D}# of which the normal 
lattice vibration at the I' point of the Brillouin zone is given on the basis of group 
theory (Porto et al 1967) 


TAUTA IAs 1D E (Bs 2B,, F VE, t= 3B, 


Among these, the active Raman modes are B,, (U5), E(Vz), 4ı (C) and Ba, (Tj). 
Consequently, four first-order Raman spectra are to be observed, but Raman intensi- 
ties for B,, and B5, modes are weak. In the present work, the E, and A modes were 
measured. = 
The specimens used in the present work were partly transparent light red crystal 
(prepared by Murakami Engineering Co.), cut perpendicularly to the a, b and c 
axes, optically polished and measured 4 x 4 x 2 (c axis) and 5 X 5 x 6 
(c axis) mm?. The polarized and unpolarized Raman spectra were measured 
using a laser Raman spectrophotometer (Nihon Denshi UI-UV) equipped with 
a photon counting system. The values of the linewidths obtained by both the 
measurements were consistent within the limits of experimental error. For 
temperatures above 300 K the specimens were heated in a nichrome furnace, and 
the temperatures controlled to within + 1 K.. When MnF, crystal is heated up to 
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about 600 K in air, it changes to black colour from surface and becomes opaque. 


cs Hence, the measurements were performed at a temperature below 563 K. For 

the measurements at 120 K the temperature of the specimen was determined by the p 
ratio of the intensity of Stokes and anti-Stokes. At 42 K the specimen was placed Fa 
: in liquid helium. The beam of an Ar ion laser 4880 and 5145 A was used as the light - 
E: source for Raman excitation. A resolution of about 1 ~4 cm was used in the 5 
y 


experiment. The accuracy of the wavelength was + 0-5 A (zz 2 cm). The Raman 
frequency and linewidth were obtained by deconvoluting the recorded spectrum using 
; the instrument function. 


3. Results and discussion 
Typical first-order Raman spectrum recorded for two different temperatures in E, 


mode of MnF, crystal is shown in figure 1. With increasing temperature the Raman 
line of E, mode shifts to lower frequencies and becomes broadened. In order to 


80 


Intensity (arb.unit) 
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Figure 2. Phonon dispersion curves in the direction of [100] and [110], calculated 
using the rigid ion model according to Katiyar and Krishnan (1969). 


| Table 1. Parameters used to calculate the phonon dispersion curves. 


Short range force constants (unit: e?/v) 


A, = 77-60 A, = 70°50 A, = 2:00 A, = 22:40 
B, = 2:30 B, = 2:00 B, = — 5:40 B,-— 4-00 


Effective charge (unit: e) 
Mn = 1-58 F = — 0-79 


analyse the temperature dependence of the linewidth, the phonon dispersion curves 
were calculated with the rigid ion model using the parameters given by Katiyar and 
Krishnan (1969). The typical dispersion curves in the directions [100] and [110], 
and the parameters used to calculate them are shown in figure 2 and table 1, 
respectively. 

The width of the fundamental lattice vibration absorption peak in ionic crystals 
has been calculated by Wallis et al (1966) using the method of Green's functions. 
According to Wallis et al (1966), if the Raman linewidth 2T; (w) is caused by only 
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- the cubic anharmonic term in crystal potential energy, the linewidth 21?) (w) due to 
the cubic term can be expressed as follows 


D? (o) = — 18 => > | V (Oj; a, — 4143 | {0u Gu) +w, 7) + 1) 
= Q AJ: : 

; x B+ «y @) +o, (a) — 3 (0 aj (4) e CoM 
+2, (4) — n, C- 493 9 — o, O C @ 


Here, n; (q) = [exp (hw, (q)/kT) — 1]-! is the phonon occupation number, 
V(Oj; di j; — qı j2) is the cubic anharmonic coefficient of the crystal potential. 
Similarly, the linewidth 21” (w) caused by the quartic term can be expressed as 
follows 


T? (w) = — oe DY Dd (Op adis dl (es ) + D 


2 


~ Qi d»; d5, Jas JosJa 


X (n, (qs) + 1) (ij, (qs) + 1) — n, Ga) n, Ge) nt), (3)] [8 (@ + o, Gi) 

+ ex, de) + ws, (43) — è (o — «i, Gy) — ej, (49) — ex, (33) 

+ 3 Du (au, (4d) + D x Qu, @s)+ D — uy, Gd + D my, 19 7, Gol 

Dia — oy (8) he, Ce oe) 

— 8 (o + wy, (4) — wy, (0) — os, @)} —— Oe 


As these calculations would be very complex and enormous, the anharmonic coe! 
cients V (Oj; qı Jı; —4,/;) and V(Oj; dijs; ds ja; Is/s) are considered to 
independent of the variables Oj, qı Jis de Js and qz 5, and treated asan ee le £s 


qı jnJs 


: = aS jeg un dE = "s 
x Qe 4> oe CO E em nyt a 2d 


Eos) + o, («D - = Soe = 2 0: =o | 
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X (m, (d2)+1) Wy, Gs) 1) — ry, (83) 1, Ge) 7, (43)]. [8 (o + ws, (Gy) 
+ oy, (95) + os, Gs) — 8 (9 — oj, (qy) — ej, (4) — ey, (a5) 
+ 3 [nj, Ga) Cy, (33) 3-1) x Cu, (q3)- 1) — Qj, y)+1) n, Ge) 
X nj, (q3)] [8 (e — «y, (4) + o, 2) + ej, (q3)) — 8 (o + oy, (Gy) 
— oj (qe) — «y, (35). (4) 
where A (q, + q + qs) in (4) states wavevector conservation. The summation terms 


except the constant A in (3) can be identified as two-phonon density of states. Thus 
two-phonon density of states is expressed as follows 


1 
NN (ey ee +n; (—q,) + 1) Blo +e, (q) 
2. 2 w; (O) w;, (q1) oj, (~Q) (e i (a) tn Coa) [5¢ J, M 


Ar T (—43) — ô (w — em (q) + Qj (—q,))] +2 Qu; (a) — ny, (—q,)) 
X ô (w — «y. (Q) + oj, (—a3)j- (5) 


Similarly, the summation terms except B in (4) can be identified as three-phonon 
density of states. The equation is explicit from (5) and abbreviated. With the aid 
of the phonon dispersion curves, two- and three-phonon densities of states were cal- 
culated. In the calculations of the two-phonon density of states the summations 
over wavevector q were taken over about 9000 points in the Brillouin zone, and in the 
three-phonon density of states the summations were taken over about 1800 points. 
The 6 function was approximated as follows 


: 1 € 
6) — limes e 6 
(x) Rn qe (6) 


where e was taken as 5 and the ô function affected the region within about 10 cm™. 
The two-phonon density of states with wavenumbers at 300 and 563 K is shown in 
figure 3 (the values less than 10-9 order are not shown). Therefore, the values of 
wavenumbers above 500 cm-* are less than 10-9 order. Also the three-phonon den- 
sity of states as a function of temperatures for the E, and A,, modes is shown in 
figure 4. As calculation of the density for all wavenumbers is very laborious, results 
are presented only for the frequencies 247 and 341 cm. As seen from figure 4, 
the three-phonon density with temperatures shows conspicuous change. For both 
the modes the values at 563 K are about 22 times those at 120 K. The observed 
linewidths 2L; (w) show slow change with temperatures, and show approximately 
linear variation except those temperatures below 100 K. Therefore, T® (w) due to 
the cubic anharmonic term only is considered for comparison with the observed line- 
widths. The constant A for E, mode was taken as 3:92 x 10° cm™ and for Ay, mode 
as 27 x 10ícm. As seen in figure 5, the calculated linewidth is in agreement with 
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Figure 3. The two-phonon density of states with wavenumbers. 
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the observed values except the temperature at 4-2 K. Ifthe quartic term contributes 
only to T; (w), the values of linewidths are expected to change from about 3 to 60 
cm for both the modes, over the temperature range 120 — 560 K. If the quartic 
term affects only the linewidth, as in the case of the cubic term, the value of constant 
B for E, mode is taken as 5:5 cm, and for A, about 13:5 cmt. Thus obtaining 
the ratio B/A of the constant of the quartic term to the cubic one, B/A for E, is about 
1-4 x 103, and for A,, about 5 x 10-4. These ratios are very small. In figure 5, 
at high temperature of 563 K a little deviation between the calculated and the observ- 


Eg mode 


e Experimental values 
(3) 
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ed values is about 1 cm-1. If the value of linewidth 1 cm™ is existed by the quartic 
term, this value will be less than 2% of one of 21s" (w). However, the deviation is 
within the limits of experimental error, and not due to the quartic term from the 
calculations for CeO,, and CdF,. 


4. Conclusion 


The Raman spectra for the E, and A modes of MnF; crystal were measured at 
temperatures 4-2 to 563 K. The values of linewidths at various temperatures were 
obtained. The phonon dispersion curves for MnF, crystal were calculated, and the T 
temperature dependence of the Raman linewidths was analyzed by considering the 

two-phonon density of states due to the cubic anharmonic term and three-phonon 

density due to the quartic one. The values of A for T® (w) were taken and the experi- 

mental and calculated values for 2I; (w) show good agreement. From this fact it is 

concluded that the temperature dependence of the linewidth for MnF, crystal can be 

explained approximately by considering only the cubic anharmonic term of the crys- 

tal potential energy and is governed by the phonon occupation number. 
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Factorisation in large-N limit of lattice gauge theories revisited 
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Abstract. We prove using the Schwinger-Dyson equations that the factorisation pro- 
perty holds for all gauge-invariant Green's function in the large-N limit of a Wilson- 
Polyakov lattice gauge theory. 


Keywords. Large-N limit; factorisation; Schwinger-Dyson equations; lattice gauge 
theory. 


1. Introduction 


The dynamics of a gauge theory simplifies to a great extent in the limit of large num- 
ber of gauge degrees of freedom. This simplification leads to some of the recent 
remarkable results like the closed form of equations for the Wilson loop average 
(Makeenko and Migdal 1979; Wadia 1981) and the reduction in the number of 
effective space-time degrees of freedom (Eguchi and Kawai 1982; Gross and Kita- 
zawa 1982; Das and Wadia 1982; Parisi 1982; Bhanot et al 1982). 

As in spin models where it results in complete solution, this simplification in gauge 
theories is ultimately related to the factorisation property exhibited by the gauge- 
invariant Green's functions. This implies that the fluctuations in the gauge-invariant 
observables become negligible and the Hartree-Fock approximation is exact. 

However, this factorisation property though a fait accompli, we feel, is not all that 


obvious. In the present paper we make a modest investigation of the factorisation E. 
property in the U(N) Wilson-Polyakov lattice gauge theories based on the study of i 
the Schwinger-Dyson equations and prove that it indeed is satisfied by all gauge in- * 
variant Green's functions in the large-N limit. a 


In § 2 we introduce the loop space Green’s functions. In § 3 we review the deriva- 
tion of Schwinger-Dyson (sp) equation-and write down its general form for U(N) 
lattice gauge theory. In $ 4 we discuss the single loop Green's function and write 
down the corresponding sD equation. In § 5 we derive the sp equation satisfied by 
the multiloop Green's functions and prove the factorisation property. 


2. Loop space Green's functions 


The gauge-invariant physical content of a lattice gauge theory is described by the 
multiloop Green's functions 


W (Cy, Ca) ...) =< <i U(C) Tr U (C) > a) 
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where Cj, Ca, ... are closed contours on the lattice and 


U (C) = II U, Q) 


lec 


with the product being path-ordered and U, the U (N) (or SU (N)) matrix in the 
fundamental representation corresponding to the link /. N is the number of internal 


(* colour ”) degrees of freedom. 
In particular for a single closed loop, the Wilson loop average 


W(C) — e. Tr U >. 


determines the static inter-quark potential. 
The aim of the present paper is to show that in the limit N — co, with g? N fixed 
where g is a coupling constant, the multiloop Green's functions defined above (equa- 


tion (1)) factorise i.e.: 

W (Cy, Cs, ...) > W (C) W (C; ... + O(N-). (3) 
Thus, for N — œ we have a class of non-fluctuating operators characterising the con- 
figuration space of the theory. One then has the appealing interpretation: large N 


gauge theory is a string theory where the relevant operators are the non-fluctuating 
loop operators that create bare strings of (“ colour ”) flux from the vacuum. 


3. Schwinger-Dyson equations 


We first briefly review the derivation of the sD equations for U (N) gauge theory de- 
fined on a hypercubical lattice. The action is 


1 
=4)>T ; 4 
S P r U(p) (4) 


with the sum over all oriented plaquettes p; g is the coupling and the plaquette 
variable CN 


lep 


where U, is the U (N) matrix in the fundamental representation (N x N) correspond- 
ingtothelink/. Explicitly 
iced c leet, ue TN (6) 


x denoting a site and p the direction. 
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The average of any function f of the U’s is defined by 
VD 2° | See (7) 


where Z = f du, eS, (8) 
l 


is the partition function and dU, is the invariant Haar measure over U (N). 
We now make an infinitesimal transformation: 
U, p > exp («T)) Up, ,, = (1 + iT) U, „p + O (2), (9) 


in the numerator of (7) and compute the corresponding change in ( f Y. This being 
a unitary transformation the measure dU, i is invariant and f changes according 
to Ee 


ff eD»" f+ oO (e), (10) 


where the linear differential operator D*: ^ at the link (x, p) is defined by 


Dj f= lim Ae (ret) UC UL TED 


Ty's are hermitian generators of U(N) in the fundamental representation normalised 
according to : 


2 (T}) av (Tica = O44 Spc. : (12) 


J 


Equating the first order change in ( f ) to zero we obtain 
(Dp ^f + (f? S)» = 0. 


| Now replacing f by f; and summing over the possible values of j corresponding to th X 
3 mutually orthogonal directions of a local tangent plane in the group manifold we get 
SAS 


> CDF Ef) + » (f(D? Ë S))=0. 
F 


The action S according to (4) is given by a sum over oriented pl é 
differential operator D» ^ acts only on the plaquettes containing eit 
(x, p) or the oppositely oriented link (x + £, — p). m. ze 3 


Thus 


(D) 


= 
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where the first (second) sum is over all plaquettes p such that the link (x, p) is 
. contained in the boundary Op of p (the boundary Qp^ of the oppositely oriented 
. plaquette p74). 
Finally from (14) 
2 Orts » 2, (f, Tr G T, U (p)» 
j 


(x, EOP 
> <éTr GT U(p)y} =0. (15) 
p 
(x, Heap 
This is the general form of the sD equations. In what follows we apply it to the case 


of single loop as well as multiloop Greens’ functions. 


3 —  . 4. Single loop Green function 


ES o In writing down the sD equations the local variations of the contour are of paramount 
E importance as stressed by Makeenko and Migdal (1979) and Wadia (1981). In 
EE this context we introduce the loop deformation operator (Wadia 1981) for the uni- 


tary group in loop space, in the v # p direction at the link (x, x + £) as: 


eU Cue 


œ x «op? 


E 
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and using the identities 


TN Ver te es 


Tie) SNe (17) 

2 Tr (T, A) Tr (T, B) = Tr (AB), (18) 

j 
> Tr (TA T, B) = Tr A Tr B, (19) 
j 


which follow from (12). Since this equation is already available in the literature 
(Foerster 1979; Eguchi 1979; Weingarten 1979; Wadia 1981) we omit details and 
write down its final form 


E ene e) 


1 


2 a (x, x + u) W (C) 


Ar > [8 (x, x- uy y+») WCz, (63) — (G5 xp» »y) 
Q,v)eC 


X W (Ga ytV> Cy+v,x)] = 0. (20) 


Here C,, represents part of the loop C from the point x to the point y. The first 
8-function always contributes when C,, = C. It also contributes when there is 
multiple traversal of the link (x, x + £) in the same direction leading to string 
rearrangement. The second 8-function contributes only when the link (x, x + ĝ) is i 
multiply-traversed in opposite directions and leads to string splitting. ; 


5. Multiloop Green functions 


We first consider the case of two loops C, and C, and make the choice 
1 3 1 
f= Tr UT UON Tr U (6) 


in (15). 

If C, and C, are completely disjoint i.e. have no link in common the sD equation 
is obtained by simply replacing W(C) in (20) by W(C,, C,). 

Next we consider the case where the loops have a single link (x, x + £) in common 
and the common link is traversed only once in both C, and C;. 

In this case a new term appears in the SD equation because the operator Dj E can. 


now act on C, producing a new term in D? Ef 
dicem lo lec > 
wit [iT, U (C) AE liT; U(C,)] = — xi U (Gu Ca), ; ; 
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: | 
el > w(nuec)- Y weve, c] | : 
p p 
(x, u)eop (x; p)eap^! 
+ W(G, C) — LW (Su C) — 0. (21) 


ee oe 


. Ifthe common link (x, x + È) is traversed more than once in one of the loops say 
€, then we get the usual string cengement and splitting terms and the sD equation 
‘becomes 


| ws x+ p) Co Cj 
gN : 


= . 15 [B Gs x n] y y +») W (C3, Ch; C3) 
ST gm Q,»)«Ci : 


=O (x, x+ p» Sr y) W (C1, »tv» CI. x C;)] 


) 1 T US 
B -a (GU 6;) = 0, (22) 


de xt5)06- » (GUa)- Y (Guep, 


p 
(x, 5 [JA (x, Heap 
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= (x, wur [7257 3r v, y) W (CL y+v, Chy,x; Ca, se. C,)] 


] 
4 2 W (C, 0 C5 Cache Conn OE EO) 


(x, p) € Ck 


— C. WGUWG, Co O Cy) } =0. (23) 


kÆ1 
(x, p) e Ck’ 


We are now ready to prove the factorisation property stated in (3). 
We note that because of (20) 


W (Cy, C, ....,C) = W (C) W (Ca) .... WC) 


satisfies (23) with the last O (N—?) term on the left side omitted. However this O (N-?) 
term is negligible in the limit N > oo with g?N fixed. Thus assuming the uniqueness 
of the solution of the sp equation (23) we immediately arrive at the factorisation 
property (3). 


6. Conclusion 


In this paper we have proved that the factorisation property holds for all gauge in- 
variant Green's functions in the large-N limit of a Wilson-Polyakov lattive gauge 
theory. Even though our discussions are based on the gauge group U (N) it may be 
easily extended to other gauge groups like SU(N) and O(N). In our proof the lattice 
with its intrinsic short distance cut-off provides a convenient framework and we 
believe that the same method would work in the continuum case as well, though some 
of the steps may require careful definition. 

Before we end, we hasten to add that the correctness of our proof depends of course 
on the validity of the currently accepted philosophy that the Schwinger-Dyson equa- 
tions describe a theory completely. 
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Abstract. The nature of wave front of light radiations from a tachyon is studied 
from the first principles. The elementary approach employed here yields many novel 
and interesting results. These results, specially the conical envelope of radiation, 
bear an excellent analogy to the case of Cerenkov radiation. Finally a possible 


astrophysical method of searching for the existence of tachyonic celestial objects is 
discussed. 


Keywords. Tachyon splitting; conical wave front; radiation envelope; moving 
objects; Cerenkov radiation. 


1. Introduction 


The study of the nature of light radiations from a source with tachyonic velocity has 
received considerable attention in recent years (Gron 1978; Lemke 1975; Recami 
1978, 1981). A close examination of the approaches employed in the above studies 
not only reveals the limitations of some of the approaches but also leads to certain 
interesting questions. For example, the approach employed by Lemke (1975), has 
the following limitations: (a) The invariance of the light velocity has been given up. 
This means that light pulses from subluminal sources travel at speed c in all direc- 
tions, but the light pulses emitted from a superluminally moving source travel at 
different speeds in different directions. This leads to a concept of two types of massless 
particles, (b) The opening angle of the cone remains fixed (7/2) and is independent 


of the velocity of the moving superluminal source. This deviates from an analogous i 
situation in supersonic motion of a point source in a medium. There, the pressure i 
disturbances in the medium are confined to a Mach Cone and the angle of the cone 
is a function of the velocity of the supersonic motion. | 


The results obtained by Recami (1978) and Gron (1978) through their investigations 
of the radiations from a superluminal source have much similarity with the correspond- 
ing results in supersonic motion. In view of their possible application in astrophysics, 
the approach of Recami and Gron assume a special significance. However, there 
arise many questions. For example, Gron deals with a tachyon moving along a line 
and existing at all times from — œ to + œ. If one considers a tachyon created 
at a finite time, say at a time t = 0, what will be the nature of the appearance of that 
tachyon for an observer ? 
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Such questions are discussed in detail in this paper. In § 2, by employing an ele- 
mentary approach, many interesting results are derived and their applicability to the 
study of Cerenkov radiation is discussed. It is assumed that the tachyons are moving 
from infinite past into the infinite future. However, with an eye on a possible 
laboratory experiment, the study of tachyons created at ¢ = 0 is taken up in § 3. 
Finally, in $ 4 we briefly discuss a possible astrophysical search for tachyons in the 
background of a speculation (Schulman 1971) that the source of the gravitational 
radiations claimed to have been detected by Weber (1970) might be a dense 
aggregate of tachyonic objects. 


2. Wave front due to a moving light source 


2.1 The conical wavefront 


The wave front due to a static source of light, as we all know, is spherical in shape. 
The shape of the wavefront due to a moving source is studied here. This study leads 
to certain interesting results when the velocity of the source exceeds the velocity of 
light (c) itself. Letu be the velocity of the source and A its position at the time t = 0 
(figure 1). P and Q are two points to which light rays emitted at A, reach at a time 
t — T. Since the source is moving, by the time the ray from A reaches, say, Q, the 
source may move to B and a ray emitted at B also may reach Q. Thus, there is a 
possibility of Q receiving two light rays at a given time. In such a case, we will have 


AQ AB, BQ | () 


EUR T 

By invoking the triangle inequality, we can show that (1) can be satisfied only when 
u >c. Or in other words, the possibility of a single point, (here Q) receiving two 
light rays at a given time, exists only when the velocity of the source exceeds the 
velocity of light itself. In what follows, unless otherwise specified, we take u to be 
greater than c.: 

If 7,, is the time taken by the tachyonic source to travel from A to B, then we have 
from figure 1, 


(ur, — x? ++ 22 = (T — n), (2) 
7, « T, (3) 
xb yi 4-22 = e T3, (4) 


Wave front due to à (BENAT light source. 
Eo: 0. In Public Domain. Gurukul Kangri Collection, Haridwar 


_ Figure 1. 
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where x, y and z are the coordinates of the point Q in the frame whose origin is at A. 
To locate the position of B, we solve (2) for 7, and get 


7; = 0 or 2(ux — c? T) — c?). (5) 


(Incidentally, it may be noted here that for u — c, the second solution for 7, becomes 
greater than T and hence is unphysical. This only confirms our earlier assertion that 
the possibility of a single point receiving two rays simultaneously does not exist when 
u - c). 

For u > c, 7, has two values and hence Q will receive two rays at time t = T. 
However, if we choose an observer P with coordinates Xo, Yo and Zo such that 


uxo = cT (6) 
and XG zp CET (7) 


then, 7, has only one value i.e. 0 and hence P will receive only one ray at t = T. 
Equation (6) shows that the locus of all points which receive a single ray at t = T 
lie on the surface of a cone of semivertex angle given by 0 = sin-! (c/u). The vertex 
of the cone lies at c at a distance of uT from A. Thus, at the time ¢ = T, the light 
energy emitted by the source is confined inside this cone. We call the space inside the 
cone ‘ Zone of illumination’ and the space outside it ‘ Zone of darkness’. 

At any time t= 7 > T, the observations of P (xo, Yo, Zo) have some interesting 
features which are discussed in the rest of this section. When t = 7 >T, (2) and 
(4) become 


(u T3 — Xo)? + 3 E 20 = c (T — 75)", (8) 


X0 toe E (9) 


Here 7; is the time taken by the tachyon to travel from A to a point from where a 


light ray reaches P at thetimez. From (8) and (9), we get 


t = (—c* (7—T) + c [° (7— T + (à— c?) (2— TIY} (Q—c2)3 (10) 


The existence of two values for r means that there are two different positions of the 


source from where light rays reach the observer P at time 7. Thus a single tachyon 
ic (i.e. u — c) light source gives rise to two moving light sources, S, and S, 


(figure 2). | 
T! ams 
Cea. Cat 
Figure 2. An observer inside the zone of illumination. 


sae ae N 


— — 


1 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
396 G Alagar Ramanujam et al 


To locate the positions of these two light sources, let us examine the nature of the 
two c, in detail. By virtue of the facts that 7— T and u>c, it is clear that of 
the two v, values, one is positive and the other is negative. Let o denote the positive 
value and p the negative value. In figure 2, the position S, corresponds to the posi- 
tive value c and S, corresponds to the negative value p. Let us now find the velocities 
of the apparent sources S, and S, with respect to the observer P. 


2.2 Velocities of S, and S, 


If L, and L, are the distances of S, and S, from the observer, then from figure 2, 
we have 


L,-—c(r— o), (11) 
L, = c(r — p). (12) 


Obtaining the values of c and p from (10) aad using (11) and (12), we get 


L, = [(ur — Xo) B — RI (e — 1), (13) 
L = [(ur — x) B + R]J/(8* — 1), (14) 
B = ule; R = [(ur — xy? — (uT — xy p^. (15) 


Let us consider a coordinate system with P as its origin and x-axis parallel to the 
direction of motion of the source. The x-coordinate (x,) of the apparent source S; 
in this system is given as 


x, = [Li — 0$ + 2912. (16) 


Hence, the x-component (u) of the phase velocity of the apparent source S, is 
given as 


u = dx, [dt = (Lx) [uB — R (ur — xg) u] (£? ext 1)-t. (17) 


Similarly, for the x-component (u;) of the phase velocity of the apparent source Sz, 
we obtain 


LEA tube Ree = x) ud (88 — 1). (18) 


From (17) and (18) it follows that u, and u, become imaginary for r < T, become 
infinite for 7 = T, and have finite values for r > T. These results can be inter- 
preted as follows: At time 7 < T, the observer P lies outside the zone of illumination 
and does not receive any radiation from the moving source. At time 7 = T, the zone 
of illumination just touches the observer P and instantaneously the tachyonic source 
is observed at A. Within an infinitely short time after T, the observer lies inside 


. the zone and receive simultaneously two light rays—one from S, and the other from 


S, The source S, moves in the direction of the tachyonic source and S, moves in the 
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opposite direction. Finally, in the limit  — oo, the two sources move with constant 
velocities given by 


u, = Bc[(B + 1), (19) 
us = — Bc[(B — 1). (20) 
2.3 Cerenkov radiation 


The theory developed in $8 2.1 and 2.2 is applicable to any situation where the source 
of disturbance travels with a velocity greater than the velocity of the disturbance 
itself. Cerenkov radiation (Bethe 1949) is one such situation which is emitted 
when a very fast charged particle passes through a transparent solid medium 
whose characteristic velocity of light C' (c/n where n is the index of refraction) is 
less than the velocity of the particle in that medium. A detailed theory of this effect 
has been worked out by Blatt and Jackson (1949). The theory indicates that the 
radiation is confined to a cone whose half angle is given by sin 0 = c/nu = C'[u. 
This cone is similar to the zone of illumination discussed in this paper. Other 
features such as the splitting of a single particle into two sources may be shown to 
exist for the particle emitting Cerenkov radiation also. However, one point must 
be borne in mind. The treatment given in $8 2.1 and 2.2 assumes the medium to be 
of infinite length. But in the actual Cerenkov radiation experiments in the 
laboratory, the charged particle travels only a short, finite distance inside the 
medium. The finiteness of the medium, when taken into account, is likely to 
modify the results of §§ 2.1 and 2.2. Only such modified results would be exhibited 
by the particle emitting Cerenkov radiation. Work in this direction is in progress. 


3. Radiations from tachyons created at a finite time 


In the discussions so far, the point A was considered to be the position of the tachyon 
(i.e. the tachyonic source) at a time t = 0, in the observer's frame, where the tachyon 
is assumed to exist at all times i.e. — oo < 7 — oo. If; on the other hand, the tachyon 
is created at a space point O at a time ź = 0, then the time at which that tachyon is 
observed by P lies between 0 and co. This change in the boundary values of + is 
likely to introduce certain modifications in the results obtained so far. We investi- 
gate here such modifications, and then discuss their possible astrophysical applica- 
tions. ; 

It can be seen from figure 3 that all the observers lying on the surface of the cone 
PP,P, will simultaneously receive the right radiations from the tachyon, say, at a 
time 7. At the same time the radiations emitted by the tachyon at O would have 
reached the observers P}, P, and P, lying on the spherical surface of radius OP. 
Thus at time 7, the radiation from the tachyon is confined inside an envelope 
PP,P5P3P4PB; of parachute-like shape. 

Between the observation of the observers on the spherical surface and that of the 
observers on the conical surface, there is a striking difference. While all the obser- 
vers on the spherical surface see the source of disturbances at O, the observers on 
the cone will see the source of disturbance at different points on the line of motion 
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3 Figure 3. Parachute-like wave front. 


of the tachyon. For example, an observer A on the cone will observe the tachyon 
at A’ and an observer B will observe the same at B’ (cf. figure 3). 

Apart from this difference, there is also a subtle difference between the observa- 
tions of different observers on the cone itself. To see this, let us consider the obser- 
vers P' and A. At time 7, P' observes the tachyon at O and A observes the tachyon 
at A’. Atany time t >7, for P', the observed tachyon at O splits into two sources 
(S, and S,). Since there is no source of disturbance to the left of O (the tachyon is 
created at O and proceeds towards P,) the source S, does not exist for P’. Conse- 
quently, the observer P' always observes only one source, that is, Sj. Now, let us 
discuss the case with observer A. For him, the observed tachyon at A’ will split 
into two sources. The source S, exists for him over the distance A'O. This means 
that A first observes the tachyon at A', then observes two sources for some time 
interval, and after that observes only one source. Such subtle and novel features do 
not seem to have been noticed earlier. 


4. Astrophysical search for tachyonic motions 


There is a speculation (Schulman 1971) that the source of the gravitational radiations 
claimed to have been observed by Weber (1970) might be a dense aggregate of tachyo- 
nic matter. If such tachyonic celestial objects exist then it is quite possible that 
radio signals from such objects might be reaching the earth. In this connection, the 
following observation by Feynman (1969) is quite interesting: “....once the object 
is moving faster than the speed of sound, it will make sound. . That is, it is not neces- 
sary that it have certain tone vibrational character. Any object moving through a 
medium faster than the speed at which the medium carries waves, will generate 
waves on each side, automatically, just from the motion itself. This is simple in the 


case of sound, but it also occurs in the case of light zz 2 i : 
If one can develop certain guidelines to distinguish between the nature of radio 


signals from a superluminal object and that from a subluminal object, then by using 
these guidelines, the possible presence of tachyonic celestial objects could be estab- 
lished. The discussion given in $82 and 3 enables us to propose one such guideline. 
If one receives the radio signals from a cosmological Source S, and exactly in the fol- 
lowing order, one can conclude that S has a superluminal velocity. 
(i) One receives a radio signal from a single source S. 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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(ii) Immediately after that, he receives radio signals from two sources (S, and S,). 
(iii) Either he continues to receive the radio signals from the two sources or after 
an interval of time, the signal from one source (S) ceases. 
A. similar method proposed by Recami (1981) took into account only the points 
(i) and (ii), and hence the above method proposed by us should be considered as a 
more general one. 


5. Conclusion 


Starting with the simple requirement that light radiations from a tachyon travel at 
speed c, we have detected many interesting and novel features associated with the 
radiations from a tachyon. The theory presented here has given us not only the 
results of Gron, but also certain additional new results, such as the parachute-like 
wave envelope. Recently, the nature of image of a rapidly moving object has been 
discussed in detail by Sala (1979). It has been shown by Sale that under certain con- 
ditions a rapidly moving object gives rise to two images simultaneously. A detailed 
study of Sala's work shows that these two images have properties similar to those of 
the sources S, and S, discussed in this paper. Ina future publication, we will demon- 
strate that the theory developed in this paper for the radiations from a tachyon can 
be used to obtain not only Sala's equations but also certain additional features re- 
garding the nature of image of a rapidly moving object. This demonstration confirms 
our basic approach to tachyons and expresses the usefulness of our theory. 
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Comment on: Bag like potential and quarkonium 
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Abstract. Some errors in a recent article by Zadoo and Sofi are discussed. 


Keywords. Bag like potential; charmonium spectra; upsilon spectra. 


A recent article by Zadoo and Sofi* (1982) attempts to fit the spectra of charmo- 
nium and upsilon by means of the energy eigenvalues associated with a simple 
central potential V(r). Unfortunately, their work appears to be marred by several 
algebraic errors. Some of these are, undoubtedly, of a typographical nature and will 
be merely mentioned in passing. Others, however, are of a more substantive nature 
and cannot be so easily rectified. 

Zadoo and Sofi seek to solve the radial Schrödinger equation 


d _IU+1), 2d _ 2u = s 
E Sry PS ae UO E}| r 0. (1) 


Here p is the reduced mass, E is the energy eigenvalue and R(r) is the radial wave 
function. (The negative sign in front of the { } bracketed term has been inserted to 
correct a typographical error.) The potential energy function chosen by Zadoo and 
Sofi is 


V(r) = (r — n) (B(r — n) — Clr} (2) 


where B, C and r, are parameters. It is asserted that the following dimensionless 
form of (1) ; 


d^ ]7(]--1 ,2d 2 | 

ae Liel R=0 3 
[5 p a es S 

is obtained under the change of variables 


. 2ur 
TNT. E) 


and [pm "ua {B (r — r) — Cro[ry. 


*The article by Zadoo and Sofi appeared in Pramana 18 291. 
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— (Here the exponent “ 2" in the denominator of the centrifugal term and the negative 
— sign in front of the 2/p term in (3) and the *' r " in the denominator of the last term in 
(5) have been inserted to correct typographical errors). 

However, when (2), (4) and (5) are substituted into (1) the result is 


DX do darc (EAE) 72 E 


The following two points are to be noted: 

(i) Equation (6) is structurally different from (3). Thus the dimensionless Schró- 
dinger equation (3) does not arise from the indicated changes of variable. 
> (ii) The quantity e is a function of location (r or p) as may be seen by inspection 
= of(4)and (5) The (implied) use of e as an eigenvalue in (3) is then untenable. 
— Because of the above two points, the validity of the numerical results reported by 
.. Zadoo and Sofi would appear to be in doubt. 
~The author acknowledges the encouragement from E F Carr regarding the sub- 
. mission of this comment. 


Digitized by Arya Samaj Foundation Chennai and eGangotri _ 


Pramana xx. 
a journal of Physics 


į E * 


Volume 21, July-December 1983 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Pramana 
a journal of Physics 


Volume 21, July-December 1983 


SUBJECT INDEX 


Activation energy 
Study of Ar ion tracks in cellulose nitrate 323 
Response of Makrofol polycarbonate plastic 
track detector to 1-1 MeV/N ?3?Xe-Ion 339 
Aging 
Effect of minute's-scale aging on refractive 
index of chopped and non-chopped optical 


films 311 
Air 
Attenuation of shock parameters in air and 
water 149 
Alkali halides 
Mechanoluminescence of coloured KCI crystals 
159 


Amplitude parameter 
Ultrasonic studies in binary liquid mixtures of 
benzene and coconut oil near the critical region 
261 
Anharmonic term 
Temperature dependence of the linewidth of the 
first-order Raman spectra for MnF, crystal 391 


Area ratio 
Analytical studies of gain optimization in 
CO,-N, gasdynamic lasers employing two- 


dimensional wedge nozzles 131 
^ Atom-like meson 
Mass spectra of light and heavy mesons in the 
Dirac equation with power-law potential 247 
Atomic structure 
Core electron binding energies in heavy atoms 
103 
- Attenuation 
Attenuation of shock parameters in air and 
water 149 
Ultrasonic propagation in multicomponent 


System in the critical region 273 
Bag-like potential 

Comment on: Bag like potential and quark- 

onium 401 


Baryon magnetic moments - 
` Baryon magnetic moments in quark-diquark 
model 241 


Benzonitrile 
Two-photon excitation spectrum of benzonitrile 
vapour 79 


Biased random walks 
First passage time distributions for finite one- 
dimensional random walks 111 
Binding energy 
Core electron binding energies in heavy atoms 
-103 
Bipolaron 
Specific heat at low temperature due to negative 
U centres in disordered solids 183 
Breit interaction 
Core electron binding energies in heavy atoms 
103 


Cellulose nitrate 

Study of {8Ar ion tracks in cellulose nitrate 323 
Cerenkov radiation 

Nature of wave front of light radiations from 


a tachyon 347 
Charge asymmetry | 
CP invariance: A point of view 201 | 
Charmonium spectra 
Comment on: Bag-like potential and quark- 3 
onium 401 | 


Chemical etching i 
Study of ${9Ar ion tracks in cellulose nitrate 323 | 
Chopped 
Effect of minute's-scale aging on refractive 
index of chopped and non-chopped optical 
films 311 
Critical energy loss 
Response of Makrofol polycarbonate plastic 
track detector to 1-1 MeV/N ?3:Xe -ion 339 
Critical phenomena 
Electrical resistance and dielectric constant 
anomaly in the critical liquid mixture methanol 
+ cyclohexane 71 
Critical temperature > 
Ultrasonic propagation in multicomponent 
system in the critical region 23 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar T 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ue 
me 


Cross-over composition 
Significance of Hall measurements in 
Ga,_, Al, As alloys at 300 K 123 


Crystal field approach 
Hyperfine interaction parameters and ground- 
state wavefunctions of vanadyl ion complexes 
65 
CO.-Ar system 
Effect of collision-induced phase-shifts on the 
line widths and line shifts of CO,-Ar system 35 


Collision-induced line shape 
Effect of collision-induced phase-shifts on the 
line widths and line shifts of CO,-Ar system 35 
Competing interactions 
A mean-field, effective medium theory of ran- 
dom binary alloys, lII. the Ising model with 
competing interactions 171 
Compressible ion theory 
Theory of divalent ions in crystals 301 


Conical wave front 
Nature of wave front of light radiations from 
a tachyon 347 
Continuous time random walk 
First passage time and escape time distributions 


for continuous time random walks 187 
Convergence 

Lattice sum of electric field gradients in tetra- 

gonal crystals 355 


Coulomb field 
A new approach to charged-particle in the 
presence of laser plus Coulomb-field 89 


Current quark mass 
Mass spectra of light and heavy mesons in the 
Dirac equation with power-law potential 247 


CP conjugate 


CP invariance: A point of view 201 
Deep levels 

Significance of Hall measurements in 

Ga,_, Al, As alloys at 300K 123 


Density functional 


Core electron binding energies in heavy atoms 
103 


Dielectric constant 
Electrical resistance and dielectric oani 
anomaly in the critical liquid mixture methanol 
cyclohexane 74 
Dirac bound state mass 
Mass spectra of light and heavy mesons in the 
Dirac equation with power-law potential 247 


Disordered solids 
_ Specific heat at low temperature due to negative 
_ U centres in disordered solids 183 


Subject Index 


Dispersion relation 
Propagation of the electromagnetic ion-cyclo- 
tron wave in a fusion plasma 1 
Displacement gradients 
Evaluation of photoelastic constants from first- 
order Raman intensities of MgF, 51 


Divalent ions 
Theory of divalent ions in crystals 301 


Elastic scattering 
e —-HQS) elastic scattering in the two-potential 
eikonal approximation 293 
Electrical conductivity 
Electrical conductivity in undoped and Mn?t- 
doped NaNO, single crystals 367 
Electric field gradient 
Lattice sum of electric field gradients in tetra- 
gonal crystals 355 
Electrical resistance 
Electrical resistance and dielectric constant 
anomaly in critical liquid mixture methanol 4- 


cyclohexane 71 
Electrons 

e -HQS) elastic scattering in the two-potential 

eikonal approximation 293 


Electron spin resonance 
Hyperfine interaction parameters and ground- 


state wavefunctions of vanadyl ion complexes 
65 


Energy 
Attenuation of shock parameters in air and 


water 149 
Escape time 

First passage time and escape time distributions 

for continuous time random walks 187 


Exploding wire 
Attenuation of shock parameters in air and 
water 149 


Factorisation 
Factorisation in large-N limit of lattice gauge 


theories revisited 383 
Finite chains 

First passage time distributions for finite one- 

dimensional random walks 111 
First passage time à 

First passage time and escape time distributions 

for continuous time random walks 187 

First passage time distributions for finite one- 

dimensional random walks 1H 
Fractal random walks 

First passage time and escape time distributions 

for continuous time random walks 187 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Subject Index 


Fourier analysis 
A new approach to charged-particle scattering 
in the presence of laser plus Coulomb-field 89 


Fusion plasma 
Propagation of the electromagnetic ion-cyclo- 


tron wave in a fusion plasma 1 
Ga,_,Al,. As 

Significance of | Hall measurements in 

Ga,_,Al, As alloys at 300 K 123 


Gasdynamic laser 
Analytical studies of gain optimization in 
CO.-N, gasdynamic lasers employing two- 
dimensional wedge nozzles 131 


Ground-state wavefunctions 
Hyperfine interaction parameters and ground- 
state wavefunctions of vanadyl ion complexes 65 


Hall measurement 


Significance of Hall measurements in 

Ga,_,Al, As alloys at 300 K 123 
Hard sphere radii 

Theory of divalent ions in crystals 301 


High Pr particles 
Emission of large-p ņ particles in p-nucleus and 
nucleus-nucleus collisions 233 
Hydrogen band 
Laser Raman spectra of mixed crystals of 
(NH) -x K,]2SOx 41 
Hydrogen (2S state) 
e--H(2S) elastic scattering in the two-potential 
eikonal approximation 293 
Hyperfine interaction parameters 


Hyperfine interaction parameters and ground- 
state wavefunctions of vanadyl ion complexes 65 


Image of moving objects 
Nature of wave front of light radiations from 


a tachyon 347 
Impulse 

Attenuation of shock parameters in air and 

water 149 


Infrared intensities 
Infrared intensity analysis of CHCl, and CDCl; 
373 


Infrared spectra 
Laser Raman spectra of mixed crystals of 


[NH X Kx]1:804 41 

Vibrational spectra of a-molybdic acid- 

MoO; H,O 283 
2m interference 

CP invariance: À point of view 201 


e 
[mw 
he 


Ion-cyclotron wave 
Propagation of the electromagnetic ion-cyclo- 
tron wave in a fusion plasma 1 
Ising model 
A mean-field, effective medium theory of ran- 
dom binary alloys, III. the Ising model with 
competing interactions. 171 


Kobayashi-Maskawa mixing matrix 
Mesonic decays of 7^ lepton: Effects of neutrino 
mass and mass mixing 329 


Large N limit 
Factorisation in large N limit of lattice gauge 
theories revisited 383 
Laser Raman spectra 
Laser Raman spectra of mixed crystals of 


[QNH4),-, K,]2SO, 41 
Lattice sum 

Lattice sum of electric field gradients in tetra- 

gonal crystals 355 


Librational modes 
Vibrational spectra of  a-molybdic  acid- 
MoO;.H.O 283 
Line intensity 
Successive approximation to determine rota- 
tional temperature 29 
Linewidth 
Temperature dependence of the linewidth of the 
first-order Raman spectra for MnF, crystal 391 


Longitudinal and transverse spin asymmetries 
Spin structure of nucleon 11 
Loss-cone structure 
Propagation of the electromagnetic ion-cyclo- 
tron wave in a fusion plasma 1 


Markov processes 
First passage time distributions for finite one- 
dimensional random walks 111 
Mass mixing 
Mesonic decays of 7- lepton: Effects of neutrino 
mass and mass mixing 329 
Mass spectra 
Mass spectra of light and heavy mesons in the 
dirac equation with power-law potential 247 
Maxwell-Boltzmann distribution 
Successive approximation to determine rota- 
tional temperature 29 


Mechanical deformation 
Mechanoluminescence of coloured KCI crystals 


159 

Mechanoluminescence 
Mechanoluminescence of coloured KCI crystals 
159 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


iv. Subject Index 


Meson 
Mass spectra of light and heavy mesons in the 
Dirac equation with power-law potential 247 


Metals 
Lattice sum of electric field gradients in tetra- 
gonal crystals 355 
Mehrotra-Boggs theory 


Effect of collision-induced phase-shifts on the 
| line widths and line shifts of CO,-Ar system 


35 
Mixed crystals 
Laser Raman spectra of mixed crystals of 
[(NH4; X K4]:S0, 41 
Mobility 
Significance of Hall measurements in 
Ga,_, Al, As alloys at 300 K 123 
Molybdic acid 
Vibrational spectra of  a-molybdic acid 
MoO, -H,O 283 
Multicomponent critical system 
Ultrasonic propagation in multicomponent 
system in the critical region 273 
; NaNO, 
| Electrical conductivity in undoped and Mn*?*- 
doped NaNO, single crystals 367 
NaNO;:Mn2* 


Electrical conductivity in undoped and Mn**- 
doped NaNO, single crystals 367 


Negative U centres 
Specific heat at low temperature due to negative 
U centres in disordered solids 183 


Non-chopped 
Effect of minutes's-scale aging on refractive 
index of chopped and non-chopped optical 
films 311 


Nucleus collision 
Emission of large-P,. particles in p-nucleus and 


nucleus-nucleus collisions 233 
Order-disorder 

| Laser Raman spectra of mixed crystals of 

D $ INH) X K,]2SO, s 41 


Parachute-like envelope of radiation 
- Nature of wave front of light radiations from 


i = atachyon 347 
_ Partons mx ; 
- Spin structure of nucleon 3 11 


chromodynamics predictions in re- 


ation scheme inyariant perturbator 


MS ee d 
ae 


Perturbative QCD 

Spin structure of nucleon 11 
Phase shift effect 

Effect of collision-induced phase-shifts on the 

line widths and line shifts of CO,-Ar system 35 
Phonon dispersion curves 

Temperature dependence of the linewidth of the 

first-order Raman spectra for MnF, crystal 391 
Photo-elastic constants 

Evaluation of photoelastic constants from first- 

order Raman intensities of MgF, 51 
Photon 

A new approach to charged-particle scattering 

in the presence of laser plus Coulomb-field 89 
Piezo-electric transducer 

Attenuation of shock parameters in air and 


water 149 
Polar tensors 

Infrared intensity analysis of CHCl, and 

CDCl, 373 
Population inversion 

Analytical studies of gain optimization in 

CO,-N, gasdynamic lasers employing two- 


dimensional wedge nozzles 131 


Power-law potential 
Mass spectra of light and heavy mesons in the 


Dirac equation with power-law potential 247 
Precipitation 
Electrical conductivity in undoped Mnp?*- 


doped NaNO; single crystals 367 
Proton-nucleus collisions 


Emission of large- p particles in p-nucleus and 
nucleus-nucleus collisions 233 


Quantum chromodynamics 
Quantum chromodynamics predictions in re- 
normalization scheme invariant perturbation 
theory 207 
Quark 
Baryon magnetic moments in quark-diquark 
model 241 
Mass spectra of light and heavy mesons in the 


Dirac equation with power-law potential 247 
Quark sea polarization 
201 


CP invariance: A point of view 


Raman intensities 
Evaluation of photoelastic constants from first- 
_ order Raman intensities of MgFs 51 
Raman spectra  — ; 
Vibrational spectra of  a-molybdic acid- 
MoO;.H;O 10083 
Temperature dependence of the linewidth of the 
first-order Raman spectra for MnF; crystal 391 


In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Subject Index v 


Random magnetic alloys 
A mean-field effective medium theory of ran- 
dom binary alloys, III. the Ising model with 
competing interactions 171 


Range 
Study of isAr ion tracks in cellulose nitrate 323 


Rare earth metals 
He II spectra of La, Ce and Yb: Novel features 
in the valence band regions 227 


Reduced temperature 
Ultrasonic studies in binary liquid mixtures of 
benzene and coconut oil near the critical region 
261 
Refractive index 
Effect of minute’s-scale aging on refractive 
index of chopped and non-chopped optical 
films 311 


Relaxed orbitals 
Core electron binding energies in heavy atoms 
103 
Renormalization scheme independence 
Quantum chromodynamics predictions in re- 
normalization scheme invariant perturbation 


theory 207 
Repulsion parameters 
Theory of divalent ions in crystals 301 


Response curve 
Response of makrofol polycarbonate plastic 
track detector to 1-1 MeV/N 43?Xe -ion 339 


Response curve 
Study of $Ar ion tracks in cellulose nitrate 323 


Rigid ion model 
Temperature dependence of the linewidth of 
the first-order Raman spectra for MnF, crystal 
391 


Rotational lines 
Successive approximation to determine rota- 
tional temperature 29 


Rotational temperature 
Successive approximation to determine rota- 
tional temperature 29 


Scaling exponent 
Ultrasonic studies in binary liquid mixtures of 
benzene and coconut oil near the critical region 
261 


Scaling relation 
Ultrasonic propagation in multicomponent 
system in the critical region 273 


Scattering laser 
A new approach to charged-particle scattering 
in the presence of laser plus Coulomb-field 89 


Schwinger-Dyson equations 
Factorisation in large N limit of lattice gauge 


theories revisited 383 
Sea and gluon polarisation 
Spin structure of nucleon 11 


Second virial co-efficient 
The 6-function expansion of the modified two- 
particle Ursell function of a hard-sphere fluid 
257 
Shock overpressure 
Attenuation of shock parameters in air and 
water 149 


Small signal gain 
Analytical studies of gain optimization in 
CO,.-N, gasdynamic lasers employing two- 
dimensional wedge nozzles 131 


Solid state nuclear track detector 
Response of makrofol polycarbonate plastic 
track detector to 1:1 MeV/N 437Xe-Ion 339 


Specific heat 
Specific heat at low temperature due to negative 
U centres in disordered solids 183 


Spin glasses 
A mean-field, effective medium theory of ran- 
dom binary alloys, III. the Ising model with 


competing interactions 171 
Spin structure 
Spin structure of nucleon 11 


Splitting of the tachyon 
Nature of wave front of light radiations from 
a tachyon 347 
Successive approximation 
Successive approximation to determine rota- 
tional temperature 29 


Tau-lepton 

Mesonic decays of 7- lepton: Effects of neutrino 

mass and mass mixing 329 
Tau neutrino 

Mesonic decays of 7- lepton: Effects of neutrino 

mass and mass mixing 329 
Temperature dependence 

Temperature dependence of the line width of the 

first-order Raman spectra for MnF, crystal 391 
Thermal wavelength 

The 8-function expansion of the modified two- 


particle Ursell function of a hard-sphere fluid ` 


257 

Three phonon density of states 
Temperature dependence of the linewidth of the 
first-order Raman spectra for MnF, crystal 391 


Track length x 


Study of #Ar ion tracks in cellulose nitrate 323 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


E a ci 
dumm SEE 
os ae ; 

E Es 
S E 


_ Track registration sensitivity 
Response of makrofol polycarbonate plastic 
track detector to 1-1 MeV/N 137Xe-ion 339 


Two phonon density of states 
Temperature dependence of the linewidth of the 
NC first-order Raman spectra for MnF, crystal 391 


Two-photon spectroscopy 
Two-photon excitation spectrum of benzonitrile 


vapour x 79 


LJ 
Ultrasonic attenuation _ 
Ultrasonic studies in binary liquid mixtures of 
benzene and coconut oil near the critical region 
261 
He II spectra of La, Ce and Yb: Novel features 


= jnthe valence band regions 221 
Upsilon spectra j 

d omment on: Bag like potential and quark- 

: 401 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Subject Index 


Ursell function ots 
The 8-function expansion of the modified two- 
particle Ursell function of a hard-sphere fluid’ 

257 


Valence band 
He II spectra of La, Ce and Yb:Novel features 
in the valence band regions 227 
Valence fluctuation 
He II spectra of La, Ce and Yb: Novel features 
in the valence band regions 227 
Vanadyl ion 3 
Hyperfine interaction parameters and ground- 
state wavefunctions of vanadyl ion comrlexes 65 


Water 
Attenuation of shock parameters in air and 


water : 149 


Wedge nozzle 
Analytical studies of gain optimization in 
CO.-N. gasdynamic lasers employing two-di- 
mensional wedge nozzles 131 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


AUTHOR INDEX 


Ansari N 
The à-function expansion of the modified two- 
particle Ursell function of a hard-sphere fluid 


: 257 
Aruldhas G 
see Saleem S Sheik 283 
Balakrishnan V 
see Khantha M 111 
First passage time and escape time distributions 
for continuous time random walks 187 


Bhattacharya A C 
Ultrasonic studies in binary liquid mixtures of 
benzene and coconut oil near the critical region 


. 261 
Ultrasonic propagation in multicomponent 


system in the critical region 273 


Brownstein K R 
Comment on: Bag like potential and quark- 


onium 401 
Chandra B P 
see Elyas M : 159 


Chandra Prabha C N 
e--H(2S) elastic scattering in the two-potential 
eikonal approximation 293 


Chander Subhash 


Study of. YWAr i ion tracks i in cellulose nitrate 323 ' 


Chatterjee A 
Factorisation in large-N limit of lattice: gauge 


theories revisited l 383 
Das M P > 

Core electron binding energies in heavy atoms 

103 

Deo BB : 

see Bhattachayra A C 261 

see Bhattacharya A C 273 
Desai H S 

see Chandra Prabha C N 293 
Dhar A 


Quantum chromodynamics predictions in re- 
- normalization scheme invariant perturbation 


theory - 207 
Doraiswamy S . 

see Periasamy N 79 
Elyas M 


: > Mechanolurninescence of coloured KCI crystals 


Farid S M 
Response of makrofol polycarbonate plastic 
track detectors to 1-1 MeV/N 13?Xe-ion 339 


Gangopadhyay D 

see Chatterjee A 383 
Ghatak S K 

Specific heat at low temperature due to negative 

U centres in disordered solids 183 
GopalESR 

see Shetty C 71 
Gunasekaran M K 

see Shetty C 71 
Gupta S K 

Electrical conductivity in undoped and Mn?*- 

doped NaNO, single crystals 367 
Gupta V 

see Dhar A 207 
Harvey J 

Attenuation of shock parameters in air and 

water 149 
Jain VK 

see Seth V P 65 
Jena SN 


Mass spectra of light and heavy mesons in the 
Dirac equation with power-law potential 247 


Karekar R N 


-see Puri R K 311 

Khanna M P 

Baryon magnetic moments in quark-diquark 

model 241 
Khantha M 

First passage time distributions for finite one- 
. dimensional random walks 111 

see Balakrishnan V 187 
Krishnan L V 

see Harvey J 149 
Kumar B 

see Ansari IN 257 
Kumar Shyam 

see Chander Subhash 1532823) 
Kurtadikar M L 


Effect of collision-induced phase shifts on the 
line widths and line shifts of CO.-Ar system 35 


Man Mohan 
A new approach to charged-particle scattering 


CC-0. In Public Domah? CurukuliRa ft PISNE iof. laser plus Coulomb-field 89 


P—5 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


viii 


Math N N 

see Savadatti M I 29 
Mehrotra S C 

see Kurtadikar M L 35 
Mohan Gyan 

CP invariance: A point of view 
Mookerjee A 

A mean-field, effective medium theory of ran- 

dom binary alloys, III. The Ising model with 

competing interactions 171 


201 


Narayan D S 
Emission of large-P 7 particles in p-nucleus and 


nucleus-nucleus collisions 233 
Narayanan PS à 
see Srinivasan V 41 
| Nandakumar J 
| see Harvey J 149 
| 
Pandey S D 
see Gupta S K 367 
Periasamy N 
| Two-photon excitation spectrum of benzo- 
nitrile vapour 79 
| Puri R K 


Effect of minute’s scale aging on refractive 


. index of chopped and non-chopped optical 
films 311 
: Raghurama G 
Theory of divalent ions in crystals 301 
Rajeswara Rao N 
see Swarna Kumari G 51 
| see Wahegoankar L D 373 
Ramachandran R 

Spin structure of nucleon 11 


Ramanujam Alagar G 


Nature of wave front of light radiations from 
M a tachyon 347 
| - — Ramesh Narayan 
Rer o see Raghurama G 301 
sw — Reddy NM : 
| see Shanmugasundaram V 131 
E = .RoySB 
E ou (UMS 171 
ER ; see eed A 


spectra of a-molybdic acid- 
283 
features 


in. GuRAdI Kangi£OBR E eswstalsuwar 


Author Index 


Sato Tsutomu 
Temperature dependence of the linewidth of 
the first-order Raman spectra for MnF, crystal 
391 
Satyavathi N 
see Swarna Kumari G 51 
Savadatti M I 
Successive approximation to determine rota- 
tional temperature 29 
Savariraj G A 
see Ramanujam Alagar G 
Saxena K Ashok 
Significance of Hall 
Ga,_,Al,As alloys at 300 K 
Seth V P 
Hyperfine interaction parameters and ground- 
state wavefunctions of vanadyl ion complexes 
. 65 


347 


measurements in 
123 


Shankara T S 


see Ramanujam Alagar G 347 


Shanmugasundaram V 
Analytical studies of gain optimization in 
CO;.-N, gas dynamic lasers employing two- 


dimensional wedge nozzles 131 
Sharma A P 

see Chander Subhash 323 

see Farid S M 339 
Sharma N K . 

see Sharma R R L 329 
Sharma RRL 

Mesonic decays of r~ lepton: Effects of 

neutrino mass and mass mixing 329 


Shetty C 
Electrical resistance and dielectric constant 
anomaly in the critical liquid mixture methanol 


+ cyclohexane 71 
Shukla S K 3 e 

see Elyas M 159 
Singh B B 


see Saxena K Ashok 123 


Srinivasan V 
Laser Raman spectra of mixed crystals of 


[ONH,)1_-xK] 280s : 41 ý 
Subramanian C K 


see Srinivasan V. 41 


Swarna Kumari G 
Evaluation of photoelastic constants from first- 


order Raman intensities of MgF; -51 
Vani V 
see Shetty C 7A 
Verma D P : ts AL 
Lattice sum of electric field gradients in sees 
: 5 


= eee 
: E E Po 
VD amc E 


Author Index % 
Verma H C Wahegoankar L D- : 
see Verma D P 355 Infrared intensity analysi: 
Verma R C CDCl, E 
see Khanna M P 241 Yaak H 
Venugopal Chandu c dE. DP peas = 
Propagation of the electromagnetic ion-cyclo- Yadav J S - 
tron wave in a fusion plasma 1 see Chander Subhash 
Vijaya K Yadav SK 
see Puri R K 


wir 


Digitized by Arya Samaj Foundation Chennai and eGangotri 2 


311 see Seth V P 


^ 
i 


_ or 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


— 
eS TUI f 


hr faga 3 


| PTL RANGEL LIBRARY 


te eee — cow oes 


EO ORE weder tdem oe 


ec meae e sese na enm 


ñ Chennai and eGangotfi <2 


ao Digitized by Arya Samaj Foundatio 


Ma i 


ar AG 


: ny 
Aerei tah 


ela cu 


a Digitized by Arya Samaj Foundation Chennai and eGangotri 


PALO ORE RPG. e DT NE Ec 
T Me au. 
DET IP, W- ur 


a 


|. Digitized by Arya Samaj Fe 


Ba 


ROS 


Hs 


